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Linear Quadratic Gaussian (LQG) Control

Big picture
LQ when there is Gaussian noise
LQG
Steady-state LQG



Big picture

in deterministic control design:
> state feedback: arbitrary pole placement for controllable systems

» observer provides (when system is observable) state estimation
when not all states are available

» separation principle for observer state feedback control
we have now learned:

» LQ: optimal state feedback which minimizes a quadratic cost
about the states

» KF: provides optimal state estimation
in stochastic control:

> the above two give the linear quadratic Gaussian (LQG)
controller
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Big picture

lant:
’ x(k+1) = Ax (k) + Bu(k)+ Byw (k)

y (k) = Cx(k)+ v (k)
assumptions:

» w (k) and v (k) are independent, zero mean, white Gaussian
random processes, with

Elw(k)w' (k)] = W, E[v(k)vT (k)]=V

» x(0) is a Gaussian random vector independent of w (k) and
v (k), with

E[x(0)] = x0, E[(x(0) —x0)(x(0) —x0) "] = Xo
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LQ when there is noise
Assume all states are accessible in the plant

x(k+1) = Ax (k) + Bu(k)+ Byw (k)
The original LQ cost

2 =xT Z{ )+ u ()Ru(j)}

is no longer valid due to the noise term w (k).
Instead, consider a stochastic performance index:

" x00), W(O),‘..,W(Nl)}{x (N)Sx(N Z[X )@x(j) +u ()Ru(j)]}

with $>0, Q =0, R>0
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LQ with noise and exactly known states

solution via stochastic dynamic programming:
Define “cost to go":

N-1
Jk(x (k) = g {XT(N)SX(N)+ ;([XT(J)QX(J)JFUT(J)RUU)]},
W ={w(k),...,w(N—1)}
We look for the optima under control U;” = {u(k),...,u(N —1)}:

Ji (x (k) = min i (x (k)

k

» the ultimate optimal cost is
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LQ with noise and exactly known states

solution via stochastic dynamic programming:
iteration on optimal cost to go:

N-1
98 (x (k) = min E+{XT<N>5x<N)+xT(k>Qx(k)+uT<k)Ru(k>+ Y [XTU)QXUHUTU)RUU)]}

U Wy Jj=k+1

= min min E {XT(N)SX(N)+XT(k)Qx(k)+uT(k)Ru(k)+ N)il [XTU)QXU)+UTU)Ru(j)]} (1)
U:;l u(k) Wk+ j=kt1

= min min{ xT (k)Qx(k)+uT (k)Ru(k)+ E |xT (N)Sx(N)+ Nil [XTU)QXU)+UTU)RUU)]} (2)
Uk++1 u(k) Wk+ j=k+1

N-1

:rvgikn xT(k)Qx(k)+uT (k)Ru(k) + min E [xT(MSx(V)+ Y T ()@x()+uT (HRu(i)] 3)
u(k) Ul 1W(k)Wl:r+1 J=kt1

— mi T T ; T

*L'EL'}{X (K)@x(k)+u (k)RU(k)+WI(Ek)UTT1w§+1 () +, )k:ﬂlx J)+u U)RU(/)]]} (4)

:um(Lr;{XT(k)Qx(k)+uT(k)Ru(k)+Wf(£k) [Jes (x(k+1))]} (5)

» (1) to (2): x(k) does not depend on w (k), w(k+1),...,
w(N—1)
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LQ with noise and exactly known states

solution via stochastic dynamic programming: induction

IR (e (k) = min {XT(k)QX(k) +uT (k)Ru(k) + ) [J241 (x (k+1))] }

at time N: J8(x(N)) =xT (N)Sx(N)
assume at time k +1:

B (x(k+1)=x" (k+1)P(k+1)x(k+1)+ b(k+1)
L . ,

~
cost in a standard LQ due to noise

then at time k:
J (< (K)) = min (xT(k)Qx(k)+uT(k)Ru(k)+WI(Ek) [XT(k+1)P(k+1)x(k+1)+b(k+1)})

next: use system dynamics x (k+1) = Ax (k) + Bu (k) + Byw (k)...
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LQ with noise and exactly known states
after some algebra:
Rx()= E mintxT (k) [@+ATP (k+1)A] x(K)

+u’ (k) [R+ BTP(k+1) B} u(k)+2xT (k) ATP(k+1) Bu(k)+2xT (k) AT P(k +1) B, w (k)

+2u” (K)BTP(k+1)Byw (k) +w (k)T Bl P(k+1)Byw (k) +b(k+1)}
w (k) is white and zero mean =

£ {2XT(/()ATP(/(—|— 1) Byw (k) +2u” (k)BT P (k+1) wa(k)} =0

W(Ek){w(k)TBVCP(kH)wa(k)} equals

Tr{WI(Ek) [B;P(Hl)sww(k)w(k)q } —Tr [B;P(kJrl)BWW}

other terms: not random w.r.t. w(k); can be taken outside of E, )
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LQ with noise and exactly known states

therefore

JR (e (K)) = min{x" (k) [Q+ATP(k+1)A| x(K)
+uT (k) |R+BTP(k+1) B] u(k)+2xT (k) AT P (k +1) Bu(k)}
Ty [B;P(kﬂ)BWW] Y h(k+1)

note: the term inside the minimization is a quadratic (actually
convex) function of u(k). Optimization is easily done.
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Recall: facts of quadratic functions

