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Learning in Online Advertising

Abstract

Prior literature on pay-per-click advertising assumes that publishers know advertisers’ click-
through rates (CTR). This information, however, is not available when a new advertiser first joins
a publisher. The new advertiser’s CTR can be learned only if its ad is shown to enough consumers,
i.e., the advertiser wins enough auctions. Since publishers use CTRs to calculate payments and
allocations, the lack of information about a new advertiser can affect the advertisers’ bids. Using a
game theory model, we analyze advertisers’ strategies, their payoffs, and the publisher’s revenue in
a learning environment. Our results indicate that a new advertiser always bids higher (sometimes
above valuation) in the beginning. The incumbent advertiser’s strategy depends on its valuation and
CTR. A strong incumbent increases its bid to deter the publisher from learning the new advertiser’s
CTR, whereas a weak incumbent decreases its bid to facilitate learning. Interestingly, the publisher
may benefit from not knowing the new advertiser’s CTR because its ignorance could induce adver-
tisers to bid more aggressively. Nonetheless, the publisher’s revenue sometimes decreases because of
this lack of information. The publisher can mitigate this loss by lowering the reserve price of, offering
advertising credit to, or boosting the bids of new advertisers.

1 Introduction

Online advertising, with an annual spending of over $100B, has become the largest category of adver-
tising in the USE| Online advertising inventory is sold using two pricing models: performance-based
and impression-based. In performance-based (e.g., pay-per-click) pricing, an advertiser pays only if a
consumer completes a pre-defined action (e.g., a click). In impression-based pricing, the advertiser pays

for its ad being shown to a consumer, regardless of whether the impression leads to an action.

Understanding how an ad performs (e.g., how likely a consumer will take an action after viewing an ad)
is crucial for publishers in performance-based pricing, and for advertisers in impression-based pricing.
For example, in pay-per-click pricing, it is more profitable for a publisher to accept a payment of $1
per click for an ad with click-through rate (CTR) 10%, for an expected revenue $0.10 per impression,
than a payment of $2 per click for an ad with CTR 4%, for an expected revenue $0.08 per impression.
Similarly, the probability of action affects an advertiser’s willingness to pay (WTP) for an impression
in impression-based pricing. The advertiser is willing to pay more per impression if it knows that the

impression leads to a desired outcome with a higher probability.

Previous literature on online advertising primarily assumes that the probability of the pre-defined action

(e.g., CTR) is known to advertisers and publishers (Edelman et al., 2007} |Katona and Sarvary, 2010}

"https://content-nal.emarketer.com/us-ad-spending
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Jerath et all 2011). In practice, however, advertisers and publishers have to learn this probability. For
example, when a new advertiser joins the market, or when an existing advertiser revamps its ad cam-
paign, the CTRs of its ads are typically unknown to the publisher, other advertisers, and the advertiser
itself. They can at best have an expectation of the CTR based on a few observable characteristics of
the advertiserﬂ The actual CTR becomes known only when the ads are displayed to consumers enough
number of times such that sufficient impression and click data become available. In other words, learn-
ing is asymmetric: participating in advertising auctions is not sufficient for the advertiser’s CTR to be
learned; the advertiser has to win advertising auctions sufficiently many times before the publisher and

the advertisers can learn its CTR.

The learning dynamic can affect advertisers’ and publishers’ strategies in the market. In particular,
winning in an advertising auction has two effects on an advertiser’s payoff. First, the advertiser receives
an immediate value from showing its ad to a consumer (the direct effect). Second, winning reveals
information about the performance of the ad to both the advertiser and the publisher (the indirect
effect); this improves the advertiser’s and the publisher’s estimate of the true CTR of the ad. In
performance-based pricing, this ad-performance information is used by the publisher to determine the
pricing and allocation of an ad slot, and in impression-based pricing, it is used by the advertiser to
determine the advertiser’s WTP. While the previous literature has primarily studied the direct effect of

winning in an advertising auction, our paper focuses on the indirect effect.

