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Practical Performance Model for Bar Buckling
Michael P. Berry1 and Marc O. Eberhard2

Abstract: A practical model has been developed to predict, for a given level of lateral deformation, the likelihood that longitud
in a reinforced concrete column will have begun to buckle. Three relationships linking plastic rotation, drift ratio, and disp
ductility with the onset of bar buckling were derived based on the results of plastic-hinge analysis, moment-curvature analys
expected influence of the confinement reinforcement. These relationships, which account for the effective confinement ratio,
ratio, aspect ratio, and longitudinal bar diameter, were calibrated using observations of bar buckling from cyclic tests of 62 re
reinforced and 42 spiral-reinforced concrete columns. A version of the drift ratio relationship is proposed for earthquake en
applications. The ratios of the measured displacements at bar buckling to the displacements calculated with the proposed m
mean of 1.01 and a coefficient of variation of 25% for rectangular-reinforced concrete columns. The corresponding mean and
of variation for spiral-reinforced columns were 0.97 and 24%, respectively.
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Introduction

To implement performance-based earthquake engineering
necessary to relate deformation demands placed on stru
components with the probability of reaching specific levels
damage. The onset of buckling of longitudinal bars in reinfo
concrete columns is a key damage state~Fig. 1! because unlik
less severe levels of flexural damage, bar buckling requires e
sive repairs~Lehman et al. 2001!, significantly reduces the stru
ture’s functionality~Eberhard 2000!, and has clear implication
for structural safety. This paper proposes a procedure, inte
for earthquake engineering practice, that links lateral deform
demands on reinforced concrete columns with the likelihood
longitudinal bars will have begun to buckle.

Numerous approaches have been proposed to model the
bility of longitudinal bars in reinforced concrete columns. Ea
models used small-deformation, Euler buckling theory to mod
reinforcing bar subjected to uniaxial, monotonic compression
strained laterally by elastic ties~Bresler and Gilbert 1961; Scri
ner 1986; Papia and Russo 1989!. More recent models have co
sidered various details of the complex interaction between
concrete cover, concrete core, confining reinforcement, and
gitudinal bars. For example, Pantazopoulou~1998! accounted fo
the effect of core expansion on tie stiffness and modeled the
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redistribution from the longitudinal bar to the surrounding c
crete, as the bar stiffness reduces. Bayrak and Sheikh~2001! con-
sidered the pressure exerted directly on the longitudinal reinf
ment by the expanding concrete core. Dhakal and Mae
~2002! estimated the buckling length of the longitudinal re
forcement, accounting for the interaction between concrete
spalling and bar buckling.

Other studies have considered the effects of cycling on
longitudinal reinforcement. For example, Monti and Nuti~1992!;
Gomes and Appleton~1997!; and Rodriguez et al.~1999! mod-
eled the cyclic, stress-strain response of an isolated reinfo
bar, including the effects of bar buckling~neglecting the influenc
of the concrete and transverse reinforcement!. Moyer and Kow
alsky ~2001! concluded that models of bar buckling should c
sider the full deformation history to account for tension st
growth ~associated with cyclic inelastic deformations! in the lon-
gitudinal reinforcement. Hose~2001! developed models of b
buckling based on the assumption that buckling cannot o
under cyclic loading while the concrete cracks are closed.

These studies, among others, suggest that a compreh
model of bar buckling in seismic applications would accoun
the variable length over which bars can buckle, the moment
dient along the column length, the complex, strain-depende
teraction between the concrete cover, concrete core, tran
ties, and longitudinal reinforcement, and the full, cyclic defor
tion history of the column. Each model provides valuable ins
into key factors that contribute to bar instability, but a comp
model of bar buckling has not yet been developed.

Formulation of Deformation Relationships

A practical model, calibrated with numerous observations o
buckling during lateral, cyclic tests of reinforced concrete
umns, is needed for earthquake engineering applications.
section combines plastic-hinge analysis with approximation
the column yield displacement, plastic curvature, buckling st

and plastic-hinge length to develop three relationships linking
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plastic rotation, drift ratio, and displacement ductility with
onset of bar buckling.

Plastic-Hinge Analysis

According to plastic-hinge analysis, the total displacement,D, of
a reinforced concrete member deformed beyond the yield
placement can be decomposed into two parts, the response
the yield displacement,Dy, and the plastic deformation,Dp. The
plastic deformation is assumed to result from the rigid-body
tation of the member around the center of a plastic hinge nea
base of the column. For simplicity, the curvature in the pla
hinge is assumed to be constantsfp=f−fyd over an equivalen
plastic-hinge length,Lp, as shown in Fig. 2. The plastic rotatio
up, can then be expressed asfpLp, and the total tip deflection i

D = Dy + upsL − Lp/2d = Dy + sfpLpdsL − Lp/2d s1d

where L5distance from the column base to the point of c
traflexure.

Fig. 1. Typical buckling of longitudinal bar in a spiral-reinforc
column

Fig. 2. Plastic-hinge analysis
JOUR
If Lp/2!L and longitudinal bar buckling is assumed to oc
after column yielding, the displacement at the onset of bar b
ling can be expressed as

Dbb = Dy + fp−bbLpL s2d

wherefp−bb5plastic curvature at the onset of bar buckling.
following sections present approximations for three terms in
~2!, namelyDy, fp−bb, andLp.

