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@ Portfolios with Three Risky Assets
@ Portfolio characteristics using matrix notation
e Finding the global minimum variance portfolio
e Finding efficient portfolios
e Computing the efficient frontier
e Mutual fund separation theorem again
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Example

Example: Three risky assets

Let R; (i = A, B,C) denote the return on asset 7 and assume that R;
follows CER model:

R; ~ iid N(p;,0?)
cov(R;, Rj) = oyj
Portfolio “x”:
x; = share of wealth in asset ¢
xa+axp+axo=1
Portfolio return:

Rp,x =xaRA+ 2R + xzcRe.
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Example cont.

Stock i 1 oi Pair (i,j) oyj

A (Microsoft) 0.0427 0.1000 (A,B) 0.0018
C)
C)

B (Nordstrom) 0.0015 0.1044 (A, 0.0011
C (Starbucks)  0.0285 0.1411 (B, 0.0026

Three asset example data.

In matrix algebra, we have:

1A 0.0427
p=| us | = 00015

jc 0.0285

0% oA 0ac (0.1000)*  0.0018  0.0011
S=| oap 0% opc | =] 00018 (0.1044)*> 0.0026

oac opc Ok 0.0011  0.0026  (0.1411)*
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Matrix Algebra Representation

Ry A 1
R=| Rg |,u=| us |,1=|1
Re pe 1
TA o} oap oac
x=| zp |, X=| oaB 0123 oBC
xc ocAc OBC O&

Portfolio weights sum to 1:

xX1= (x4 2 z¢ )| 1
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Portfolio return

Ra
Ry, =xR=(z4 2 xc )| Rp
Rc
=zARA+xBRp +xcRe
Portfolio expected return:
1A
,U'p,xzx/,u:( ra xp xx )| uB
1276}

=TAMA +TBUB + TopuC
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ional tools

R formula:
t(x.vec)%*/mu.vec
crossprod(x.vec, mu.vec)
Excel formula:
MMULT (transpose (xvec) ,muvec)

<ctrl>-<shift>-<enter>
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Portfolio variance

2
Ope = X XX
2
04 OAB 0AC TA
_ 2
—(HTA rB SU(J) 0AB Op OBC B
2
0AC OBC O(¢ Tc

= 2%0% + ahoh + atot
+ 2xarB0AB + 22400 AC + 2ZBXCOBC

Portfolio distribution:

szx ~ N(/,Lp’z, O‘]%,.T)
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Computational tools

R formulas:
t(x.vec)%x%sigma.mat*%x.vec

Excel formulas:
MMULT (TRANSPOSE (xvec) ,MMULT (sigma,xvec))
MMULT (MMULT (TRANSPOSE (xvec) ,sigma) ,xvec)

<ctrl>-<shift>-<enter>
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‘e Yo

xX1=1,y1=1

Portfolio returns:

!
R, =xR
o !
R,y =y'R
Covariance:

cov(Rp .z, Rpy) = X' Ty

=y'3x
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Computational tools

R formula:
t(x.vec)%x%sigma.math*%y.vec

Excel formula:
MMULT (TRANSPOSE (xvec) ,MMULT (sigma,yvec))
MMULT (TRANSPOSE (yvec) ,MMULT (sigma,xvec))

<ctrl>-<shift>-<enter>

Eric Zivot (Co © 2015) Portfolio Theory


http://faculty.washington.edu/ezivot/

Derivatives of Simple Matrix Functions

Let A be an n x n symmetric matrix, and let x and y be an n x 1
vectors. Then,

9 o/ lm'l ",_'_ﬂ_.

0 oY
5 XY = : =, M (1)
nx1 %X/y
l
2_x'Ax oam i wm
8 ox1 - ZZM
8—X'Ax = : = 2Ax. AW (2)
il 9_x' Ax

Ozn
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Computing Global Minimum Variance Portfolio

Problem: Find the portfolio m = (my4, mp, m¢)’ that solves:

min Jf,m =m'Sm st m'l=1
ma,mp,mc 7’

@ Analytic solution using matrix algebra

@ Numerical Solution in Excel Using the Solver (see
3firmExample.xls)
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Analytic solution using matrix algebra

The Lagrangian is:
L(m,)\) = m'Sm+A\(m'l — 1)

First order conditions (use matrix derivative results):

_ 0L(m,)\) Om'¥m 0 , B
(391) ~ Om  Om + %A(m 1-1)=2-Zm+Al
_ OL(m, )\) om'¥m 0 ,
(1x1) o\ o\ +5A(m1_1) ml -1

Write FOCs in matrix form:

(2 )()-(0) 1
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Analytic solution using matrix algebra cont.