These two effects give rise to interesting trade-offs for advertisers when a new advertiser joins the

publisher. We illustrate these trade-offs in the following example.

Example. Suppose an advertiser, A4, is the only advertiser bidding on an advertising slot of publisher P.
Suppose that the slot is sold in a pay-per-click second price auction, A’s bid is $1 per click, and its CTR
is 15%. Assume that B is a new advertiser who wants to advertise on the same slot. B’s bid is also $1
per click, but its CTR is not known to anybody at the time of entry. For the initial auctions, P assigns
an average CTR estimate (e.g., based on the performance of advertisers with similar characteristics) of,

say, 10%.

However, P can eventually learn the new advertiser’s CTR after sufficient impression and click data

2For instance, in pay-per-click pricing, Google assigns an average Quality Score to new advertisers based
on the performances of other advertisers using the same keyword. See https://searchengineland.com/
didnt-know-recent-quality-score-changes—-259559.
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for the new advertiser become available. Furthermore, B can facilitate this learning process by bidding
aggressively and thereby winning in the early rounds. Doing so allows P to observe more click data for

B’s ad which would in turn allow P to more accurately estimate B’s true CTR.

Importantly, in pay-per-click pricing, P’s estimate of B’s CTR directly affects the payment and alloca-
tion of the advertisers. This is because publishers use effective bids, computed as advertisers’ submitted
bids multiplied by their expected CTRs, to calculate payment and allocationﬂ Given this, would B

prefer to have its CTR learned by P quickly or not?

If B privately knew its true CTR, then the answer would be evident. For example, if it knew that its true
CTR is 20% (i.e., higher than P’s estimate), then B would unambiguously prefer P to quickly update
its CTR from the 10% estimate to the true 20%. The reason is that updating its CTR to a higher value
would not only make B’s future effective bid more competitive against the existing advertiser A, but
also lower B’s cost-per-click when it wins. In particular, with its $1 bid and 20% CTR, B will outrank
A’s effective bid of $1 x 15% and win the auction for a cost-per-click of $0.75; it would have lost the
auction to A had its CTR remained at the average of 10% (see Table . Conversely, B’s incentive to
facilitate P’s learning its CTR would diminish if B knew its true CTR is lower than P’s prior estimate.
In this case, B’s long-term payoff would decrease if its low CTR is learned quickly. In sum, B prefers P
to update B’s CTR estimate more quickly (slowly) if it privately knows that its CTR is higher (lower)

than P’s prior estimate.

Advertiser B’s CTR

Not known (CTR=10%) Known (CTR=20%) Known (CTR=5%)
B Has to bid (and pay) Wins at cost-per-click Has to bid (and pay)

$1 x 15%/10% = $1.5 to win  $1 x 15%/20% = $0.75 $1 x 15%/5% = $3 to win
A Wins at cost-per-click Has to bid (and pay) Wins at cost-per-click

$1 x 10%/15% = $0.66 $1 x 20%/15% = $1.33 to win  $1 x 5%/15% = $0.33

Table 1: When the Publisher Knows vs. Does Not Know New Advertiser’s CTR

In reality, however, when B first enters the market, it does not know whether its true CTR is lower
or higher than an average advertiser with similar characteristics. Therefore, it is not clear whether the
new advertiser B should increase or decrease its bid to accelerate or slow down P’s learning process if

B wants to maximize its profit.

3In practice, effective bids can also include other factors such as landing page experience and advertiser’s reputation;
however, for the purpose of this example, we only consider the expected CTR and the submitted bid that are the two most
important elements of effective bids.