Column Yield Displacement

Priestley et al.~1996! proposed an approximation for the yi
curvature of a reinforced concrete column, based on the co
depth and the yield strain of the tension reinforcements«yd.

fy > l
«y

D
s3d

where l=2.45 for spiral-reinforced columns and 2.14
rectangular-reinforced columns. Assuming that the mom
curvature relationship is linear up to the column yield point,
yield displacement can be approximated as

Dy >
fyL

2

3
>

l

3
«y

L2

D
=

l

3Es
fy

L2

D
s4d

whereEs and fy5elastic modulus and yield stress of the long
dinal reinforcement, respectively. For simplicity, Eq.~4! neglects
the effects of shear deformation and strain penetration.

Plastic Curvature

Based on axial equilibrium requirements for a reinforced con
cross section, Berry~2003! showed that the location of the neu
axis depends mainly on the level of axial load, and to a le
extent, on the amount of longitudinal reinforcement. Berry~2003!
found that the normalized plastic curvaturesfp_norm=fp_nD /«nd
at a given extreme compression fiber strains«nd can be approx
mated with the following equation:

fp_nD

«n
=

G0

1 + G1
P

Agfc8

s5d

where D5column depth;P5axial load; Ag5gross area of th
cross section; andfc85compressive strength of the concrete.G0

and G15parameters that depend on the level of strain. Fo
ample, at a maximum strain of«n=0.004,G0 andG1 can be take
as 5.3 and 9.4, respectively.

The normalized plastic curvatures~computed with momen
curvature analysis! for a compressive strain of«n=0.004 are com
pared with curvatures calculated with Eq.~5! in Fig. 3 for 288
flexure-dominant columns ~www.ce.washington.edu/~peera!.
The columns were classified as flexure-dominant as defin
Berry and Eberhard~2004!. The ratios of the plastic curvatur
calculated with moment-curvature analysis to the plastic cu
tures calculated with Eq.~5! had a mean of 1.0 with a coefficie
of variation of 18%. According to Berry~2003! this equation ca
also be used to approximate the relationship between the str
the onset of bar bucklings«bbd with the curvature at the onset
bar bucklingsfp_bbd.

The strain«bb is influenced by the transverse reinforcem
which confines the concrete core and tends to restrain the
tudinal bars from buckling. A common measurement of the e

tiveness of the transverse reinforcement is the effective confine-
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ment ratio, defined asreff=rsfys/ fc8, where rs5volumetric
transverse reinforcement ratio;fys5yield stress of transverse r
inforcement; andfc85concrete compressive strength. For
ample, Saatcioglu and Razvi~1994! found that axial strain duc
tility capacity was approximately constant for a given effec
confinement ratio.

For development of the proposed deformation relations
the buckling strain is assumed to vary linearly as a function o
effective confinement ratio, as follows

«bb = x0s1 + x1reffd s6d

wherex0 andx15constants. The parameterx1 is expected to b
larger for spiral-reinforced columns because spiral reinforce
is more effective than rectangular reinforcement at confining
core and longitudinal reinforcement. This relationship is sim
to the relationship that Pantazopoulou~1998! proposed for 20%
reduction in flexural strength. In this formulation the transv
confinement spacing,s, is taken into account by its effect onrs.

By substituting Eq.~6! into Eq. ~5! and combining constant
the plastic curvature at the onset of bar buckling can be app
mated with

fp_bb >
h0

D 1 1 + h1reff

1 + h2
P

Agfc8
2 s7d

whereh0, h1, andh25constants.

Plastic-Hinge Length

Numerous models have been proposed to estimate the p
hinge length of structural members~Sawyer 1964; Corley 196
Mattock 1967; Priestley and Park 1987; Priestley et al. 1996!. In
many of these models, the expression for the plastic-hinge le
is proportional to the column length,L, column depth,D, and the
longitudinal reinforcement properties, as in the following eq
tion:

Lp = aL + bD + jfydb s8d

where db5bar diameter of the tension reinforcement. For

Fig. 3. Evaluation of approximation for plastic curvature
ample, in the equation developed by Mattock~1967!, a
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=1/20,b=1/2, andj=0. In the Priestley et al.~1996! model,
a=0.08,b=0, andj=0.022~fy in MPa!, with an upper limit on
Lp of 0.044fydb.

The deformation relationships derived in this section adop
general form of Eq.~8!, in which a , b, andj are unknown con
stants. The column length is included in Eq.~8! to account for th
moment gradient along the length of the cantilever, and the
umn depth is included to account for the influence of shear o
size of the plastic region. The longitudinal bar properties ar
cluded to account for additional rotation at the plastic-hinge
sulting from strain penetration of the longitudinal reinforcem
into the supporting element.