The FOCs are the linear system:
Az, =Db

where,
A= (22 ) o =™ ) aab=(2)
1 0 A 1
The solution for z,, is:

zm = A b,

The first three elements of z,, are the portfolio weights

m = (ma, mp,m¢) for the global minimum variance portfolio with

— m/ : 2 _ !
expected return pp,,, = m’y and variance o, ,, = m'3m.
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Alternative Derivation of Global Minimum Variance

Portfolio

The first order conditions from the optimization problem can be
expressed in matrix notation as:

_ LM o s
(3x1) om
OL(m, \) ,
(1x1) oA m

Using first equation, solve for m:

1
=_——.AX 1.
m=5
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Alternative Derivation of Global Minimum Variance

Portfolio cont.

Next, multiply both sides by 1’ and use second equation to solve for A:
' 1 rs—1

1

SA=-2.—— .
's11

Finally, substitute the value for A in the equation for m:

1 1
=——(=2 > 11
m=—5(=2) 517
oz 1
U111
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@ Portfolios with Three Risky Assets

e Finding efficient portfolios
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Efficient Portfolios of Risky Assets: Markow

Algorithm

Problem 1: find portfolio x that has the highest expected return for a
given level of risk as measured by portfolio variance.

max fp gz = x',u s.t

TAXB,XC
2 _ _ -0 _ ;
Ope =X XX =0, = target risk
x'1=1
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Efficient Portfolios of Risky Assets: Markow

Algorithm cont.

Problem 2: find portfolio x that has the smallest risk, measured by
portfolio variance, that achieves a target expected return.

: /
min 0'12”5 =xXx s.t.
TAXBXC T

Ppow =X p = ug = target return
x1=1

Remark: Problem 2 is usually solved in practice by varying the target
return between a given range.
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blving for Efficient Portfol

© Analytic solution using matrix algebra

© Numerical solution in Excel using the solver
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Analytic solution using matrix algebra

The Lagrangian function associated with Problem 2 is:
L(z, A, X2) = X'Bx + M (X' n—p1p0) + Ao(x'1 — 1)

The FOCs are:
aL(X, )\1, )\2)

(3x1) 0x X+ gt Al
o 8L(X, )\1,)\2) .
(191) I Ve R O,
8L(X, )\1,)\2) ’
(1x1) 0As x

These FOCs consist of five linear equations in five unknowns
(ZCA, TB,TC, )‘17 )\2)

Eric Zivot (Copyright © 2015) Portfolio Theory


http://faculty.washington.edu/ezivot/

Analytic solution using matrix algebra cont.

We can represent the FOCs in matrix notation as:

2 p 1 X 0
MI 0 O A1 = Hp,0
1 0 0 A2 1
or,
A,z,.= by
where,
2 1 X 0
Ax = },L, 0 0 y, Ly = )\1 and b() = Hp,0
1 0 0 Ao 1
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Analytic solution using matrix bra cont.

The solution for z, is then:
_ A1
Z,y = Ax bo.

The first three elements of z, are the portfolio weights
x = (z4,2p,2zc) for the efficient portfolio with expected return

Mpvx = /'Lp70'
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Example

Example: Find efficient portfolios with the same expected return as
MSFT and SBUX

For MSF'T, we solve:

. /
min sz =x XX s.t.
TAXBTC T

Mpz = X' = pysrr = 0.0427
x'1=1
For SBUX, we solve:

: 2
min o, , =y'Xy s.t.
YAa,YByc

tpy =Y 1= pspux = 0.0285
y1l=1
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Example cont.

Using the matrix algebra formulas (see R code in PowerPoint slides) we
get:

Tt 0.8275 Yrms 0.5194
X = Tnord = —0.0908 , Y = Ynord = 0.2732
Tsbuz 0.2633 Ysbuz 0.2075

Also,
fpo =X 11 = 0.0427, ppy =y'p = 0.0285
ope = (X'x)V? = 0.09166, 0,, = (y'Zy)'/? = 0.07355

Ozy = X' By = 0.005914, pgy = 04y/(0p20py) = 0.8772
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Computing the Portfolio Frontier

Result: The portfolio frontier can be represented as convex

combinations of any two frontier portfolios. Let x be a frontier
portfolio that solves:

: 2 !
min o, , =X 3x s.t.

pp =X p = 41y
x'1=1
Let y # x be another frontier portfolio that solves:
. 2
m}}n 0py =¥ 2y s.t.
Hpy = Y1 = py # 1
y1l=1
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Computing the Portfolio Frontier cont.