Similarly, for the existing advertiser A, P’s learning the new advertiser B’s CTR can be a double-edged
sword. If B’s CTR turns out to be higher than the estimated average, then A may lose the ad slot;
if it turns out to be lower, A can win the auction at a lower cost-per-click than when B’s CTR is not
known to P (from $0.66 to $0.33 in Table . Again, given that the existing advertiser A can facilitate
(hinder) P’s learning process by decreasing (increasing) its bids when B joins, it is not clear which

bidding strategy would maximize its profit.

In this paper, we study how the learning incentives affect the advertisers’ and the publisher’s strate-
gies. We use a game-theoretic model to analyze advertisers’ and publisher’s strategies in a learning
environment. To facilitate exposition, in the main body of the paper, we assume the publisher uses
performance-based pricing, which currently accounts for 62% of the online advertising market in the
USE| and use pay-per-click terminology. In the extensions, we show that our results apply to pay-per-

impression pricing model as well. We are interested in answering the following research questions.

1. Does a new advertiser (entrant) benefit from its CTR being learned by the publisher? How does

this affect the entrant’s bidding strategy?

2. Does an existing advertiser (incumbent) benefit from the publisher learning the CTR of the en-

trant? How does this affect the incumbent’s bidding strategy?

3. How does the lack of information about a new advertiser’s CTR affect the publisher’s revenue?

How do learning incentives affect the publisher’s optimal strategy?

In answering the first set of questions, we show that a new advertiser’s expected payoff when its CTR is
learned by the publisher is higher than when it is not. The higher payoff incentivizes the new advertiser
to bid aggressively to accelerate the learning process. As a result, the entrant should always bid higher
(sometimes even above its valuation) in the beginning when its CTR is unknown to the publisher,
than in the long run after its CTR becomes known. This finding is in line with what industry experts
commonly recommend new advertisers regarding starting bids— namely, bid aggressively “into high
positions” and “make adjustments after [accumulating] data.” Despite the risk of paying a high initial
cost, the experts explain that bidding high and thereby attaining top positions early on could help

improve the advertisers’ long-run proﬁtsﬁ

“http://totalaccess.emarketer.com/chart.aspx?r=219092
5https ://searchengineland.com/4-ways-to-determine-your-your-starting-bids-144616,
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Our result indicate that even for advertisers whose long-run equilibrium cost-per-click is low, the initial
cost-per-click (at the time of joining the market) may be above their valuation. In other words, adver-
tisers should be prepared to lose money in the beginning when they start advertising with a publisher
for the first time. Moreover, they should not be discouraged from using that publisher even if the initial

cost-per-clicks are higher than their WTP.

In answering the second set of questions, we find that an incumbent’s response to an entrant joining
the auction depends on the incumbent’s CTR. If the incumbent’s CTR is high, the incumbent bids
aggressively to impede the entrant’s CTR from being learned by the publisher. This is because an
incumbent with a high CTR does not want to risk earning a low margin (or worse, losing its ad slot) in

the event the entrant’s CTR turns out to be high.

This “preemptive” strategy, however, is too expensive for an incumbent with a low CTR. As we show,
an incumbent with a low CTR, lowers its bid when an entrant joins, so that the entrant’s CTR is learned
more quickly. Intuitively, competing with an advertiser whose CTR is unknown is too costly for the
weak incumbent; by accelerating the learning process, the incumbent hopes that the entrant’s CTR will

turn out to be lower than expectation.

In answering the third set of questions, interestingly, we find that the publisher may benefit from not
knowing the new advertiser’s CTR. The intuition is that the entrant, and sometimes the incumbent
as well, bids more aggressively when the entrant’s CTR is not known, which increases the publisher’s
revenue. Under certain conditions, however, the publisher’s ignorance could also hurt its revenue. For
instance, if the entrant’s CTR is high, the publisher misses clicks (and hence opportunities for earning
higher revenue) by not displaying the entrant’s ad in the beginning. The negative effect becomes more
pronounced when the incumbent’s CTR. is high because a strong incumbent bids aggressively to mask

the entrant’s CTR. This deters the publisher from learning the entrant’s potentially high CTR.

