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The Likelihood Function

Let X1, ..., X beaniid sample with probability density function (pdf) f(x;; 0),
where 0 is a (k X 1) vector of parameters that characterize f(x;; 0).

Example: Let X;”N(u, %) then

fai0) = (2ro?) exp (— (e — p)?)
0 = (u,0°)



The joint density of the sample is, by independence, equal to the product of
the marginal densities

F@1,- s w0 0) = f(w1;0)- - flwni0) = [] F(w::0).
1=1

The joint density is an n dimensional function of the data x1, ..., xn given the
parameter vector € and satisfies

flx1,...,2n;0) > 0O
/.”/f(ﬂil,...,:En;e)dibl"'dxn

I
=



The likelihood function is defined as the joint density treated as a function of
the parameters 6 :

L(O|z1,...,zn) = f(z1,..., 20 0) = [] f(=i;6).
1=1

Notice that the likelihood function is a k dimensional function of 0 given the
data x1,...,xn.

It is important to keep in mind that the likelihood function, being a function
of 6 and not the data, is not a proper pdf. It is always positive but

/---/L(«9|x1,...,xn)del---dek;é1.

To simplify notation, let the vector x = (x1,...,2n) denote the observed
sample. Then the joint pdf and likelihood function may be expressed as f(x; )
and L(0|x), respectively.



Example 1 Bernoulli Sampling

Let X;~ Bernoulli(6). That is,

X; = 1 with probability 6
X; = 0 with probability 1 — 6
The pdf for X is
flai;0) = 07(1 - 0)' 7", 2;=0,1
Let X1,...,Xn be an iid sample with X;~ Bernoulli(8). The joint density /

likelihood function is given by

n

flx:0) = L(0)x) = [] 6%(1 - 0)'~™

1=1
= PLi=1Ti(1 — 9) i1 Ti



Example 2 Normal Sampling

Let X1,...,Xn be an iid sample with X;”N(u, 02). The pdf for X; is

1
f@i0) = (2ro?) 2exp (5 5o~ w)?),
202
0 = (0%
—o0 < u < oo, 02>0, — o0 < x; < 00
The likelihood function is given by

X) = i 7Ta2_1/2ex —ix-— 2
L) = TT@ro?) e (5t —wp?)

1 n
= (2m0?) "2 exp (—— (z; — u)Z)
20% /=



Example 3 Linear Regression Model with Normal Errors

Consider the linear regression

Y = m; B 4+e,1=1...,n
(1xk)(kx1)
g;lz; = iid N(0, o?)
The pdf of g;|x; is

fT€HJ%;02)::(ZWOQ)_1/2exp<}—§l§g§>
o

The Jacobian of the transformation for ; to y; is one so the pdf of y;|z; is
normal with mean z’.3 and variance o2 :

1 /
Flulei0) = (@no?) ™2 exp (——(ui — 46)?)
0 = (8,0%



Given an iid sample of n observations, y and X, the joint density of the sample
IS

fyIX;0) = (2ma?) ™ 2exp (—2—12 S (yi — w§5)2>
0% =1

= (2r0?) " exp (5 5y — XB) (v - XB))

y = (yla"'ayn)/a xi:(milw"?min)/
X = [z1,..., %]

The log-likelihood function is then

In L0y, X) = —gln(27r)—gln(02)

53y~ XBY (y — Xp)



The Maximum Likelihood Estimator

Suppose we have a random sample from the pdf f(x;; 0) and we are interested
in estimating 6.

The maximum likelihood estimator, denoted 9ml€, is the value of 6 that max-
imizes L(0|x). That is,

0,1 = arg max L(6|x)



It is often quite difficult to directly maximize L(6|x). It usually much easier
to maximize the log-likelihood function In L(6|x). Since In(-) is a monotonic

function

0,1c = arg max In L(0|x)

With random sampling, the log-likelihood has the particularly simple form

In L(6|x) = In (ﬁ f(z;; 9)) = i In f(x;; 6)
1=1 1=1



Since the MLE is defined as a maximization problem, we would like know the
conditions under which we may determine the MLE using the techniques of
calculus.