Let o be any constant. Then the portfolio: - Saw)

JrH\LO
z=a-x+(1—a) 'y __..---*"'? ( $-¥
et .
is a frontier portfolio. Furthermore, Zl //L < / [
Hp,z = Z/N =a fps+ (1 —a)upy };t v A
Ug,z =273z
= a2a§’z +(1- a)20§7y +20(1 — a)ogy

Opy = CcoV(Rp 2, Rpy) = xSy
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Example

Example: 3 asset case

z=a-x+(1—-a)-y

TA YA
=a-| zp |+(1—-0a)| yB
zc Yo
ara+ (1 —a)ya ZA
=| azp+(1—a)yp | =| 2B
aze + (1 — a)ye zZc
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Example

Example: Compute efficient portfolio as convex combination of

efficient portfolio with same mean as MSFT and efficient portfolio with
same mean as SBUX.

Let x denote the efficient portfolio with the same mean as MSFT, y

denote the efficient portfolio with the same mean as SBUX, and let
«a = 0.5. Then,

z=a-x+(1—-a)-y

0.82745 0.5194
=0.5-] —0.09075 | +0.5-] 0.2732
0.26329 0.2075
(0.5)(0.82745) (0.5)(0.5194) 0.6734 za
= | (05)(=0.00075) | + | (0502732 | = 00912 | = 25 |.
(0.5)(0.26329) (0.5)(0.2075) 0.2354 zc
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Example cont.

The mean of this portfolio can be computed using:

0.0427
tp» =z = (0.6734,0.0912,0.2354)" [ 0.0015 | = 0.0356
0.0285

fpz = - fipa + (1 — )iy = 0.5(0.0427) + (0.5)(0.0285) = 0.0356

The variance can be computed using:

pz = 7'3z = 0.00641
0’;2 = aQU;I +(1—-a)’s y T 2a(1 —a)oyy

= (0.5)%(0.09166)? + (0.5)2(0.07355)2 +2(0.5)(0.5)(0.005914)

= 0.00641
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Example

Example: Find efficient portfolio with expected return 0.05 from two
efficient portfolios Use,

0.05 = pip . = - pip o+ (1 — a)ppy
to solve for a:

o\ 005~y 0.05 - 0.0285

= =1.514
tpax — fpy  0.0427 — 0.0285
Then, solve for portfolio weights using:
z=a-x+(1—a)y
0.8275 0.5194 0.9858
= 1514 —0.0908 | —0.514 | 0.2732 | = | —0.2778
0.2633 0.2075 0.2920
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Strategy for Plotting Portfolio Frontier

@ Set global minimum variance portfolio = first frontier portfolio

mine?, =m'Sms.t. m'l=1
m p?m

and compute fip, = m'p

@ Find asset ¢ that has highest expected return. Set target return to

p® = max(u) and solve:

- /---
. 2 .- -0 =
min oy, = x'¥x s.t. A“‘?‘ "’ A
: .
fpe = X p = pu) = max(p) - 8 s

s VORRE
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Strategy for Plotting Portfolio Frontier cont.

@ Create grid of « values, initially between 1 and —1, and compute

- -
Ry
=a- 1—a)- RS
z=oa-m+(l—a)-x ﬁ T 0o
e -8 A7)

Hpz = Q- [bpm + (1 - a)ﬂp,x

Gz,z = 0420'57m +(1- a)gazw + 2a(1 — O{’)’Om "
\
Om,x = m,EX d < 'ﬁ?

Q@ Plot pp . against op,.. Expand or contract the grid of a values if
necessary to improve the plot. 0
-
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Finding the Tangency Portfolio

The tangency portfolio t is the portfolio of risky assets that maximizes

Sharpe’s slope:

—r
max Sharpe’s ratio = Hpt —Tf
¢ Op,t
subject to,
t1=1
In matrix notation,
t'u—
Sharpe’s ratio = Mi?;
(t'st)Y
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blving for Efficient Portfol

© Analytic solution using matrix algebra

© Numerical solution in Excel using the solver
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Analytic solution using matrix algebra

The Lagrangian for this problem is:
L(t,\) = (t'p—rp) (t'St) "2 + A(t'1— 1)

Using the chain rule, the first order conditions are:

0Lt _ / A
= M 5t) 72 — (t'n - ry) (£5t) 32Dt + AL
oL .
(1x1)  OA =tl1-1=0

After much tedious algebra, it can be shown that the solution for t is:
huy\ ‘-q My Vol ’J\r

B Z_l(y—rf'l)
i me
1'¢71
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Remakrs

o If the risk free rate, 7y, is less than the expected return on the
global minimum variance portfolio, ftymin, then the tangency
portfolio has a positive Sharpe slope

o If the risk free rate, 7y, is equal to the expected return on the
global minimum variance portfolio, jiymin, then the tangency
portfolio is not defined

o If the risk free rate, 7y, is greater than the expected return on the
global minimum variance portfolio, fiymin, then the tangency
portfolio has a negative Sharpe slope
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@ Portfolios with Three Risky Assets

e Mutual fund separation theorem again

Portfolio Theory


http://faculty.washington.edu/ezivot/

Mutual Fund Separation Theorem Again

Efficient Portfolios of T-bills and Risky assets are combinations of two
portfolios (mutual funds).

o T-bills
e Tangency portfolio
Efficient Portfolios:

x; = share of wealth in tangency portfolio t

xy = share of wealth in T-bills
rvtrp=1= ry=1-—m

py =1f+(tpe =) pps =t

1/2
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Remarks

The weights z; and x; are determined by an investor’s risk preferences.

e Risk averse investors hold mostly T-Bills (z; ~ 0)
e Risk tolerant investors hold mostly tangency portfolio (z; =~ 1)

o If Sharpe’s slope for the tangency portfolio is negative then the
efficient portfolio involve shorting the tangency portfolio
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Example

Example: Find efficient portfolio with target risk (SD) equal to 0.02
Solve,

0.02 = 0; = x10p = 24(0.1116)

0.02

= Tt = 01116

=0.1792

zp=1—z; = 0.8208

Also,

We =g+ 2y(fipy — ) = 0.005 + (0.1116) (0.05189 — 0.005) = 0.0134

€ _

o, = r0p = (0.1792)(0.1116) = 0.02
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Example

Example: Find efficient portfolio with target ER equal to 0.07 Solve,

0.07 = py, =15 + 24(ppt — 7y)

00777 0.07—0.005

oo, = _ = 1.386
T e — 7 0.05189 — 0.005

Also,

0% = 2405 = (1.386)(0.1116) = 0.1547
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Portfolio Value-at-Risk

Let x = (x1,...,x,) denote a vector of asset share for a portfolio.

Portfolio risk is measured by var(R, ;) = x’¥Xx. Alternatively, portfolio
risk can be measured using Value-at-Risk:
VaR, = Woq?
Wy = initial investment
qf = 100 - % Simple return quantile

a = loss probability
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Portfolio Value-at-Risk cont.

If returns are normally distributed then:

o = Upz + Up,zqaz
Hp,z = x'pu
1/2

opa = (X' Ex)

qZ =100 - a% quantile from N(0,1)
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Example

Example: Using VaR to evaluate an efficient portfolio

Invest in 3 risky assets (Microsoft, Starbucks, Nordstrom) and T-bills.
Assume 77 = 0.005.

@ Determine efficient portfolio that has same expected return as
Starbucks

@ Compare VaR g5 for Starbucks and efficient portfolio based on
$100,000 investment
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Solution for 1

pspux = 0.0285
pp = 7§+ e(ppt — 7f)
¢ = 0.005
ppt = t'u=.05186,0,; = 0.111
Solve,

0.0285 = 0.005 + z(0.05186 — 0.005)

0.0285 — .005

= 0 T 0,501
0.05186 — 005 -

Tt

zy=1-0.501 = 0.499

Eric Zivot (Copyright © 2015) Portfolio Theory


http://faculty.washington.edu/ezivot/

Solution for 1 cont.

Note:
UZ = 0.005 + 0.501 - (0.05186 — 0.005) = 0.0285

0% = 2405, = (0.501)(0.111) = 0.057
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Solution for 2

d02"™ = pspux + ospux - (—1.645)

= 0.0285 + (0.141) - (—1.645)
= —0.203

a5 = Hp + 0y - (—1.645)
= .0285 + (.057) - (—1.645)

—0.063
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Solution for 2 cont.

Then,

VaR35YY = $100,000 - ¢93"*

&@hH H  LH  PH

100,000 - (—0.203) = —$20, 300

VaR?OS = 100, 000 - q_605

100,000 - (—0.063) = —$6, 300
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