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History

» Originated from delta robots (invented in 1980s, Switzerland)

Device for the movement and positioning of an element in space
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Today

Widely used in pick-n-place operations of relatively light objects.




Fundamental Principles

» Actuators are all located in the workspace on the base
» Arm made of light materials

Hence the moving parts of the printer have a small inertia, allowing
for very high speed and high accelerations.



Core Advantage

demol | demo2


https://www.youtube.com/watch?v=v9oeOYMRvuQ
https://www.youtube.com/watch?v=aPTd8XDZOEk

Problem Definition
> forward kinematics: joint angles to position of the end
effector

> inverse kinematics: (desired) position of the end effector to
required joint angles

E, (%Y, 2,




Inverse Kinematics
Dimensions:

» f: side of the fixed triangle (green in picture)

> e: side of the end effector triangle (pink in picture)
» r¢: length of upper joint

» r.: length of lower joint (parallelogram joint)




Inverse Kinematics » Geometry

» joint F1J; only rotates in YZ plane (F1J; forms a circle of
radius rf)

» J1 and E1 are called universal joints: EjJ; rotates freely
relative to E;, forming a sphere of radius re

» the fixed triangle and the end effector triangle are always
parallel (no rotational motion for the end effector triangle)




Inverse Kinematics » Geometry
» define: the position of the center of the end effector as

Eo(x0 ¥0, 20)
» goal: given Eo(xo, ¥0, 20), find 6;; i =1,2,3




Inverse Kinematics » 64
» The sphere intersects with the YZ plane, forming a circle with
center E{ and radius EjJ;:

|EJ L + |ELE])? = |Eyh | = 12




Inverse Kinematics » 64

Let’s focus on the geometry in the YZ plane to find 6.

Big picture: decide Ej and |E{J;| =Find the intersection of the two
circles=Find J; = 01 = arcsin zr%

E (%,i¥,:2)

en T e2-tan(30)



Inverse Kinematics » 64

/F \7_\4_]_7 z
/ \\ Y,
‘ E,(x,1v,iZ)
o T ef2-tan(30) E,

> FE; is the projection of Ey to the bottom side of the end
effector triangle on the XZ plane:
|EE1| = gtan 30° = _©_ — E]_(Xo,yo —

)
2V3 2/3 %



Inverse Kinematics » 64

Yi¥y

‘ E,(x,1v,iZ)

o T ef2-tan(30) E,

> FE; is the projection of Ey to the bottom side of the end
effector triangle on the XZ plane:

|EE1| = gtan 30° = _© = E1(x0, Y0 —

2V3

» Ej is the projection of E; onto the YZ plane:
|E1E1| = xo

iz)
2\/§70



Inverse Kinematics » 64
» We have
|Ei L + BB P = |EL A =12




Inverse Kinematics » 64
» We have
|Ei L + BB P = |EL A =12
> and
|E1E{| = xo




Inverse Kinematics » 64

> We have
|EVh? + |EE P = |Erh P =2
> and
|E1E{| = xo
» Hence

|E{AP + B = [ELh =12

e




Inverse Kinematics » 64
» The intersection of the two circles are defined by

(-le _yF1)2 + (ZJ1 - 212-'1)2 = r%

and
(yn —ye) + (24 — ZE:{)2 =r—x

» solve for z;, and y,, to get 61

Yi¥a

ye

E, (%, ¥,:2)

o T ef2-tan(30) E



Inverse Kinematics » 0> and 05

» 0> and 03 can be similarly derived.
» but there is a shortcut: rotating the axis, we can use the exact
same formula on the new coordinates

x'=xcos(120) +y sin(120)
y'=-x5in(120) +y cos(120)

E (¢, v,iz,) = (X:¥'.iz)

# F# Forward Kinematics



Forward Kinematics
Goal:

> given 01, 62, 03
» find Eo(xo, Yo, 20)

Eo (XO; yﬂ; ZO)



Forward Kinematics
Solution concept:

> given 61, 05, 03
» compute the coordinates of J1, J, J3
» move Ji, Jp, J3 to Ji, J5, J; using transition
» compute the intersection of the three spheres centered at Jj,
b I
(x=x)P+ -y +(z-2)P?=r
» the intersection is Egy

E (x;y.;z)



Forward Kinematics
Illustration of the intersection of the three spheres

-

a




Forward Kinematics » Ji, J5, J5

Y

OF = OF = OF = f/2 tan(30) = /23
1\ =1) =)= e/2tan(30) = e/2V3
FJ =rcos(8), FJ,=rcos(®), FJ =rcosl8,)

X 1,0 ~(f-e)/2v3 - recos(®,); -r,sin(8 )
| J([(F-e)/2V3 + r,cos(6,)] cos(30); [(F-e)/2V3 + r,cos(8,)] sin(30); -r,sin(6,))
30" | J',([(f—e}f‘2\"3 +r,cos(6,)] cos(30); [(f-e)/23 + r,cos(6,)] sin(30); -r,sin(6,))
F\
)



Forward Kinematics » equation for the intersection point

Fa-p) i +iz-ny =r Ayt vz -2y -tnz=rl -yl -2 m

(F=x P + =y -z =r) 2xl +y b2 -Gy -zz=nl - xl -yl -2} 2

(x—x3)2+(y—y3)2+(z—23)2:rf xg+))2+22—2x3;r—2y3y—2232:2"3—x;—y?—zz2 (3
w; = xig +_;u!-2 +2!-2

T+ -y +iz -2z = vy —wy )2 H=0-(2

x3xH 0 -yt — 2z = (w — w2 (5)=(-(3

(7 — x)x+ (g — ya)y +(zy — 20z = vy —wy |2 (B ={Z-(3

From (4)-(5:
x=az+b (T y=az+dk (B
1 1
@y = E[(zz —zdls — - iE ) _)’1)] ay = _E[(zz —zEs — (75 - 21))‘1]

1
o 57 03 =0 = (o = W),

d =y —ylxs— 0 —vdx

b= _L[(Wa =Wl — ) - (s — Wy _y1)] by=o—

MNow we can substitute (7)and (83in (1%
(af +af + 127 +2(a) +a, by — ¥ -2z + (3 + (5 — ) +2] —r‘,z) =0

Solve the last equation and calculate xp and yo from equations (7)
and (8).
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