A regular pdf f(x;60) provides a sufficient set of such conditions. We say the
f(x; 0) is regular if

1. The support of the random variables X, Sx = {z : f(x;0) > 0}, does
not depend on 6

2. f(x;0) is at least three times differentiable with respect to 6

3. The true value of 0 lies in a compact set ©



If f(x;0) is regular then we may find the MLE by differentiating In L(0|x) and
solving the first order conditions

OIn L(Opielx)
o0 -

0

Since 0 is (k X 1) the first order conditions define k, potentially nonlinear,

equations in k unknown values:

dIn L(0,,.|x
( (D11 ) \

aInL(émleb{) L .1

00 OIn LD, . [x)

\ 90, )




The vector of derivatives of the log-likelihood function is called the score vector
and is denoted

9 In L(0]x)

S(0|x) = 50

By definition, the MLE satisfies
S(émle‘x) =0

Under random sampling

" Oln f(z;;0) &

S(0|x) = = S(0|x;
(0 = - 55— = X S(6la)
where
S(0);) = Oln f(z4;0)

00



Example 4 Bernoulli example continued

The log-likelihood and score functions are

In L(O|x) = In (92?:1%‘(1 ) z—190z>

- i x;In(0) + (n - Z xz) In(1 — 0)

The MLE satisfies S(0,,,;.|x) = 0, which produces

1 mn
le:_zmi-
ni=1



Example b Normal example continued

The log-likelihood is

In L(O|x) = —gln(Zw)—gln(a2)

1 E”: 5
s (i ).
20 ]

The sample score is a (2 x 1) vector given by

01In L(0]x)
S(01x) = ( 8In(z'[(L€ X) )

Do?




where

dln L(0|x 1 Z
) _ 13,
Op 97 i=1
91n L(0]x) n a1, 1 2 o¢ 2
= ()7 50N e =
Solving S(0,,,;.|x) = O gives the normal equations
dIn L(0,, x) _ 1 R
9 s — finie) =0
H mlez
0 In L(emle‘x) n 1
o2 Y mle)

mle) 2 Z(xz /,’\Lmle)2 =0



Solving the first equation for f[i,,,;. gives

1 n
l/lmle:_E:xiza_j
i1

2

Solving the second equation for 67

gives
2 1 & 2
Omle — E Z(xz — Mmle) '
1=1

Notice that 6-$nle is not equal to the sample variance.



Example 6 Linear regression example continued

The log-likelihood is
In L(0ly,X) = —g In(27) — g In(o2)
25y~ XB)(y — XP)

The MLE of 6 satisfies S(,,;.|y, X) = 0 where S(0y, X) = 80 In L(8]y, X)
is the score vector. Now

dIn L0y, X ~19 , .
n éﬁbf, ) _ - 285[yy—2yX/3+BXX5]
= —(¢?)7 X'y + X'XA]
dln L(0ly, X _
n a(0\2y ) _ _g(gz) 1

+2(07) 2y~ XB)(y — XB)



dln L(%mle’Y7X) —

Solving B 0 for 3,7 gives

Bmle — (X/X)_lX/y — BOLS

dln L(émlebfaX) —
Do

0 for 2,  gives

Next, solving < e

) 1 " A
O-gnle — E(y _ Xﬁmle),(y — Xﬁmle)

N 1 o o
# 6015 =——— (v —XBors)'(y = XBors)



Properties of the Score Function

The matrix of second derivatives of the log-likelihood is called the Hessian

/ 92 In L(6|x) o 82|n L(0|x) \
2
oy = Enze | o
0600’ PinLOx) 52 In L(0]x)
00,001 39% )

The information matrix is defined as minus the expectation of the Hessian

1(0]x) = —E[H(8]x)]



If we have random sampling then

0% f(Olz) O

HOR) = 3. a0y = 2 Hlbl)
and
I(0]x) = — 2 E[H(0|z;)] = —nE[H(0|z;)] = nl(0]z;)

=1



Proposition 1 Let f(x;;0) be a regular pdf. Then

1. E[S(0|z;)] = [ S(0]x;) f (x4 0)dx; =0

2. If 0 is a scalar then

E[S(6]2;)°]
- / S(0)x;)? f (x4 0)da; = I(]x)

var(S(0|x;))

If 6 i1s a vector then
var(S(0|z;)) = E[S(0]z;)S(0|z)"]

— /S(Q\xi)5(9|x)/f(afz‘;9)d$i
= 1(0|x;)



Proof. For part 1, we have
BISOle)] = [ S0]2)f(w; 0)da

Ol f(wii6) o
/ o (@is 0)de

1 0
B /f(a»‘z';9)89f(xi’9)f(xi'9)d%

= [t ),

0
= = | f(a;0)dz,
9 4
00
0.