Deformations at Bar Buckling

Three commonly used engineering demand parameters~plastic
rotation, drift ratio, and displacement ductility! can be approx
mated by combining plastic-hinge analysis with the approx
tions of yield displacement, plastic curvature, and plastic-h
length. By substituting the approximations for plastic curva
~7! and plastic-hinge length~8! into the definition of plastic rota
tion sup=fpLpd, the plastic rotation at the onset of bar buck
can be expressed as

up_bb = C0s1 + C1reffdS1 + C2
P

Agfc8
D−1S1 + C3

L

D
+ C4

fydb

D
D

s9d

The five constants in Eq.~9! sC0,… ,C4d are combinations of th
constants included in Eqs.~5! and ~7!. By substituting Eqs.~4!
and~9! into Eq. ~2!, and dividing by the column length, the d
ratio at the onset of bar buckling can be expressed as follow

Dbb

L
=

l

3Es
fy

L

D
+ C0s1 + C1reffdS1 + C2

P

Agfc8
D−1

3S1 + C3
L

D
+ C4

fydb

D
D s10d

If Eq. ~10! is divided by the yield displacement and multiplied
the column length, the displacement ductility at the onset o

Fig. 4. Definition of displacement preceding the onset of bar
buckling
buckling can be expressed as
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Table 1. Maximum Deformations Preceding Bar Buckling in Rectangular-Reinforced Columns

Reference Designation
Dbb

smmd up_bb

Dbb/L
s%d Dbb/Dy L /D reff P/ fcAg db/D

fy

sMPad

Ghee et al.~1981! No. 3 50.0 0.028 3.1 5.2 4.0 0.39 0.38 0.04 4

Ghee et al.~1981! No. 4 58.0 0.031 3.6 4.8 4.0 0.25 0.21 0.04 4

Soesianawati et al.~1986! No. 1 78.4 0.047 4.9 7.6 4.0 0.07 0.10 0.04 4

Soesianawati et al.~1986! No. 2 68.4 0.041 4.3 7.5 4.0 0.10 0.30 0.04 4

Soesianawati et al.~1986! No. 3 44.9 0.025 2.8 5.1 4.0 0.07 0.30 0.04 4

Soesianawati et al.~1986! No. 4 41.0 0.024 2.8 4.6 4.0 0.04 0.30 0.04 4

Zahn et al.~1986! No. 7 71.0 0.044 4.7 6.3 4.0 0.27 0.22 0.04 4

Zahn et al.~1986! No. 8 50.0 0.037 4.0 6.3 4.0 0.24 0.39 0.04 4

Tanaka and Park~1990! No. 1 120.0 0.074 7.5 8.7 4.0 0.33 0.20 0.05 4

Tanaka and Park~1990! No. 2 87.2 0.052 5.5 6.7 4.0 0.33 0.20 0.05 4

Tanaka and Park~1990! No. 3 59.0 0.033 3.7 5.2 4.0 0.33 0.20 0.05 4

Tanaka and Park~1990! No. 4 80.0 0.047 5.0 6.5 4.0 0.33 0.20 0.05 4

Tanaka and Park~1990! No. 5 73.8 0.041 4.5 5.4 3.0 0.17 0.10 0.04 5

Tanaka and Park~1990! No. 6 67.2 0.038 4.1 5.6 3.0 0.17 0.10 0.04 5

Tanaka and Park~1990! No. 7 82.4 0.049 5.0 8.5 3.0 0.21 0.30 0.04 5

Tanaka and Park~1990! No. 8 78.0 0.047 4.7 9.3 3.0 0.21 0.30 0.04 5

Park and Paulay~1990! No. 9 84.0 0.046 4.7 7.8 3.0 0.31 0.10 0.04 4

Atalay and Penzien~1975! 6S1 40.7 0.014 2.4 2.1 5.5 0.11 0.18 0.07 4

Wehbe et al.~1998! A1 122.0 0.046 5.2 5.2 3.8 0.10 0.10 0.03 4

Wehbe et al.~1998! A2 102.0 0.037 4.4 4.6 3.8 0.10 0.24 0.03 4

Wehbe et al.~1998! B2 128.0 0.047 5.5 4.8 3.8 0.13 0.23 0.03 4

Xiao and Martirossyan~1998! HC48L19T10-0.1P 47.0 0.107 9.3 7.6 2.0 0.23 0.10 0.08 5

Xiao and Martirossyan~1998! HC48L19T10-0.2P 40.0 0.091 7.9 7.6 2.0 0.23 0.20 0.08 5

Xiao and Martirossyan~1998! HC48L16T10-0.1P 37.0 0.080 7.3 7.1 2.0 0.20 0.10 0.06 5

Xiao and Martirossyan~1998! HC48L16T10-0.2P 35.0 0.072 6.9 5.6 2.0 0.20 0.19 0.06 5

