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15 Linearization

We have been learning about linear systems and controls for a while. In practice, many systems are nonlinear.
Nonetheless, there are ways to use linear control techniques to handle nonlinear systems. This section shows
one of such approaches.

15.1 State-space Representation of General Nonlinear Systems

Recall from Section 2.9, that a magnetically suspended ball can be modeled as

C’U,2

myj =mg — yT (97)

Define the states: z; =y, x9 = . We can have the state-space model:

o = fi(xr,T2,u) = T2

. CU2 u 2
Ty = f2($1,$27u) =9- mx% =10 - (387331)
Y = h(l'l,x27u) =T

Similarly, for the pendulum model of
I6(t) = T, — mglsin(0(t)), I = mi?

we can model in the state space with u = T, 21 (t) = 0(t), and z5(t) = 0(t):

l:l = T2

Zog = —gsm(xl) +—u
l mi?

Yy=1I

Both the above state-space models can be expressed as

a(t) = flat),u(t))
y(t) = h(z(t),ult))

where f(z,u) and h(z,u) are some nonlinear functions of the state vector z and input vector u. Let us call
this general nonlinear system N.

15.2 Equilibrium Point and Linearization around an Equilibrium Point

Focus first on the state equation. Notice that if there exists some Z € R™, u € R™ such that
f(z,a) =0y

then Z = 0, namely, if we initialize the system with
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then the state will not move, such that
z(t)=z Vt>0, yit) =75 Vt>0
where
7 := h(z,u) € RY

Such a pair of £ € R™, u € R™ defines an equilibrium point of the nonlinear system, and the corresponding
7 := h(z,u) € R? is the equilibrium output.

The remaining notes will explain that the behavior of a nonlinear system near an equilibrium point can be
approximated by a linear system.

Behavior near an equilibrium point: Express the system dynamics in some new variables
n(t) = x(t)—z
v(t) = wu(t)—
w(t) = y(t) -

which represent the offset from the equilibrium point. The word “near” can now be quantitatively explained
as “(n,v) being small”.

NS|

The dynamics of the states can now be expressed as

() = ()
= [f@+nt),a+od)

If (n(t), v(t)) are small, then the right hand side of the above equation is approximately (via first-order Taylor
expansion):

of

. Ll e (9)
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We can make the result a bit more compact by noticing that

f(j7ﬁ) = On
and introducing
of of
- =AeR™", = =B e R"™
Or|z=2 Oujz=2

This gives us the message that, while the deviations from equilibrium, namely, (u(t) — @,z(t) — &), both
remain small, the deviations from equilibrium are approximately governed by the linear ODE

n(t) = An(t) + Bu(t)
The same can be done for the output equation
y(t) = h(@ +n(t), u+ (1))

and we have

hMZ+n(t),a+v(t)) = h(z,0) + — nt) + — v(t) (99)
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Noticing 7 := h(Z, @) and letting

Oh =C e R, Oh =D e RT*™

Oz | = ou

e8I

S8

x
u
we get

y(t) =g = w(t) = Cn(t) + Do(t)

Summarizing the above, we have now derived a linear system [J:

i(t) = An(t)+ Bo(t)
w(t) Cn(t) + Du(t)

with A, B, C, D as defined above, to approximate the nonlinear system around the equilibrium Z. In block
diagrams, this means that the shifted linear system (input u, state 1, output y)

1
1
OO N [V ) A

s A

as long as the variables (u(t) — 4, z(¢t) — Z) remain small.
The linearized model above is called Jacobian linearization of the original nonlinear system.
With such results, we can control the nonlinear system as follows:

1, find the equilibrium input and output @ and 7 that define the equilibrium state T in the interested operation
range of the system

2, decompose the reference signal as Ygesired(t) = J + Wemd (t) and the actual output as y(t) = § + w. The
control of the nonlinear system thus looks like

3, design the controller C as if we are to regulate the linearized system
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v(t)
Wemd (t) i C j > w (t)

4, implement the controller as shown in step 2

15.3 Multivariariate Partial Derivative
We learn in this section some details about obtaining the A, B, C, D matrices. This is just a generalization
of the single-variable differentiation.

Let f be a function of x; and x5. Pick a fixed vector z = [z1, 22]7. For this two-variable function, the
first-order Taylor expansion (around the point z) is

fl@) =~ [f(z)+ 597{1 (= 2)+ 5% (22— 22) Va € R? close to 2

_ of  Of 1 — 21

SCRa L (100)

= )+ V(@) (- 2)

The term
of
Vi) = l B 1

Oxo

is called the gradient of f(x), which is a generalization of df (x)/dx in single-variable calculus. It is a 2 by 1
column vector if f(z) is a mapping from R? and R. For instance, if f(x1,72) = 71 + 272, then

Vi@ =, |

Note: by convention, the gradient of a R® — R mapping f(z1,x2,...,2,) is defined as a column vector:
of
i
Vi@ =| 77
of
oz,

as it defines a direction in a vector space. A corresponding definition is the derivative
_ of of of
which is a row vector and