» consider

1
f(u):iuTMu—i—pTu—l—q, M=mT (6)

» optimality (maximum when M is negative definite; minimum
when M is positive definite) is achieved when

af
3,0 =MuP+p=0=u’=—-MT1p (7)
» and the optimal cost is
1
fo=f(u’)=—3p"MIp+q (8)
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LQ with noise and exactly known states

SR (x (k) =rmin {uT(k) [R+ BTP(k+1)B} u(k)+2xT (K)AT P (k+1) Bu (k)

+xT (k) [Q+ATP(k+1) Al x(K) | +Tr [BIP(k+1) Bu W] + b(k+1)

» optimal control law [by using (7)]:

O (k) = — [R+BTP(/<+1)B]_1 BT P (k+1)Ax (k)

» optimal cost [by using (8)]:
52 (x (k) = {—XT(k)ATP(k—i—l)B [R+ BTP(k—&—l)B}_lBTP(k—i—l)Ax(k)
+xT (k) [Q+ATP(k+1)A}x(k)}+Tr [B;P(k—kl)BWW] +b(k+1)
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LQ with noise and exactly known states

Riccati equation:
the optimal cost

Jf(x(k))z{—XT(k)ATP(k+1)B{R+BTP(/<+1) B}_IBTP(k—i—l)Ax(k)
+xT (k) [Q+ATP(k+1)A}x(k)}+Tr [BIP(kJrl)BWW} +b(k+1)
can be written as

Jg (x (k) = x" (k) P (k) x (k) + b (k)

with the Riccati equation

P(k)=ATP(k+1)A—ATP(k+1)B [R+BTP(/<+1)B}_1BTP(k+1)A+Q

and b(k)=Tr [B;P(k+1)BWW]+b(k+1)

boundary conditions: P(N)=S and b(N) =0
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LQ with noise and exactly known states

observations:
» optimal control law and Riccati equation are the same as those
in the regular LQ problem
> addition cost is due to By w (k):
b(k) =Tr [BJP(kH)BWW} +b(k+1), b(N)=0

» the final optimal cost is

rxO)=E {XT(O) P(0)x(0) + b(O)}

(%0 +x(0) = x0) T P(0) (xo+x(0) — xo) + b (0)]

I
x
@I‘I‘I
—

= x; P(0)xo+ Tr(P(0) X,) + b(0) (9)

where N—1
b(0)=Y Tr [B;PUH)BWW]
i=0

Linear Quadratic Gaussian (LQG) Control Adv Control 6-12



LQG: LQ with noise and inexactly known states

notice that

» not all states may be available and there is usually output noise:

x(k+1) = Ax (k) + Bu(k)+ Byw (k)
y (k) = Cx (k) + v (k)

» when u is a function of y, the cost has to also consider the
randomness from V," = {v(k),...,v(N—1)}

J pu—

E
x(0), Wy, Vg™

N—-1
{XT(N)SX(N)+ ;J[XTU)QXUHUT(J')RUU)]}
=

(10)

these motivate the linear quadratic Gaussian (LQG) control problem
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LQG solution

only y (k) is accessible instead of x (k), some connection has to be
built to connect the cost to Y, = {y(0),...,y(k)}:

KIK)+% (k1K) T @ x (K) = % (Kk|K) + % (kIK)) | Vi }
R (KIK)T Qx (k) = % (KIK))| i+ X (KIK) Q (KIK)| Y
(11)
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LQG solution

but E[x(k)|Yx] = X (k|k) and X (k|k) is orthogonal to X (k|k) (property
of least square estimation), so

E {E [(X(k) —x(klk)T Q>“<(k|k)’ Yk} } —E [(X(k) —x(klk)T Q)?(k|k)]
=TrE [Qx (kKX (KlKk)| =0
yielding
E [XT(k) Qx(k)}

+E{E [Tr{Q(x(k)—)?(k\k))(x(k)—&(k\k))T}‘ Yk]}
—E {)?T(k|k) Q&(k|k)] FTr{QZ (k)}
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LQG solution
the LQG cost (10) is thus

J

N-1
J=E {&T(N\N)SX(NN) + 3 KTUL QXU + uT(j)Ru(j)]}

j=0

N—-1
+Tr{SZ(N)}+ ZO Tr{QRZ(j)}
J:

independent of the control input

hence

min J <= min J
{u(0),...,u(N-1)} {uw(0),...,u(N-1)}
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LQG is equivalent to an LQ with exactly know

states
consider the equivalent problem to minimize:

N—1

J=¢ {&T(NIN)S%(NINH Y [RTUL)QxGL) + UT(J)RU(J')]}
Jj=0

» X(k|k) is fully accessible, with the dynamics:

R(k+1lk+1)=%(k+1lk)+F(k+1)e, (k+1)
A% (k|k)+ Bu(k)+F(k+1)e, (k+1)

