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Motivation

We have been assuming knowledge of the plant in controller design.
In practice, plant models come from:

» modeling by physics: Newton's law, conservation of energy, etc
» (input-output) data-based system identification

The need for system identification and adaptive control comes from
» unknown plants
» time-varying plants

» known disturbance structure but unknown disturbance
parameters
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System modeling
Consider the input-output relationship of a plant:

z 1B (z71
u(k) —=G,(z71) = A‘(Bz(—l) ) y (k)

or equivalently

u (k) — y(k+1) (1)

where
Bz Y =by+biz '+ 4bpz ™ Az V)=1+az  +-+az "

» y(k+1)is a linear combination of y (k), ... , y(k+1—n) and
u(k), ..., u(k—m):

y(k+1)= Za,y k—l—l—/—l—Zbu —1) (2)
=1 i=0
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System modeling

Define parameter vector 6 and regressor vector ¢ (k):
6= [317327"'3n7b0;b17"' 7bm]T
(p(k)é [_y(k)’ 7_y(k+1_n)au(k)7u(k_1)7"' 7u(k_m)]T

» (2) can be simply written as:

y(k+1)=9¢" (k)0 (3)

» ¢ (k) and y(k+1) are known or measured
» goal: estimate the unknown 6
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Parameter estimation

Suppose we have an estimate of the parameter vector:
A A A foaT
0= [81,82,"'3”,[)0,[)1,"‘ abm]

At time k, we can do estimation:

y(k+1)=9¢7 (k)0 (k) (4)

where 0(k) £ [a1(k), 32(k),--- 3n(k), bo(k), by(k),- -, bm(K)]T
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Parameter identification by least squares (LS)
At time k, the least squares (LS) estimate of 6 minimizes:

k . T/- A 2
Je= X |y =67 (1= D) (5)

Solution:
k
Je= 1 (7 487 (00 (=197 (i=1)8(0) ~2¢ ()07 (i~1)8 (K))

Letting 9J /26 (k) = 0 yields

K -1
é(k)=[£¢(i—1>¢T(i—1>] Y o(i-1y()| (6

J/

F(k)
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Parameter identification by least squares (LS)

At time k+ 1, we receive a new input and we have one more
measurement y (k +1).

Instead of (5), we can do better by minimizing

k41 . 2
S = X [y =07 (1= )80k +1)
whose solution is
F(k+1)
R rk+1 -1 k+1
6(k+1)= [;¢(i—1)¢T(i—1)] Z,lfl)(i—l)y(i) (7)
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From LS to recursive least squares (RLS)
At time k,

k R 2
Je= ¥ [y =0T 16k (&)
K -1
= [Zw/‘—l)«ﬂ(i—l)} ;q)(i—l)y(i) 9)

At time k+1,

k+1

Jea= Y, )07 G- Dbk+ 1))

i=1
-1
k+1 k+1

6(k+1)= [Z(]):—l (,—1)] Y o(i-1)y(i) (10)
i=1

recursive least squares (RLS): no need to directly compute (10),
0 (k+1) can be obtained by

0(k+1) = (k) + [correction term| (11)
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RLS parameter adaptation

Goal: to obtain

6(k+1) = (k) + [correction term] (12)

Observation: common building blocks exist:

e

K 1| &
O(k+1)= <;¢(i1)¢T(i1)+¢(k)¢T(k)) ( ;q)(i*l)Y(i) +¢(k)}’(k+1))
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RLS parameter adaptation

Goal:

Derivations:

6(k+1) = (k) + [correction term|

k+1

6 (k+1)=F(k+1) ;¢(i—1)y(i)

due to

b (k)=F(

= F(k+1)

k
;¢(i—1)y(i)+¢(k)y(k+1)

= F(k+1) [E0 800+ oK)y (k1)

k

k
k)z,l(l’(i—l))/(i) =Y 0(i=1)y(i)=F(k) 6k

i=1
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RLS parameter adaptation

Goal: 6(k +1) = 6(k) + [correction term]