We find that the publisher can mitigate the loss of not knowing the entrant’s CTR by reducing the
reserve price of the entrant. By reducing the reserve price, the publisher increases the probability of
the entrant winning in the auction, thereby increasing the probability of learning the entrant’s CTR.
Furthermore, we characterize the optimal mechanism and show that, first, in the presence of learning
considerations, a variation of the standard second-price auction with optimal reserve prices is sufficient

to achieve the optimal revenue. Second, it is optimal for the publisher to favor the entrant in the



beginning, before the entrant’s CTR is learned. This manifests in a lower optimal reserve price of the

entrant when the publisher does not know the entrant’s CTR than when it knows.

In addition, we discuss alternative mechanisms that can help the publisher mitigate its loss of not
knowing the entrant’s CTR. For example, Google provides $75 ad credit to new advertisers when
they spend $25 on AdWordsﬁ Facebook also offers ad credit to new accounts that have a sufficiently
high audience engagement on their pagesﬂ While these programs have traditionally been viewed as
promotions to attract new advertisers, our research reveals new strategic incentives beyond new customer

acquisition that motivate publishers to offer ad credit.

Theoretical Contribution. While, from a managerial point of view, our work sheds light on advertisers’
and publishers’ strategies regarding new entries, we also want to highlight two unique aspects of our
model from a theoretical point of view. First, in the context of online advertising, we study the transition
of a game from an incomplete information game to a full information one. While the previous literature
on online advertising assumes that the game is either always full information (e.g., Edelman et al.,
2007)) or always incomplete information (e.g., [Edelman and Schwarz, 2010)), in practice, the level of
information is constantly changing. Our paper takes a first step towards bridging this gap by analyzing
the transitionﬁ We show that the advertisers’ and the publishers’ strategies regarding the transition

are qualitatively distinct from those in full information and incomplete information games.

Second, our analysis demonstrates how some of the standard results from learning theory may be
reversed when the subjects of learning are not as “passive” as commonly assumed in the literature
(e.g., |Gittins and Jones, 1979; Katehakis and Veinott, 1987)). For instance, exploration-exploitation
trade-off from standard learning theory suggests that knowing less about new advertisers would only
hurt the publisher’s revenue because the publisher must then learn about new advertisers through costly
exploration. In contrast, our model shows that the publisher may be better off knowing less about the
new advertiser due to the advertisers’ strategic responses during the publisher’s learning process. In

other words, when the subjects are strategic agents, exploration could be profitable for the learner.

The rest of this paper is structured as follows. First, we discuss related literature. In Section [2] we

6https ://wuw.google.com/ads/adwords-coupon.html

"http://www.digitalsitemap.com/free-facebook-ad-coupon/

81n fact, since new advertisers constantly join this market, and even existing advertisers frequently revamp their cam-
paigns, change their ad copies and landing pages, or change their ad agencies altogether, one could argue that this market
is always in transition.
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present the model. We analyze the model and discuss advertisers’ strategies in Section[3] The publisher’s
optimal strategy is discussed in Section [4] We explore extensions of the main model in Section [f] to

establish the robustness of our main results, and conclude in Section [f] All proofs are relegated to

Appendix [A]

Related Literature

Our work contributes to the vast literature on display advertising. Empirical works in this area have

assessed the effectiveness of display advertising in various contexts. |Lambrecht and Tucker (2013)

demonstrate that retargeting may not be effective when consumers have not adequately refined their

product preferences. Hoban and Bucklin| (2015]) find that display advertising increases website visitations

for a large segment of consumers along the purchase funnel, but not for those who had visited before.