» from KF results, e, (k+ 1) is white, Gaussian with covariance:
V+CM(k+1)CT
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LQG is equivalent to LQ with exactly know states

LQ with exactly known states:

J= E{ (N)Sx(N)+ Z IxT()@x() + uT (j)Ru(j )]}

(k+1)—Ax(k)+Bu(k)+BWW(k)
uO (k) = — [R+ BTP(k+1)B} T BTP(k+1)Ax(K)
LQG J—E{ﬂ(NN) (NN + Y [T (@G + o7 ()RuG )]}
j=0
R (k+1)k+1) = A% (k|k)+ Bu (k) + F (k+1)e, (k+1)
the solution of LQG is thus:

o (k) = — [R+ BTP(kJrl)BTlBTP(kJrl)A)?(k\k) (12)

P(k)=ATP(k+1)A—ATP(k+1)B {R+BTP(k+1)BTlBTP(k+1)A+Q
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Optimal cost of LQG control
» LQ with known states (see (9)):
x(k+1)= Ax(k)+ Bu(k)+ B,w (k)

N—-1
12 =xIP(0)xo+Tr(P(0)X,)+ ¥ Tr [B;P(jﬂ)BWW]
=0

N

b(0)
» LQG:

X(k+1|k+1) = Ax(k|k)+Bu(k)+F(k+1)e,(k+1)
J° = xJ P(0)x, + Tr[P(0)Z(0)]
+ Y TH{FTG+ 1P+ 1)F(+ DIV + CM(k+1)CT]} (13)
N-1

Jo=Jo+ Y, Tr{QZ(j)} +Tr{SZ(N)}
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Separation theorem in LQG

KF: an (optimal) observer
LQ: an (optimal) state feedback control
Separation theorem in observer state feedback holds—the closed-loop

dynamics contains two separated parts: LQ dynamics plus KF
dynamics

_|_
el @ i+ y(k)

—o=1QG K (k) 'B]
) J_L
K]
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Stationary LQG problem

Assumptions: system is time invariant; weighting matrices in

performance index is time-invariant; noises are white, Gaussian, wide
sense stationary.

Equivalent problem: minimize

Y A (MSx(N) , 1 N
J :A'/'L“MN:A'/'L“ME{N Z[X )Qx(j) +uT ()Ru(j )]}
—E xT(k)Qx(k)—i—uT(k)Ru(k)}
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Solution of stationary LQG problem
x(k+1) = Ax(k)+ Bu (k) + B,w (k)
y (K) = Cx (k) + v (K)
J=E [XT(k)Qx(kH— uT(k)Ru(k)]
the solution is u = —KsX (k|k): steady-state LQ + steady-state KF
Ks = (R+BTPSB)_1BTPSA
PS:ATPSA—ATPSB<R+ BTPSB)ABTPSAJFQ
Fo=M,CT (CMSCT+ v)_l
Ms = AM,AT — AM,CT (C/\/ISCT+ v) T CMAT + B, WB]

stability and convergence conditions of the Riccati equations:
» (A,By) and (A, B): controllable or stabilizable
» (A, Cy) and (A, C): observable or detectable (Q = CJCq)

Linear Quadratic Gaussian (LQG) Control Adv Control 6-22



Solution of stationary LQG problem

» stability conditions: guaranteed closed-loop stability and KF
stability

» separation theorem: closed-loop eigenvalues come from

P the n eigenvalues of LQ state feedback: A— BK;
» the n eigenvalues of KF: A— AF;C (or equivalently A— FsCA)

» optimal cost:
Jo=Tr [Ps (BKSZSAT +B,WB] )] (14)

> exercise: prove (14)
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Continuous-time LQG
» plant:

x(t) = Ax(t)+ Bu(t)+ Byw(t)
y(t) = Cx(t)+v(t)

» assumptions: w(t) and v (t) are Gaussian and white; x(0) is
Gaussian

» cost:

tr

J=E {XT (tf) Sx (tf) + [XT(t) Q(t)x(t)+u' (t)R(t) u(t)] dt}

to

where S >0, Q(t) = 0, and R(t) > 0 and the expectation is
taken over all random quantities {x (0),w(t),v(t)}
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Continuous-time LQG solution
» Continuous-time LQ:

u(t) = —RIBTP(t)x(tt) (15)
dP T —1pT
4 =ATP+PA-PBRTBTP+Q, P(tr) =S (16)
» Continuous-time KF:
dx(t|t) N %
—g = A(tt)+ Bu(t) + F(D) (v(1) - Cx(t]D))  (17)
F(t)=M(t)CT V1, &(to|to) = xo (18)
C11_";':AM+MAT—/\//CTV—1C/\/I+BWWBVTV, M(to) = Xo (19)

Linear Quadratic Gaussian (LQG) Control Adv Control 6-25



Summary

1. Big picture

2. Stochastic control with exactly known state
3. Stochastic control with inexactly known state
4. Steady-state LQG

5. Continuous-time LQG problem

Linear Quadratic Gaussian (LQG) Control Adv Control 6-26



	Big picture
	Stochastic control with exactly known state
	Stochastic control with inexactly known state
	Steady-state LQG
	Continuous-time LQG problem