Derivations (Cont'd): noting now

k+1

F(k+1)" Zq)/ Do (i—1)=F(k) " +9 (ko7 (k)

we have
é(k+1):F(k+1)[ (k)16 k+1}
=F(k+1)[(F(k+1) ~9(K)0T (K) 6(K)+0 (K)y (k+1)]
B(K)+F(k+1)9 (k) |y(k+1)— 9T (k

(k
)6.(K)] (13)

UW Adaptive Controls (X. Chen, ME585) 11/27



RLS parameter adaptation

Define

9o(k+1) = 97T (k)O(k)
e°(k+1) = y(k+1)—§°(k+1)

(13) is equivalent to

O(k+1)=0(k)+ F(k+1)¢(k)e°(k+1) (14)
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RLS adaptation gain recursion
F (k+1), called the adaptation gain, can be updated recursively too!:

_ F(K)o(k)9 T (k)F (k)
1+ 7 (k)F (k) (k)

F(k+1)= F(k) (15)

Proof:
» matrix inversion lemma (MIL): if A is nonsingular, B and C have
compatible dimensions, then

(A+BC) '=A1-A1B(CAB+I) ' CA?
» note the algebra

k41 -1 -1
F(k+1)=[;¢(f—1)¢T(i—1)] =[FI T +9 (k)07 (k)

MIL

M F (k) F (k)0 (k) (67 () F(K)0 (K)+1) 07 (k) F (k)
which gives (15)
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RLS parameter adaptation

The recursive adaptation gain yields an adaptation law using only the
past data:

)
(15) = F (k= 1) ()= F(Ko () ~ -0t 005 0 (1
R
T4 9T (RF(KIO(K)

Hence we have the parameter adaptation algorithm (PAA):

O(k+1)=0(k)+ F(k+1)¢(k)e°(
¢
F

=00+ 15 ((l;)) (()) (e
1)~ e FU0000T(KF(K)

1+¢7(k)F (k)9 (k)
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PAA implementation: initial values

Fok)
T oT(MF(ReR)E <Y

6(k+1)=6(k)+

6 (0): initial guess of parameter vector
» F (k) is symmetric by definition:

-1
F (k)= [Zq) i—1 ,—1)]

F(k)o(k)oT (k)F (k)

1+9¢7(k)F(k)¢(k)

» F(0): commonly set as F(0) = 6/y+-m+1, where o is a large
number and /1 m+1 is an n+ m+ 1-row identity matrix, as F (k)
is always none-increasing:

Fk+1) = F(k)—

F(k)o (k)9 (k)F (k)
1+ T (k)F (k)9 (k)

F(k+1)=F(k)—
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RLS parameter adaptation

Up till now we have been using the a priori prediction and a priori
prediction error:

§°(k+1) = ¢T(k)B(k): after measurement of y (k)
e°(k+1) = y(k+1)—y°(k+1)

Further analysis (e.g., convergence of 6 (k)) requires the new
definitions of a posteriori prediction and a posteriori prediction error:

P(k+1) = o7 (k)B(k+1): after measurement of y (k+1)
e(k+1) = y(k+1)—y(k+1)
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Relationship between € (k+ 1) and €°(k+1)

Note that

6(k+1)=6(k)+ (k;q’

0 .

TroT(RFRe(R)° K
6T (k) F(K)o (K)

TroT(RF(ke(R)° KT

= 0T () 0(k+1) = 07 (k) D(k)+2

y(k+1) yo(k+1)

= y(k+1)—y(k+1) :y(k+1)—§/°(k+1)—1+¢( ()/S(F() )( () e(k+1)

e(kr1) eo(k+1)

Hence

€% (k+1)
1+ 9T (k)F (k) 9(k)

e(k+1)=

(16)

» note: |e(k+1)| < |e°(k+1)| (¥ (k+1) is more accurate than
y°(k+1))
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A posteriori RLS parameter adaptation

With (16), we can write the PAA in the a posteriori form

O(k+1) = 0(k)+ F(k)p(k)e(k+1)

which is not implementable but is needed for stability analysis.
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Forgetting factor

motivation

» previous discussions assume the actual parameter vector 0 is
constant

» adaptation gain F (k) keeps decreasing, as F~! (k) keeps
increasing:

Flk+1)=F Y (k)+ (K)o (k)

\4

hence the adaptation becomes weaker and weaker as k increases

» for time-varying parameters, we need a mechanism to “forget”
the “old’ data
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Forgetting factor

Consider a new cost
Jk_z/lk'[ V=T (i—1)0(k )} L0<A<1

» past errors are less weighted:

D>
—~
=
N—
—_
N

Je= [y K =0T (k=10 (K] +A [y (k—1) 07 (k~2)
+ A2 [y(k—2)—(])T(k—3)é(k)]2+...