The key part to the proof is the ability to interchange the order of differentiation
and integration.



Part 2: Homework problem.



Computation: Newton-Raphson lteration

Goal: Using iterative scheme compute
0 = arg max In L(0|x)
Idea: Consider 2nd order TSE of In L(0|x) about starting value 6

dln L(91|X)(9 _9,)

InL(6]x) = InL(01]x)+

06’
1 ~ ,0%In L(01|x) R
—|—§(0 —671) 2090 (0 — 01) + error

Now maximize 2nd order TSE wrt 8. The FOCs are

~ 9ln L(01]x) N 82 1In L(01|x)
px1 90 D00’

N\ VaN

(02 — 61)




Solve for 65

Dy = 0
2 5096’ BY:
= 01— H(b11x)"1S(01x)

) . [32 |nL(§1|x)]1 9n L(D1[x)
L

This suggests the iterative scheme
O i1 = O — H(Bnlx) 1S (Onlx)
lteration stops when

S(0n|x) ~ 0



The Precision of the Maximum Likelihood Estimator

Intuitively, the precision of émle depends on the curvature of the log-likelihood
function near 0,,,],.

If the log-likelihood is very curved or “steep” around 9ml€, then 0 will be
precisely estimated. In this case, we say that we have a lot of information
about 6.

If the log-likelihood is not curved or “flat” near 9mle, then 6 will not be precisely
estimated. Accordingly, we say that we do not have much information about

0.

If the log-likelihood is completely flat in 6 then the sample contains no informa-
tion about the true value of 6 because every value of 8 produces the same value
of the likelihood function. When this happens we say that 6 is not identified.



The curvature of the log-likelihood is measured by its second derivative (Hessian)

82 In L(0|x)

H0Ix) = —555¢

Since the Hessian is negative semi-definite, the information in the sample about
6 may be measured by —H(0|x). If 6 is a scalar then —H(6|x) is a positive

number.

The expected amount of information in the sample about the parameter 6 is
the information matrix 1(0|x) = —E[H(0|x)].

As we shall see, the information matrix is directly related to the precision of
the MLE.



Theorem 2 Cramer-Rao Inequality

Let Xq,..., Xy be an iid sample with pdf f(x;0).
Let § be an unbiased estimator of 6; i.e., E[f] = 6.

If f(x;0) is regular then
var(9) > I(0]x)~! = CRLB

where I(0|x) = —E[H(0|x)] denotes the sample information matrix.

Note: If 0 is a vector then var(0) > I(0|x)~! means that var(8) — I(0|x) is
positive semi definite

Result: If E[0] = 0 and var(8) = I(0|x)~! then 6 is the Best Unbiased
Estimator (BUE)



Example 7 Bernoulli model continued

To determine the CRLB the information matrix must be evaluated. The infor-
mation matrix may be computed as

1(0]x) = —E[H(0]x)]
= var(S(0|x))

Further, due to random sampling 1(0|x) = n - I(0|x;) = n-var(S(0|x;)).

Now, using the chain rule it can be shown that

do \ 6(1 — 0)

B 1+ S(0|x;) —205(0|x;)
- ( 6(1 - 6) )

HOR) = 590k = ( xi—e)




The information for an observation is then
1+ E[S(0]x;)] — 20E[S(0|x;)]

I(0|lz;) = —E[H(O|z;)] = 0(1 — 6)
1
T 9(1—0)
BlS(0]a) = il =0 _ 00

01—0) 0(1-0) "



The information for an observation may also be computed as

1(0|z;) = var(S(6|z;)) = var (9‘3:2))

var(z;)  0(1—10)
0%2(1 —0)2  6%(1 — 0)2
1
0(1 — 0)




The information for the sample is then

n

1(0p) = n - 1012:) = 5"

and the CRLB is

CRLB = I(0]x)™! = o —9)

This the lower bound on the variance of any unbiased estimator of 6.