Bayrak and Sheikh~1996! ES-1HT 48.5 0.018 2.5 5.6 6.0 0.18 0.50 0.06 4

Bayrak and Sheikh~1996! AS-2HT 95.1 0.039 5.0 9.5 6.0 0.20 0.36 0.06 4

Bayrak and Sheikh~1996! AS-3HT 62.6 0.025 3.3 7.4 6.0 0.20 0.50 0.06 4

Bayrak and Sheikh~1996! AS-4HT 78.5 0.033 4.4 6.6 6.0 0.29 0.50 0.06 4

Bayrak and Sheikh~1996! AS-6HT 73.3 0.028 3.8 5.6 6.0 0.27 0.46 0.06 4

Bayrak and Sheikh~1996! AS-7HT 31.0 0.014 2.3 3.3 6.0 0.13 0.45 0.06 4

Bayrak and Sheikh~1996! ES-8HT 26.6 0.014 2.0 4.4 6.0 0.17 0.47 0.06 4

Saatcioglu and Grira~1999! BG2 82.3 0.049 5.0 8.5 4.7 0.49 0.43 0.06 4

Saatcioglu and Grira~1999! BG4 65.8 0.037 4.0 6.0 4.7 0.24 0.46 0.06 4

Saatcioglu and Grira~1999! BG5 115.2 0.068 7.0 8.4 4.7 0.49 0.46 0.06 4

Saatcioglu and Grira~1999! BG8 115.2 0.064 7.0 5.6 4.7 0.24 0.23 0.06 4

Saatcioglu and Grira~1999! BG9 65.8 0.036 4.0 5.3 4.7 0.24 0.46 0.05 4

Thomsen and Wallace~1994! A3 23.9 0.056 5.4 9.2 3.9 0.13 0.20 0.06 51

Thomsen and Wallace~1994! D1 47.8 0.047 4.9 6.3 3.9 0.21 0.20 0.06 4

Thomsen and Wallace~1994! D2 35.8 0.046 4.9 5.7 3.9 0.15 0.20 0.06 4

Thomsen and Wallace~1994! D3 35.8 0.045 4.9 5.2 3.9 0.16 0.20 0.06 4

Xiao and Yun~2002! No. FHC1-0.2 142.2 0.082 8.0 9.6 3.5 0.19 0.20 0.07 3

Xiao and Yun~2002! No. FHC2-0.34 71.1 0.038 4.0 6.4 3.5 0.19 0.33 0.07 3

Xiao and Yun~2002! No. FHC3-0.22 106.7 0.060 6.0 7.7 3.5 0.18 0.22 0.07 3

Xiao and Yun~2002! No. FHC4-0.33 71.1 0.038 4.0 6.3 3.5 0.18 0.32 0.07 3

Xiao and Yun~2002! No. FHC5-0.2 106.7 0.060 6.0 7.6 3.5 0.12 0.20 0.07 4

Xiao and Yun~2002! No. FHC6-0.2 106.7 0.059 6.0 6.7 3.5 0.15 0.20 0.07 4

Bayrak ~1998! RS- 9HT 128.6 0.051 6.7 7.6 5.3 0.25 0.34 0.06 4

Bayrak ~1998! RS-10HT 85.9 0.034 4.5 7.0 5.3 0.25 0.50 0.06 4

Bayrak ~1998! RS-12HT 82.9 0.031 4.3 6.0 5.3 0.13 0.34 0.06 4

Bayrak ~1998! RS-13HT 89.8 0.034 4.7 6.1 5.3 0.16 0.35 0.06 4

Bayrak ~1998! RS-14HT 62.6 0.016 3.2 2.4 5.3 0.16 0.46 0.06 4

Bayrak ~1998! RS-15HT 117.9 0.041 6.0 4.5 5.3 0.22 0.36 0.06 4

Bayrak ~1998! RS-16HT 79.8 0.026 4.1 3.7 5.3 0.15 0.37 0.06 4

Bayrak ~1998! RS-17HT 106.7 0.036 5.4 4.0 5.3 0.33 0.34 0.06 4
JOURNAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2005 / 1063
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Dbb

Dy
= 1 +

3Es

lfy
C0s1 + C1reffdS1 + C2

P

Agfc8
D−1

3S 1

L/D
+ C3 + C4

1

L/D

fydb

D
D s11d

The constants in Eqs.~9!, ~10!, and ~11! can be evaluated fro
experimental observations of bar buckling.

Column Performance Database

To calibrate models of column behavior, the results of 467 cy
lateral-load tests of reinforced concrete columns were assem
in a database, which is available on the World Wide We
www.ce.washington.edu/˜peera1 and http://peer.berkeley.ed
For each test, the database provides the column geometry,
rial properties, reinforcement details, loading configuration, a
erence, and test results. The test results provided include the
tal force-displacement history for the column~or in a few cases
the force-displacement envelope!, as well as the maximum co
umn deflection imposed before reaching various damage s
including the onset of bar buckling,Dbb. The definition ofDbb is
illustrated in Fig. 4.

To calibrate Eqs.~9!, ~10!, and ~11!, the tests were screen
according to the following criteria:~1! the column needed to b
flexure-critical, as defined by Berry and Eberhard~2004!; ~2! the
aspect ratio had to exceed 1.9;~3! the longitudinal reinforceme
had to be continuous~unspliced!; and ~4! the displacement pr
ceding bar buckling had to be documented. For the
rectangular-reinforced and 42 spiral-reinforced column tests
met the screening criteria, Tables 1 and 2 provide values o
maximum deformations preceding the onset of bar buckling
well as key column properties. The mean values of the pl
rotations, drift ratios, and displacement ductilities for
rectangular-reinforced columns were 0.043, 4.8%, and 6.0
spectively. The corresponding mean values for the sp
reinforced columns were 0.060, 6.6%, and 6.8, respectively.