Vf(x)=[Df (2)]"
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We can generalize the above result. For instance, if f1 (z,u) = f1(x1,x2,u1, us) then the Taylor approxima-
tion around the point (Z,@) is

fi(zu) = f1 (2, 0) + [afl (z,u) Ofi (%U)]

axl ’ 8562 X
U=1u
of1 (z,u) Of1 (x,u) uy — U
+ , -
duy Ous r=x Uy — U9
U=1u
= fi (z,u) + fol (x,u)’ - (x —Z)+ szl (x,u)| vz (u—a)
u=1u U=1u
If we have another similar function
N o 8f2 (.’E, 'LL) 8f2 (.’E,U) r1 — I
f2 CE’U) - f2 (.’K, U) + |: 8.131 ’ 8332 T =2 To — T2
U=1u
Ofa (xz,u) Ofs (z,u) uyp — Uq
+ s _
ouq Ousy rT=7T Uy — Us
U=1u
= fo (T, u) + VZfQ (:r,u)| vz (x—2)+ fog (x,u)| v (u—1u)
uU=1u U=1u
Then for the R? x R? — R? function
fl (SL’,U) :|
T,u) =
Flow = | foy
we have
Ji(z,a } §f1 Sh [171171} % gﬁ |:U11_141:|
1’711, ~ o _|_ ZT1 T2 _|_ U1 U2 B
faw) [ f2(z,0) gii ng To — T g;ﬁ gfz Ug — Us
_,—/ _ _/_/ _
VT f(w,u) rT=T VT f(w,u) rT=T
u=1u uU=1u

From here we learnt how to compute the derivative and gradient of a multi-input multi-output function:

ofn  of ofi  Ofs
Dm |: ‘fl :| = gﬁm gl‘Q vz |: fl :| — gxl gwl
BT Ve T ok

oxq Oxo Ox2 Ox2

With the above results, we can writing down (98) and (99).

15.4 Example: Tank System

Consider the following water tank system:
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qu (1), THT r(JC(t)» Te

Ah(tﬂ
14'1“7 TT (IL)

on CD

There are hot and cold water supplies (at fixed temperatures T and Tq) going into the tank. We can
control the hot and cold inflows gc and ¢ (in the unit of m?/sec).

The orifice outflow is related to its area A, and the discharge coefficient c¢p. Torricelli’s law states that the
speed of a fluid through a sharp-edged hole under the force of gravity is the same as the speed that a body
would acquire in falling freely from a height h, i.e. vout(t) = /2gh(t), where g is the acceleration due to
gravity. Hence the outflow is

Gout (t) = cpAor\/2gh(t)

Suppose the water supplies are instantaneously mixed in the tank, and the temperature of water in tank is
Tr after mixing. By using the conservation law we can state that

w(t) = A (o +an(t) - cpAo/20h())
Tr(t) = m (qc(t) [Te = Tr(t)] + qu (t) [T — Tr(t)])

Nonlinear System and Linearization Define state and input vectors as

0= gy | 0= [ 50 ]
Then, with
fi(x1, x2,ur,uz) = ALT (u1 + ug — CDAo\/2971)

1
LL'lAT

fa(x1, 22, u1,uz) = (w1 [Te — z2] + ue [Ty — 2])

the dynamic equations of the system are of the form

a1 (t) = fu(z(t), u(t))
ia(t) = falz(t),u(t))

Equilibrium Points Equilibrium points are characterized by f(Z,a) = 0. In this case, with

1
fi(z1, zo,ur, us) = - (U1 +u2 — cpAoy/ 29901)
T

Ja(x1, w2, u1, uz) = (ur [Te — x2] + ug [Ty — w2])

1At
Writing with barred-quantities, and setting to 0 gives (assuming z; # 0)

1 1 }{al}{cDAo(\)ﬂgiﬂh}

Tc — %o Ty — T2 Us
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The matrix on the left hand side of the equation is invertible if and only if < T # Ty. Thus for any choice
of T, there is a unique equilibrium input u, given by

uy | 1 Ty — 29 —1 CDAo\/ngl
Usg a Ty —Tc | 2 —1T¢ 1 0

which gives

T = CDAO\/Qgi‘l (TH — i‘g) T — CDAo\/Qgil (5:2 — TC)
! Ty —Tco ’ 2 Ty —To

Since u; and usx represent flow rates into the tank, physical considerations restrict them to be nonegative
real numbers. This implies that z; > 0 and T < Tp < Thy. Looking at the differential equation for 77,
we see that its rate of change is inversely related to h. Hence, the differential equation model is valid while
h(t) > 0, so we further restrict 1 > 0. Under those restrictions, the state Z is indeed an equilibrium point,
and there is a unique equilibrium input given by the equations above.

Partial Derivatives

Obtain the “A” and “B” matrices, by first taking partial derivatives

dfi  Of __9¢pAo 0
_ oz oz _ Ary/2gz,
Dxf(ZE,U) - af; 8f§ - _ui[To—za]tus [Ty —x2] —(u14us)
oxq Oz foT x1 Ap

9f1 9f1 1 1
_ _ A
Duf(l', U) - g?‘; gqu - Tc Ezg T;Ea:g

dui  Ouz z1Ar  mAr
We can do some numerical examples by assuming
Te =10°, Ty = 90°, Ay = 3m?, A, = 0.05m, cp = 0.7
We can compute, for instance, linearization at 4 different equilibrium points
(h = 1m, Tr = 25°), (h = 3m, Tr = 25°), (h = 1m, Ty = 75°), (h = 3m, Ty = 75°)
The results for (h,Tr) = (1m,25°) are as follows
U =qc =0.126 , @y =gy =0.029

A —0.0258 0 | 0.333 0.333
B 0 —0.517 ’ - | -5.00 21.67