Consider the MLE for 6, 0,,,;. = Z. Now,

E[émle] — E[a_j] =0
6(1 — 0)

n

var(0,,;,) = var(z) =

Notice that the MLE is unbiased and its variance is equal to the CRLB. There-
fore, 6,,;, is BUE.



Example 8 Linear regression model continued

The score vector is given by

S0y X) ( (02" [-Xly + X'X5] )

—5(0%) 7t +3(0?) 2y — XB) (v — XB)
—(02)71 (—X'e)

— ( _%(0.2)—1 + %(02)_26’8 >

e = y— X@.

Now

Ele] = 0

e'e
El[e'e] = no? since — ™ X2 (n)



and so that

—(02)"L (=X
ELS(0)y, X)] = < —3 ag)—3 + (%(jg)ﬂz]?)[ff’s] ) B ( 8 )



To determine the Hessian and information matrix we need the second derivatives
of In L(0|y, X) :

92 1n L(0ly, X 0 _ / /
) = oL (<o) Xy + XX )
= —(o?)7IX'X
92 1n L(0ly, X 0 _ / /
) = T (<o) Xy + X'X4)
= —(0?)"*Xe
92 In L(9|Y7X) 2\—2_/
05203 —(of) TeX
#InL@ly,X) _ 8 ( n, o 1 1 5 5,
o(c2) 52 (30D 1450 %)

— 2(02)_2 — (02)_36/6



Therefore,
oN—1 v/ 2\—2 v/
(& X'X (o X'e
H(Oly, X) = ( _((02))—25’)( g(a2)£2 ! (0%) 3¢/ )

and

_< —(0?) TX'X —(0%)°X'E[e] )
T\ () 2EE]'X 5(0%) 7 — (0%) E[¢e]

_ ( (0?)"1X'X 0 )

0 %(02)_2

Notice that the information matrix is block diagonal in 8 and 2. The CRLB

for unbiased estimators of @ is then
2 / —1
1 o“(X'X 0
n



Do the MLEs of 8 and o2 achieve the CRLB?

First, 8,7 = Bor.g is unbiased and
var(B,,.|X) = 0?(X'X)"! = CRLB
Therefore, Bmle is BUE.

This is an improvement over the Gauss-Markov theorem which says that Bmle =
Borg is the most efficient linear and unbiased estimator (BLUE).



Next, note that 672nle is not unbiased (why?) so the CRLB result does not
apply.

Consider the unbiased estimator

s°=(n—k) Ny - XBors)(y — XBors)
It can be shown that

2054 2
O S 2,4—CRLB

n—k n

var(s?|X) =

2

Hence s2 is not the most efficient unbiased estimator of o2.



Invariance Property of Maximum Likelihood Estimators

One of the attractive features of the method of maximum likelihood is its

invariance to one-to-one transformations of the parameters of the log-likelihood.

That is, if ,,;, is the MLE of 6 and o = h(6) is a one-to-one function of 6

then &7, = h(0,,.) is the mle for a.



Example 9 Normal Model Continued

The log-likelihood is parameterized in terms of 1 and o2 and

/Ilmle = T

A2 1 & 2

Omle — E Z(wz — Umle)
1=1

Suppose we are interested in the MLE for
o = h(c?) = (02)1/2

which is a one-to-one function for o2 > 0.

The invariance property says that

. 1/2
R 2 172 (1 NEPRY:
Omle — (Jmle) — E Z(xz — :UJmle)

1=1



Asymptotic Properties of Maximum Likelihood Estimators

Let X1, ..., Xn beaniid sample with probability density function (pdf) f(x;; 0),
where 0 is a (k X 1) vector of parameters that characterize f(x;; 0).

Under general regularity conditions (to be discussed below), the ML estimator
of 6 has the following asymptotic properties

1. 0,5, 2 6

2. /1,0 — 0) % N(O, I(0)z;)~1), where

1(6]2:) = B [H(0]2:)] = — [8'” S 9)]

0000’



i w0 Daky (00 Y= TR el )

That is,
avar(v/n(0,,. — 0)) = [(9|37z')_1
Alternatively,
" A 1 _ _
lee ~ N (9, 5[(9|$7’) 1) — N(ea I(9|X) 1)
where

I(0|x) = nl(0|x;)



Remarks:

1. For a wide class of consistent and asymptotically normal estimators which

N\

include GMM estimators, 0,,,;, is efficient in the class. That is,

avar(\/ﬁ(é - 9)) - avar(\/ﬁ(émle - 9)) >0

for any consistent and asymptotically normal estimator 0 in the class.

