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Goal

the realization problem:

B(s ? Al B
G(s) = a3 = = [%W}

@ existence and uniqueness: the same system can have infinite amount
of state-space representations: e.g.

{5( = Ax+ Bu {X :AX—F%BU

~

@ canonical realizations exist

o relationship between different realizations?

@ unit problem:

. b2$2 + b1$+ bo
B+ as? + ais+ ag

G(s)
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Recall

ition: y(t
,  Position y(t)
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o =1

_ 1
° G(S) T ms?+bs+k
@ chose position y(t) and velocity y(t) as state variables
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From spring mass damper to modules with unity numerator

1
u 3+ars2+ays+ag y

@ choose similarly:

XI=Y, Xo=X1=Y, 3=X=Yy

°o =
Jd 1 X 0 1 0 X1 0
— | x | = 0 0 1 xx |+ 0 |u
dt
X3 —dp —dadi —ar X3 1
X1

y=[100]]| x
X3
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Controllable canonical form (ccf)

u ﬁlfi:;lj}:js?&?ao y
@ choose x; such that
| 1 .
Y ‘ 3+ ars2 + a15+ ag ‘ bas + bis + bo ’—>y
o the first part
1

s3 + 3252 + ai1s+ ao

is now familiar
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Controllable canonical form (ccf)

1 X1
u SS+aps?+ars+ag *% b2$2 + bis+ by ’—> y

U . .
X1 (S) = (S) = X1+ axXy+aixi+agxy =u
s3 + 3252 + ai1s+ ao

o let xo = X1, x3 =X = X3 = —apx3 — aixp — agx1 + u
o =
d Xl(t) 0 1 0 Xl(t) 0
— | x(t) | = 0 0 1 x(t) | + 1 0 | u(t)
dt
X3(t) —ap —ai1 —a» X3(t) 1
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Controllable canonical form (ccf)

1 X1
u $3+aps?+aistag *% b2$2 + bis+ by ’—> y

_ U(s)
S+ aps?+as+ ao

Xl(s) = X1+ axxy+aix1 +agxy = u

o let xo = X1, X3 =X = X3 = —arxz — a;xp — agxy + U

o for the output:

Y(s) = (b2s® + bis+ bo) Xi(s) = y=bp %1 _+b1 k1 _+boxt
~~ ~~

X3 X2

)
Wt)=1[bo b1 b ]| xf(t)
X3(t)
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Controllable canonical form (ccf)

1 X1
u $3+aps?+aistag *% b2$2 + bis+ by ’—> y

° X2 = X1, X3 = X2
o y=0by x1 +b1 x1 +boxy
~— ~—
X3 Xo

@ putting everything in matrix form:

d Xl(t) 0 1
g X2(t) = 0 0
X3 ( t) —ap —a1

0 x1(t) 0

1 ] xo(t) |+ | 0 | u(t)
—a» X3(t) 1
x1(t)

x2(t)

x3(t)
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Block diagram realization of ccf

d X1(t) 0 1 0 Xl(t) 0
dt[xz(t)lzlo 0 1][xQ(t)]+[0]u(t)
x3(t) —a —a1 —a x3(t) 1

X3(t
| > |
by iy
Us) 1] % 1 % 1] X o T s
_ L] s L]
befap
be
L= |
I 7
L= |

11 /40



General ccf

general single-input single-output transfer function:

bn_lsn_l 4+ -4+ bis+ by
"+ ap—15" 1+ +ais+ap

G(s) =

o the following realizes G(s)

0 1 0 0 0
0 0 : 0
Ce | Dc 0 0 ... 0 1 0
—d —a1 -+ —ap2 —ap-1 |1
| bo b1 - bp2 b1 | d ]

o this realization is called the controllable canonical form

12 /40



ccf example

position: y(t)
—— u=F
|_
b m
a (Yt _ 10 1)), |0
e R R
—— —— ——
x(t) A x(t) B
y(t)}
t) =11 0
A1) [ ] [v(t)
C W—/
x(t)
a slightly modified form of the ccf =
1 1 1
6(s) = 552-1-%54-% - ms2+ bs+ k
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Observable canonical form (ocf)