The experimental data support the general form of Eqs~9!,

Table 1. ~Continued.!

Reference Designation
Dbb

smmd up

Bayrak ~1998! RS-18HT 64.5 0.

Bayrak ~1998! RS-19HT 121.7 0

Bayrak ~1998! RS-20HT 66.0 0.

Bayrak ~1998! WRS-21HT 67.2 0.

Bayrak ~1998! WRS-22HT 126.9 0

Bayrak ~1998! WRS-23HT 122.5 0

Bayrak ~1998! WRS-24HT 87.0 0.

Statistics Mean 76.8 0

Standard deviation 30.0 0

COV 0.39 0.

Minimum 23.9 0.

Maximum 142.2 0.
~10!, and ~11!. For example, Fig. 5~rectangular-reinforced col-
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,

umns! and Fig. 6~spiral-reinforced columns! show the variatio
of the drift ratio at the onset of bar buckling as a function of
column properties. To isolate the effect of each property, th
tabase was organized into families, in which all columns
family had similar properties except for the property being s
ied. These families are connected with lines in Figs. 5 and
should be noted that the families do not take into consider
variations in the displacement history imposed on each col
As expected from Eq.~10!, the drift ratio at the onset of longit
dinal bar buckling decreases with an increase inP/Agfc8, and in-
creases with an increase inreff , fydb/D, andL /D.

Calibration of Column Deformation Relationships

The column database was used to calibrate the column def
tion relationships. Specifically, the values of the unknown
stantssC0,… ,C4d in Eqs. ~9!, ~10!, and ~11! were determine
such that~1! the ratios of the measured damage displacem
~from the column database! to the calculated damage displa
ments had a mean value equal to 1.0; and~2! the coefficient o
variation~COV! of the ratios was minimized. The resulting val
of the constants for each measure of column deformation
provided in Table 3, along with statistical measures of the a
racy of the resulting equations. The objective functions@~9!–~11!#
used in the regression analyses contained a number of
minima with similar magnitudes. As a result one cannot dire
compare the values ofC0,… ,C4 among the three equations a
two column types. The COVs of the ratios of measured disp
ments to calculated displacements are similar for plastic rota
drift ratio, and displacement ductility, ranging from 20 to 29
depending on the particular measure of deformation, and de
ing on whether the columns were reinforced with spirals or
angular ties.

Berry and Eberhard~2003! showed that the accuracies of
estimates ofDbb calculated with Eqs.~9!, ~10!, and ~11! can be
increased slightly by using more complex models of bar buck
However, the increases in accuracy did not justify the added
plexity. Some of the scatter in the values ofDbb/Dbb_calc likely

Dbb/L
s%d Dbb/Dy L /D reff P/ fcAg db/D

fy

sMPad

3.3 4.2 5.3 0.33 0.50 0.06 47

6.3 8.1 5.3 0.64 0.53 0.06 47

3.4 3.4 5.3 0.34 0.34 0.06 47

3.4 2.6 7.4 0.19 0.47 0.08 47

6.5 4.3 7.4 0.19 0.31 0.08 47

6.3 4.3 7.4 0.25 0.33 0.08 47

4.5 3.7 7.4 0.25 0.50 0.08 51

4.8 6.0 4.5 0.22 0.30 0.06 45

1.5 1.8 1.3 0.11 0.13 0.01 3

0.33 0.30 0.29 0.48 0.42 0.24 0

2.0 2.1 2.0 0.04 0.10 0.03 375

9.3 9.6 7.4 0.64 0.53 0.08 51
_bb
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arises from the influence of repeated deformation cycling
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~Kunnath et al. 1997; Ranf et al. 2003!. In addition, the identifi
cation of the onset of bar buckling is subjective and may
among observers. The typical practice of imposing a serie
successively increasing cycles to discrete levels of deform
leads to further scatter. For example, consider Fig. 4, in whic
buckling is identified to occur after an imposed displacemen
50 mm. The bars did not buckle at a displacement of 25 mm

Table 2. Maximum Deformations Preceding Bar Buckling in Spiral-

Reference Designation
Dbb

smmd up_

Davey ~1975! No. 1 96.8 0.

Davey ~1975! No. 2 70.5 0.

Davey ~1975! No. 3 157.4 0.

Ghee et al.~1981! No. 1 60.0 0.

Ghee et al.~1981! No. 2 50.0 0.

Zahn et al.~1986! No. 5 45.6 0.

Watson~1989! No 11 36.3 0.

Wong et al.~1990! No. 1 41.4 0.

Wong et al.~1990! No. 3 28.8 0.

Stone and Cheok~1989! Flexure 538.0 0

Stone and Cheok~1989! Shear 285.0 0

Cheok and Stone~1986! N1 82.5 0.

Cheok and Stone~1986! N2 46.6 0.

Cheok and Stone~1986! N3 110.6 0.

Cheok and Stone~1986! N4 53.3 0.

Cheok and Stone~1986! N5 52.2 0.

Cheok and Stone~1986! N6 71.5 0.

Kunnath et al.~1997! No. A2 64.5 0.