2. For some weird cases, it is possible to find a consistent and asymptotically

normal estimator that has smaller variance than the MLE (see Amemiya,
1985 Example 4.2.4)



Gv\ ((3"\

Recall, the MLE is an extremum estimator of the form

@n(0) =

m(xz;, 0) =
The consistency of the MLE requires

1. Continuity of Qn(0) and Qq(0)

2. Qn(0) = L1 1 In f(x;]0) 2 E[In f(21|6)] = Qo(6) uniformly in 6

3. Compact parameter space © lom S wf \ Oa (9D - O (@) \ D
O

4. Qo(0) is uniquely maximized at 8 = 6.



Now,
1. Qn(0) and Qo(0) will be continuous provided f(x;; @) is continuous
2. Uniform convergence of %2?21 In f(x;|0) to E[ln f(x;|0)] is satisfied if

E [sup||n f(xz\9)|] < 00
0

3. To establish that Qg(8) is uniquely maximized at 8 = 6y, we need that
Elln f(x;]0)] is uniquely maximized at 8 = 6



Sﬂﬁu oy - ke 90) dy -

Y
Result: E[ln f(:r;,,,|9)] is uniquely maximized at 6 = 6q provided

Pr(f(z;|0) # f(x;]00)) > 0 for all 6 # 6
Sketch of proof.

Let f(x;|60) be a parametric family of hypothetical pdfs with true density func-
tion f(x;|00).

Suppose E[In f(x;|0)] exists and is finite for all 6.

Assume f(x;|0) > 0 for all x; and suppose Pr(f(x;|0) # f(x;|60)) > 0



Define

N f(=x]0)
alei) = f(x;|60)
Then
(al _ b, f(x;]0)
Pr(ae;) # 1) P(f(xiwo)#l)”

since Pr(f(z;|0) # f(=i|60)) >0



Recall, Jensen's inequality: If c¢(x) is a strictly concave function and x is a
non-constant random variable then

Ele(x)] < c(£]z])

Since In(x) is strictly concave and a(x;) is non-constant, Jensen's inequality

gives

Ellna(z;)] = E [| f(xi|9)] <InE [f($i|9)]

" F(i90) f(zi|00)
Now,
f($7/|9) — f($2|9) €T €T,
E [f(377,|90)] o f($z|90)f( i100)dx;

= [ f(@ilo)dw; = 1



So that

5 [In f(x;0)

f(aziwo)] <In(l) =0

It follows that
Eln f(x;|0) — In f(x;|00)] < 0 for all 8 # 6g

which implies that

E[In f(z;]0)] < E[ln f(;]00)]
and so E[In f(x;|0)] is uniquely maximized at 6 = 6



Asymptotic Normality

Asymptotic normality of 8,,;. follows from an exact first order Taylor's series
expansion of the first order conditions for a maximum of the log-likelihood
about 6p:

0 = S(Omelx) = S(0g|x) + H(]x) (0,10 — 60),

0; = Aibmiei+(1—X;)00,

Re-arranging gives
H (0]%)(Omie — 00) = —S(00|x)

_1
o VB~ 00) = — (1@ ) (inswmx))

N



Now

% H(0x) = % fj H(|x;) & E[H(0o|x;)] = —I(0o|;)
1=1

assuming %H(9|X) converges to E[H(0|xz;)] uniformly in 6.

Furthermore, assume that
1 1 X
Vn Vi

which will occur if {S(fg|x;)} is an ergodic-stationary process with

S(6o/x) = S(8o|zs) > N(0, I(6olzs))

E[S(0olx;)S(0olx;)] = I(0pl;).



Then
A d .
V(O mie — 00) = 1(0olx;) "N (0, I(00|x;))
= N(0,I(o|z;) 1)

Alternatively

A A .