» the solution is:
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Forgetting factor

» in (18), the recursion of the adaptation gain is:

Fk+1) P =AF (k) T +0 (K)o (k)T
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Forgetting factor

» in (18), the recursion of the adaptation gain is:
Fk+1) P =AF (k) T +0 (K)o (k)T
» or, equivalently, after using matrix inversion lemma:

1 g FUOO(00T (RF(K)
R R e UG O

1 (19)
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Forgetting factor

The weighting can be made more flexible:

_ 1 F(k)9(k)9 T (k)F(k)
F(k+1)—r(k) [F k)_/ll(k)+¢T(k)F(k)¢(k)}

which corresponds to the cost function

Je=ly W) - 9T (- DB + A (k- 1) [y (k- 1) 0T (k-2)8 (k)]
+ 1 (k—1)A1 (k—2) [y(k—z)—¢T(k—3)é(k)]2+...

i.e. (note that Hjlf:_kl M()2 1D

k k1 . . Ty A 2
Je=Y {(jr_lizlo)> (D) =6T(i-1)0 ()] }
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Forgetting factor

The general form of the adaptation gain is:

o FOO(ROT (K)F(K)

D= am | TR s wree

(20)

which comes from:
Fk+1)"" =2 (k) F (k) +22(k) ¢ (k)97 (k)

with 0 < A1 (k) <1 and 0 < A (k) <2 (for stability requirements,
will come back to this soon).

A(k) Ax(k) PAA
1 0 constant adaptation gain
1 1 least square gain
<1 1 least square gain with forgetting factor
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*Influence of the initial conditions

If we initialize F (k) and 6 (k) at Fo and 6p, we are actually
minimizing

= (8(k) - &) "R (6(k)-60) +éa,- (-9 (i~ 1)é(k)]2

where ¢ is the weighting for the error at time i. The least square
parameter estimate is

-1
Fy +Za, ¢p(i—-1)¢ (/—1)] [F0190+Zk‘,af¢(i—1)y(i)]
i=1

We see the relative importance of the initial values decays with time.
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*Influence of the initial conditions

If it is possible to wait a few samples before the adaptation, proper
initial values can be obtained if the recursion is started at time kg
with

ko -1
F (ko) = ;afcb(i—l)‘PT(i—l)
ko
6 (ko) = F (ko) ;aiq) (i—1)y(i)
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*Matrix version of the least squares solution
the least squares solution targets to minimize

k k 2
k=Y (=Y [y() =0T (i-1)8(K)
i=1 i=1
putting the above error term in a vector form yields
e (k) y (k)
: : T A
=| | [ek-1) o(k-2) ... 9(0)] 8K
eo.(]_) y(.l) <I>[71: a skinny n:artrix, kx(na+ng)
——
Y
hence

Je= 1Y =16 (k)|
_ (éT(k)d)kTACDk_lé(k) —ovTo] (k) +YT Yk>
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*Matrix version of the least squares solution
with J = (87 (k) O] 10k 18(K) ~2YT O] 16(k)+ Y[ Vi),
taking the partial derivative yields
dJx
90

by letting 5 aJk =0, we obtain the unique optimal solution:

—20] &, 16 (k) — 20,1 Y

A -1
b (k)" = (cbk_lcbk[l) Op1Ye
the optimal error vector is
A -1
e =Yi— 0] B(k) = (I—CDle (¢k_1¢[,1) <I>k_1> Yy
and the optimal cost is

-1
Je= Y=oy (®a®ly) o aYil?
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	Big picture