Kunnath et al.~1997! No. A7 80.0 0.

Kunnath et al.~1997! No. A8 80.0 0.

Kunnath et al.~1997! No. A9 63.0 0.

Kunnath et al.~1997! No. A10 90.7 0.

Kunnath et al.~1997! No. A12 81.0 0.

Hose et al.~1997! No. SRPH1 320.0 0

Vu et al. ~1998! No. NH3 50.0 0.

Kowalsky et al.~1999! No. FL3 340.0 0.

Lehman and Moehle~2000! No. 415 129.0 0.

Lehman and Moehle~2000! No. 815 445.0 0.

Lehman and Moehle~2000! No. 1015 635.0 0

Lehman and Moehle~2000! No. 407 127.0 0.

Lehman and Moehle~2000! No. 430 178.0 0.

Calderone et al.~2000! No. 328 133.0 0.

Calderone et al.~2000! No. 828 600.0 0.

Calderone et al.~2000! No. 1028 889.0 0

Saatcioglu and Baingo~1999! No. RC6 68.4 0.

Nelson~2000! Col2 56.6 0.

Henry and Mahin~1999! No. 415p 127.0 0

Henry and Mahin~1999! No. 415s 127.0 0

Moyer and Kowalsky~2002! No. 1 149.9 0.

Moyer and Kowalsky~2002! No. 2 261.6 0.

Moyer and Kowalsky~2002! No. 3 261.9 0.

Moyer and Kowalsky~2002! No. 4 297.2 0.

Statistics Mean 178.1 0

Standard deviation 191.2 0

COV 1.07 0.

Minimum 28.82 0.

Maximum 889.00 0.
it is impossible to know whether the bars would have buckled if a

JOUR
displacement between 25 and 50 mm had been imposed o
column.

Practical Implementation

The accuracies of the deformation relationships based on p

rced Columns

Dbb/L
s%d Dbb/Dy L /D reff P/ fcAg db/D

fy

sMPad

4.8 3.7 5.5 0.04 0.06 0.04 373

3.5 8.0 3.5 0.04 0.05 0.04 371

7.9 3.8 6.5 0.04 0.05 0.04 373

3.8 6.9 4.0 0.09 0.20 0.04 308

3.1 5.8 4.0 0.15 0.56 0.04 308

2.9 4.8 4.0 0.09 0.13 0.04 337

2.3 5.9 4.0 0.13 0.70 0.04 474

5.2 7.1 2.0 0.11 0.19 0.04 423

3.6 6.8 2.0 0.11 0.39 0.04 475

5.9 4.9 6.0 0.09 0.07 0.03 47

6.2 6.9 3.0 0.19 0.07 0.03 47

11.0 11.2 3.0 0.26 0.10 0.03 446

6.2 7.6 3.0 0.27 0.21 0.03 446

7.4 6.9 6.0 0.13 0.10 0.03 446

7.1 11.0 3.0 0.25 0.10 0.03 446

7.0 8.3 3.0 0.26 0.20 0.03 446

4.8 5.0 6.0 0.14 0.10 0.03 446

4.7 4.7 4.5 0.14 0.09 0.03 448

5.8 7.2 4.5 0.13 0.09 0.03 448

5.8 5.2 4.5 0.13 0.09 0.03 448

4.6 5.3 4.5 0.13 0.09 0.03 448

6.6 7.5 4.5 0.15 0.10 0.03 448

5.9 7.2 4.5 0.15 0.10 0.03 448

8.7 8.1 6.0 0.09 0.15 0.04 45

5.5 8.3 2.0 0.12 0.15 0.03 428

9.3 5.7 8.0 0.11 0.28 0.03 477

5.3 7.4 4.0 0.14 0.07 0.03 46

9.1 6.9 8.0 0.14 0.07 0.03 46

10.4 5.8 10.0 0.14 0.07 0.03 46

5.2 9.7 4.0 0.14 0.07 0.03 46

7.3 6.8 4.0 0.14 0.07 0.03 46

7.3 9.0 3.0 0.16 0.09 0.03 44

12.3 7.3 8.0 0.16 0.09 0.03 44

14.6 9.4 10.0 0.16 0.09 0.03 44

4.2 6.4 6.6 0.08 0.42 0.06 41

3.7 6.3 3.0 0.01 0.11 0.03 455

5.2 5.0 4.0 0.11 0.12 0.03 46

5.2 5.4 4.0 0.06 0.06 0.03 46

6.1 4.0 5.3 0.12 0.04 0.04 565

10.7 6.4 5.3 0.12 0.04 0.04 56

10.7 7.2 5.3 0.13 0.04 0.04 56

12.2 7.4 5.3 0.12 0.04 0.04 56

6.6 6.8 4.8 0.13 0.14 0.03 44

2.8 1.7 1.9 0.06 0.14 0.01

0.43 0.26 0.40 0.43 0.98 0.22 0

2.3 3.7 2.0 0.01 0.04 0.03 308

14.6 11.2 10.0 0.27 0.70 0.06 56
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rotation~9!, drift ratio ~10!, and displacement ductility~11! were
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similar. Since it is easiest to compute the drift ratio~drift ratio can
be calculated without estimating the yield displacement, an
mate that introduces further error! practical recommendatio
were developed based on the drift ratio relationship. For pra
implementation, the following relationship, a simpler version
Eq. ~10!, is proposed to approximate the drift ratio at the onse
bar buckling in reinforced concrete columns.