Ormie ~ N (0, I(00]x) ")
where

I(6o[x) = nI(bo|x;)



Remark

Since I(0|z;) = —E[H(0|x;)] =var(S(6|x;)) is generally not known, it must
be estimated. The most common estimates for I(8|x;) are

A 1
Il(emle|xi) — _; Z H(lee|mi) L —F [H(‘90|xz)] — 1(90|mi)
—1
N7 1 n A .
I (OmielT;) = 525(9mze|$i)5(9mzelxi) = E[S(0o|z;)S(0o|z;)']
i—1
= I(0o|z;)

Then

jl(émle|x) — nfl(@mle‘xi) — _H(@mleb{)

n

f2(‘l9\mle|x) — an(émle‘xi) — Z S(émle‘xi)s(émle‘xi),
=1



Example 10 Asymptotic results for MLE of Bernoulli distribution parameters

Let X71,..., Xn be an iid sample with X ~Bernoulli(8). Recall,

~ 1
Omie = g;
1
I(O|x;) =
The asymptotic properties of the MLE tell us that
7 p
Omie —

~ d
\/ﬁ(emle T 9) — N (Oa 6(1 T ‘9))
Alternatively,

0(1 — 9))

n

émle ~ N(



An estimate of the asymptotic variance of émle IS

émle(l — émle) L f(]- — j)

aﬁr(@mle) — —
n n



Example 11 Asymptotic results for MLE of linear regression model parameters

In the linear regression with normal errors
y; = xB+e,i=1,...,n
g;lz; = iid N(0,0?)
the MLE for 8 = (', 0%)" is
( Bgnle ) _ ( 1 (X'X)" Xy )
6-mle n (y — Xﬁmle),(y — Xﬁmle)
and the information matrix for the sample is

-2~/
o “X'X 0
1(0]x) = ( 0 no—a )

jO’



The asymptotic results for MLE tell us that

5 a2(X'X)"1 o0
(o)A ((2)- (7597 20e)

Further, the block diagonality of the information matrix implies that /3, is
asymptotically independent of 6%”6.

An estimate of I(0|x) is

~ | A2 ~7/
A o ¢ X'X 0
f(emlax):( mXX 0 )
0 %Umle



Relationship Between ML and GMM
Let X1,..., Xn be an iid sample from some underlying economic model.

To do ML estimation, you need to know the pdf, f(x;|0), of an observation in

order to form the log-likelihood function

InL(0|x) = ) In f(xz;]0)
1=1

The MLE satisfies the first order condtions

dIn L(0,,1.|%)
o0

et :%\ZA_IZ«((\FJ{%M\IE ) — N
£ 50eolviy) = D

— S(émle|x) =0

C =



Under regularity conditions

Oie A N (0,~1(012:) )
[0le;) = —BIH@/)] = BIS(0}:)S(6la:)]



To do GMM estimation, you need to know k > p population moment condtions

Elg(zi,0)] = 0

The GMM estimator matches sample moments with the population moments.
The sample moments are

1 n
gn(e) - Z g(xia 9)
i=1

If k& > p, the efficient GMM estimator minimizes the objective function

J(6,57Y) = ngn(8)' S 1gn(6)
S = Elg(zi,0)g(x; 0)']



The first order conditions are

00

= G(0gmm)S ™ gn(Bgmm) = 0

Under regularity conditions,

A 1
Bmm & N (9, —(G’S—lG)—l)
n

06’

G:E[



The asymptotic efficiency of the MLE in the class of consistent and asymptot-
ically normal estimators implies that
avar(6,,5.) — avar(Qgmm) < 0

That is, the efficient GMM estimator is generally less efficient than the ML

estimator.

The GMM estimator will be equivalent to the ML estimator if the moment
conditions happen to correspond with the score associated with the pdf of an
observation. That is, if

g(x;,0) = S(0|z;)

In this case, there are p moment conditions and the model is just identified.



The GMM estimator then satisfies the sample moment equations

A 1 A
gn(Ogmm) = gS(ngm\x):O

= egmm — emle



Furthermore,

05(0|z;)
00’

S = E[S(0]x;)S(0|z})] = 1(6]x;)

o = E[ ] _ BH(6]z:)] = —1(0))

Therefore, the asymptotic variance of the GMM estimator is the same as the
asymptotic variance of the MLE

(G'S71G) = 1(O)x;) !