B bys® + byis+ by
S+ s+ ais+ a

Y(s)
= V(9 =~ ()~ 29—~ Dv9) + 2u(s) + 2 ue) + DUl

in a block diagram, the above looks like

o=

ol fapo i i)

1 Y(s)
SHER

a
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Observable canonical form

[ a0 |
L
here, the states are connected by
Y(s) = Xa(s) (1) = x (1)
sX1(s) = —ax Xi(s) + Xa(s) + b2 U(s) x1(t) = —aoxi(t) + xa(t) + bou(t
sXo(s) = —a1 X1(s) + Xz3(s) + biU(s) = (t) = —arxi(t) + x3(t) + bru(t)
sX3(s) = —apX1(s) + bo U(s) X3(t) = —aoxi(t) + bou(t)



Observable canonical form

Xl(t) ——32X1(t)+X2(t)+b2u(t
5(2(1‘ = —alxl(t)+X3(t)—i— blu(t
5(3(1‘) :—aoxl(t)—i—bou(t)
o) =x(t)

—ar 10 b2

=X(t) = [ —a; 0 1 ] x(t) + |: by ] u(t)
—dag 00 bo
Ao Bo
A)=[1 0 0]x)
C,

this is called the observable canonical form realization of G(s)
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General ocf

general case for:

bn_lsn_l 4+ -4+ bis+ by

G(s) =

s"+a, 18" 1+ +ais+a

observable canonical form:

—ap—1 1 0 0 bn—l

—ap—2 0 : bn—2
A, | B :
zoz[ o ] _ 0| :
Co | Do —a 0 0 1| b

—dao 0 0 0 bO

i 1 0 0 O d ]
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ocf in Python

import control as ct
Gs = ct.tf2ss([1,0,1],[1,2,10])
Gc, T = ct.canonical_form(Gs, 'observable')

Gc.
Gc.
Gc.
Gc.

QW=

ccf and ocf: no direct Matlab commands
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Diagonal form

G(S) . B(S) . b252 + b15+ bo
CA(s) S+ aps?tais+ag
when the poles p; # p» # ps, partial fractional expansion yields

ki ko k3 . B(s)
G(s) = ki= lim (s — p;) o’
(s) s—p1+s—p2+s—p37 pm/_(s p)A(s)

L,OS_XKL

s
+
+ sX: X
0O % 25 ko P —
+ +
e
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Diagonal form

+ .sX X;
OFH L P
+
— P1 |
U(s) + o)
+ sX: X
B WG At % 20k bO——
+ +
— P2
+ .sX X
Agggi/i>fgji % 3 ks |
+
— Pz
state-space realization:
P1 0 0 1
A= 0 P2 0 ,B: 1 ,C:[kl k2 k3],D:0
0 0 P3 1
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Jordan form

if poles repeat, say,

b252 + b15+ bo b2$2 + b15+ bo
G(s) = = m € R
) = S me st (s_p)s—pm2 P7PmE

then partial fraction expansion gives

k = |ims—>p1 ( )( )
W/ ky = limsﬁpm ( )( - )
ks = ||ms~>pm ds {G( )(S_ p'") }
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Jordan form

k k k
S—Pp1 (S—pm) 5= Pm
has the block diagram realization:
+ X
o1 {
L
p1 |
U(s) +| s
- 1 k3
_l’_
+ X3 + X
O % 3 O % 2], 1
L T =
Pm |— Pm
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Jordan form

L,Q_> % X1 Ky
i
p1 |
U(s) + Y9
— k3 ¢
+
4+>0_> % X3 + /)_) % X5 ko 1
i T =
Pm Pm

state-space realization (called the Jordan canonical form):

P1 0 0 1
A=|0 pn 1 |,B=|0]|,C=[k k k], D=0
0 0 pm 1
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Modified canonical form

if the system has complex poles, say,

&(s) = by +bis+by Kk as+ B
S+ @mftasta s—p (s— o)+ w?
then
+ 1] X1
L :
pP1
u(s) HRG
] ks NN
+
*t) 11X + 1| X2
4 s w + s k2 |
L L
:— g te— g <
=

where k» = (B8 + ao)/w and kx = «

27 /40



Modified canonical form

+ 1] X
*’O_T) ; kl
L‘Aﬁ p1
U(s) Ye)
k J—>
i n
+ 11X + 1| X
*>O<F—> ; w i ; k2 J
gﬂﬂe L@%
T .