Dbb_calc

L
s%d = 3.25S1 + ke_bbreff

db

D
DS1 −

P

Agfc8
DS1 +

L

10D
D
s12d

whereke_bb=40 for rectangular-reinforced columns and 150
spiral-reinforced columns. The form of Eq.~12! was obtaine
from Eq. ~10! by combining the transverse and longitudinal re
forcement properties controlling the onset of bar buckling in
new parameter,reffdb/D, fixing the exponents of Eq.~10! to 1.0,
and forcing the coefficients of Eq.~10! to be the same for spir
and rectangular-reinforced columns, except for the coeffi
multiplying reff.

Berry ~2003! showed that the accuracy of Eq.~12! does no
vary significantly with the axial-load ratio, aspect ratio, effec
confinement ratio, and longitudinal reinforcement ratio. In a

Table 3. Results of Regression Analyses

Column deformation Column type

Coefficie

C0 C1 C2

up_bb ~9! Rectangular-reinforced 0.019 1.650 1.7

Spiral-reinforced 0.006 7.190 3.12

Dbb/L ~10! Rectangular-reinforced 1.472 1.326 1.8

Spiral-reinforced 0.309 5.740 2.81

Dbb/Dy ~11! Rectangular-reinforced 0.014 1.277 0.2

Spiral-reinforced 0.005 4.534 1.30

Fig. 5. Drift ratio at bar buckling for rectangular-reinforced colum
1066 / JOURNAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2005
tion, the accuracy did not vary consistently with the ratio of
confinement spacing to the bar diameterss/dbd. Although the dat
available did not document the buckling mode, this slende
ratio would be expected to be significant for bar buckling betw
two adjacent hoops or spirals. Since little data are availabl
large values ofs/db, ke_bb should be taken as 0.0 for colum
with s/db exceeding 6. The accuracy of Eq.~12! with the limit on
s/db is similar to that of Eq.~10!. The mean and coefficient
variation forDbb/Dbb_calc calculated using Eq.~12! were 1.01 an
25% for rectangular-reinforced columns, and 0.97 and 24%
spiral-reinforced columns.

The form of Eq.~12! is consistent with the expected behav
of reinforced concrete columns. The effective confinement r
reff, accounts for the restraint against bar buckling that the t
verse reinforcement provides. The values ofke_bb for spiral- and
rectangular-reinforced columns differ because spiral reinfo
ment is more effective than rectangular ties at confining the
and the longitudinal reinforcement. The normalized bar diam
db/D, reflects the increased stability of larger bars and the i
ence of strain penetration into the column base. The axial
ratio term is consistent with the results of moment-curva
analysis, which indicate that, for the same maximum compre
strain, columns with higher axial loads have lower curvatu

Statistics ofDbb/Dcalc

C4 Minimum Maximum Mean Coefficient of variat

0.012 0.072 0.40 1.61 1.00 0.25

.651 0.227 0.60 1.39 1.00 0.20

0.288 0.078 0.37 1.63 1.00 0.26

.764 0.469 0.58 1.46 1.00 0.22

0.237 −0.001 0.43 1.83 1.00 0.29

.010 0.032 0.60 1.50 1.00 0.22

Fig. 6. Drift ratio at bar buckling for spiral-reinforced columns
nts
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The span-to-depth ratio,L /D, affects the drift ratio at bar buc
ling by increasing the normalized yield displacement and
length of the plastic hinge, as shown in Eq.~10!.

To estimate the likelihood of bar buckling, Eq.~12! can be
combined with fragility curves, such as those shown in Fig
This figure shows the cumulative probability of bar buckling
function of Dbb/Dbb_calc for the database, as well as the co
sponding normal cumulative distribution functions~CDF! and the
lognormal CDF. The normal CDF approximates the column
better than the lognormal CDF. However, the normal distribu
may cause problems if applied at extremely low levels of p
ability because it yields negative values ofDbb/Dbb_calc, which
have no meaningful physical interpretation.

To apply Eq.~12! in practice, it is necessary to assume that
database is representative of the general population
rectangular- and spiral-reinforced columns. To evaluate exi
columns, the displacement demand,Ddemand, is estimated based o
an analysis of the full structure. The estimated displacement
buckling, Dbb_calc, is then calculated with Eq.~12! based on th
known column properties. The probability that a longitudinal
will have buckled at or before that displacement demand is
evaluated from the appropriate fragility curve~CDF! shown in
Fig. 7. For example, ifDdemand/Dbb_calc is equal to 2/3 for a spira
reinforced concrete column, the probability that a bar will h
begun to buckle at or before the displacement demand is 10

The implications of applying the proposed evaluation pr
dure to reinforced concrete columns can be seen in Fig. 8, w

Fig. 7. Fragility curves for onset of bar buckling:~a! rectangula
reinforced columns and~b! spiral-reinforced columns
shows that the probability of bar buckling increases with increas-

JOUR
ing drift ratio and decreases with increasing amount of con
ment reinforcement. The figure was generated~using a norma
CDF! for spiral-reinforced columns with an axial-load ratio
30%, an aspect ratio of 4, anddb/D=1/14. Similar plots can b
generated for other column types and other models of stati
distribution ~e.g., lognormal!.