= modified Jordan form:

0 —w o

pr O
A= 0 g kl /(2 kg],DZO
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Continuous- and discrete-time state-space descriptions

System
u——= Xl,:%i;b,xn =Yy
x(t) = Ax(t) + Bu(t) x(k+ 1) = Ax(k) + Bu(k)
y(t) = Cx(t) + Du(t) y(k) = Cx(k) + Du(k)
sX(s) = AX(s) + BU(s) zX(z) = AX(z) + BU(z
Y(s) = CX(s) + DU(s) Y(z) = CX(z) + DU(2)

@ previous procedure applies to discrete-time systems
o replace t with k, and x(t) with x(k+ 1)

o replace s with z, and E‘ with | 71 ‘ in block diagrams
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DT controllable canonical form

. b222+b12+ bo
Bt a;PRtazta

G(2)

@ same transfer-function structure
o = same A, B, C, D matrices as those in CT

@ controllable canonical form:

X1(k+1) 0 1 0 Xl(k) 0
|:X2(k+1)]|: 0 0 1 ]|:X2(k)]+|:0]u(k)

X3 (k+ 1) —ap —aip —az X3 (k) 1
X1 (k)
y(k) = [ bo b]_ b2 ] X2 (k)
x3 (k)
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DT controllable canonical form

b222 + blZ-l- bo

6(2) = B+ a2 +a1z+ a
b
L=
by ¥
Uz + X3 \ | X X E L)
— () z’1 ‘ z’1 ‘ ‘ 2’1 ‘ bo
:
|
T o
a0
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DT observable canonical form

. b222+b12+ bo
Bt a;PRtazta

G(2)

@ observable canonical form:

X1 (k—l— 1) —a 1 0 X1 (k) by
X2 (kJr 1) = —a1 0 1 X2 (k) + | b u(k)
X3 (k+ 1) —a 0 O X3 (k) bg
x1 (k)
y()=[1 0 0] x(k
x3 (k)

33/40



DT diagonal form

. b222+b12+ bo
Bt a;PRtazta

G(2)

e diagonal form (distinct poles):

G- ki Rk
Z—pP1 Z—pP2 Z—p3
X1 (k—‘r ].) pr 0 O X1 (k) 1
X2 (k+ 1) = 0 p O Xz(k) + 11 u(k)
X3 (k—‘r ].) 0 0 p3 X3 (k) 1

(k)
y(k) = [ ki ko k3 ] x2 (k)
(k)

34 /40



DT Jordan form 1

. b222+b12+ bo
Bt a;PRtazta

G(2)

e Jordan form (2 repeated poles):

X1 (k+ 1) p1 O 0 X1 (k) 1
{xz(k—kl)]{o pm 1 } {Xz(k)]—F[O]u(k)
x3(k+1) 0 0 pm x3 (k) 1
x1 (k)
y(k) = [ kl k2 k3 ] X2 (k)
x3 (k)
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DT Jordan form 2

. b222+b12+ bo
Bt a;PRtazta

G(2)

e Jordan form (2 complex poles):

X1 (k+ 1) P1 0 0 X1 (k) 1
{Xg(k—kl)]{o o w}{xz(k)]+[0]u(k)
X3 (k+ 1) 0 —w o X3 (k) 1
x1 (k)
y(k) = [ kl k2 k3 ] X2 (k)
x3 (k)

where ko = (B + ao)/w, k3 = a.

36 /40



Exercise

obtain the controllable canonical form:
1 3

0 60~ thtn
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Relation between different realizations

@ given one realization ¥ and a nonsingular T € R"*"
@ can define new states: Tx* = x
o then

X(t) = Ax(t) + Bu(t) = %(Tx*(t)) — ATX () + Bu(),

. [ x(t) = TIATX(t) + T 'Bu(t)
- { W =  CTx(8)+ Du(d)

@ namely

. [ TAT|T!B
Z—[ cT | D

also realizes G(s) and is said to be similar to ©
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Relation between different realizations

verify that the following realize the same system

—a 1 0] b 0 0 —ao|bo

o —dail 01 b1 x 1 0 —dadil b1
X = —dg 0 0 bo ’ X = 01 —ar b2
1 00|d 00 1 |d
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