To design new columns, the column deformation demand
pect ratio, and axial-load ratio are known and the acceptable
ability of bar buckling is specified. For a specified probability
bar buckling, the targetDdemand/Dbb_calc can be estimated from t
fragility curves. Rearranging Eq.~12!, the transverse reinforc
ment can be proportioned as follows:

Fig. 8. Implications for evaluation of spiral-reinforced colum
sP/Agf8c=30% ,L /D=4,D /db=14d

Fig. 9. Implications for design of spiral-reinforced columns: 1
probability of onset of bucklingsL /D=4,D /db=14d
NAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2005 / 1067
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ke_bbdb
D1

Ddemand

LStarget
Ddemand

Dbb_calc
D s%d

3.25S1 −
P

Agfc8
DS1 +

L

10D
D − 12 s13d

Fig. 9 shows the implications of using Eq.~13! to proportion the
confinement reinforcement in a spiral-reinforced column. Fi
was developed for a buckling probability of 10%, which co
sponds toDdemand/Dbb_calc=2/3 ~Fig. 7!. The confinement requir
ments increase as drift ratio and axial load increase, and in
cases, the required confinement to prevent bar buckling ex
the spiral requirements for earthquake-resistant construction~Eq.
21-2! of the American Concrete Institute Building Code Requ
ments for Structural Concrete~ACI 2002!. Similar figures can b
generated for other column types and target probabilities of b
ling.

Conclusions

The assembled database made it possible to develop a pro
to estimate the likelihood of longitudinal bar buckling in flexu
dominant reinforced concrete columns based on imposed co
deformation.

The coefficients of variation of the ratio of the measured
placement to the calculated displacement at the onset of bar
ling sDbb/Dbb_calcd were similar for the relationships based
plastic rotation, drift ratio, and displacement ductility. A modifi
version of the derived drift ratio relationship is proposed
earthquake-engineering applications.

Dbb_calc

L
s%d = 3.25S1 + ke_bbreff

db

D
DS1 −

P

Agfc8
DS1 +

L

10D
D
s14d

whereke_bb=40 for rectangular-reinforced columns and 150
spiral-reinforced columns;reff=rsfys/ fc8 , rs5volumetric trans
verse reinforcement ratio;fys5yield stress of the transverse re
forcement; db5diameter of the longitudinal reinforcing ste
P5axial load,Ag5gross area of the cross section;fc85concrete
compressive strength;L5distance from the column base to
point of contraflexure; andD5column depth. Because little da
were available for large values ofs/db, ke_bb should be taken a
0.0 for columns in whichs/db exceeds 6.

The mean value ofDbb/Dbb_calc obtained with Eq.~14! with the
limit on s/db was 1.01 with a coefficient of variation of 25% f
rectangular columns and 0.97 with a coefficient of variatio
24% for spiral-reinforced columns. The accuracy impro
slightly if a more complex expression is used, but the increa
accuracy does not justify the increased complexity. By sol
Eq. ~14! for the effective confinement ratio, it is also possible
proportion the confinement reinforcement for new columns b
on the column properties, the expected column deformation
the target probability of bar buckling.
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Notation

The following symbols are used in this paper:
Ag 5 gross area of column cross section;

C0,… ,C4 5 parameters used in deformation
approximations;

D 5 column depth;
db 5 bar diameter of longitudinal reinforcement;
Es 5 elastic modulus of longitudinal reinforcemen
fc8 5 compressive strength of concrete;
fy 5 yield stress of longitudinal reinforcement;

fys 5 yield stress of transverse reinforcement;
G0, G1 5 parameters used in approximation of

normalized plastic curvature;
ke_bb 5 transverse reinforcement coefficient;

L 5 distance from the column base to the point o
contraflexure;

Lp 5 plastic hinge length;
P 5 column axial load;

a , b , j 5 parameters used in plastic hinge
approximation;

D 5 total column displacement;
Dbb 5 column displacement at the onset of bar

buckling;
Dbb_calc 5 calculated column displacement at the onse

of bar buckling;
Ddemand 5 expected column displacement demand;

Dp 5 plastic displacement of column;
Dy 5 yield displacement of column;
«bb 5 maximum compressive strain at the onset of

bar buckling;
«n 5 maximum compressive strain in concrete;
«y 5 yield strain of the tension reinforcement;

h0,… ,h2 5 parameters used in plastic curvature
approximation;

up 5 plastic rotation;
l 5 parameter for yield curvature approximation;

reff 5 effective confinement ratio;
rs 5 volumetric transverse reinforcement ratio;
up 5 plastic curvature;

fp_bb 5 plastic curvature at the onset of longitudinal
bar buckling;

fp_n 5 plastic curvature at maximum compressive
strain«n;

fp_norm 5 normalized plastic curvature; and
x1, x1 5 parameters used in buckling strain

approximation.
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