Bruce et al.| (2017)) examine the dynamic effects of display advertising and show that animated (vs. static)

ads with price information are the most effective in terms of consumer engagement. On the theoretical

front, Sayedi et al| (2018]) study advertisers’ bidding strategies when publishers allow advertisers to

bid for exclusive placement on the website. (2018) analyzes the interaction between selling

ad slots through real-time bidding and selling through reservation contracts. Zhu and Wilbur| (2011)

and Hu et al. (2016) study the trade-offs involved in choosing between “cost-per-click” and “cost-per-

action” contracts. (2016) explores the effects of advertisers’ attribution models on their bidding

behavior and their profits. Kuksov et al.| (2017) study firms’ incentives in hosting the display ads of

their competitors on their websites.

Within online advertising, the increasing prevalence of search advertising has motivated a growing

body of empirical (e.g., Rutz and Bucklin, [2011; Yao and Mela, 2011} Haruvy and Japl 2018) and

theoretical papers. |Katona and Sarvary| (2010) and Jerath et al.| (2011) study advertisers’ incentives

in obtaining lower vs. higher positions in search advertising auctions. Sayedi et al. (2014) investigate

advertisers’ poaching behavior on trademarked keywords, and their budget allocation across traditional

media and search advertising. Desai et al.| (2014) analyze the competition between brand owners and

their competitors on brand keywords. Lu et al| (2015) and Shin (2015) study budget constraints, and

budget allocation across keywords. |Zia and Rao (2017) look at the budget allocation problem across

search engines. |Wilbur and Zhu| (2009)) find the conditions under which it is in a search engine’s interest




to allow some click fraud. |Cao and Ke| (2017) model a manufacturer and retailers’ cooperation in
search advertising and show how it affects intra- and inter-brand competition. |Amaldoss et al. (2015a))
show how a search engine can increase its profits and also improve advertisers’ welfare by providing
first-page bid estimates. Berman and Katonal (2013) study the impact of search engine optimization,
and Amaldoss et al.| (2015b)) analyze the effect of keyword management costs on advertisers’ strategies.
Katona and Zhu| (2017) show how quality scores can incentivize advertisers to invest in their landing

pages and to improve their conversion rates.

Following Edelman et al.| (2007), by arguing that players learn each others’ types after playing the game
repeatedly, the vast majority of this literature uses a full information setup to model search advertising
auctions. There are a few papers (e.g., |Amaldoss et al., 2015alb; [Edelman and Schwarz, [2010) that use
an incomplete information setting for modeling search advertising. In these papers, however, the game
remains an incomplete information game; i.e., players do not learn each others’ types. To the best of
our knowledge, our paper is the first on online advertising to model the learning process, wherein the
game starts as an incomplete information game and, if a new advertiser’s type is learned, transitions to

a full information game.

Parts of our model may resemble the literature on games with asymmetric information. For instance,
in |Jiang et al.|(2011), a seller may want to hide its type from a publisher by pooling with another type.
Despite some similarities, our paper differs in that we do not model information asymmetry. Although
we allow players take certain actions to facilitate or hinder the revelation of information, those actions
do not signal their types. Furthermore, in signaling games, players mimic other players’ strategies in
order to hide or reveal information; in contrast, advertisers in our model interfere with the publisher’s

learning process in order to do so.

There are a few papers in Computer Science and Operations Research literature that address dynamic
learning in repeated auctions. |Li et al.| (2010) solve for an advertiser’s optimal bidding strategy when
it is uncertain about its CTR and faces an exogenous distribution of competing bids. [Hummel and
McAfee| (2016) characterize the search engine’s optimal bid on behalf of advertisers under uncertain
CTRs in a repeated game, and |Balseiro and Gur| (2017) introduce adaptive bidding strategies for

budget-constrained advertisers in repeated auctions of incomplete information.

Closest to our paper within this stream is Iyer et al.| (2014), which studies bidding strategies of agents



who learn their valuations. Under the assumption that the market size is infinitely large, |Lyer et al.
(2014) adopt a mean-field approximation to solve for equilibrium strategies. They report a similar
finding that in a learning environment, an advertiser’s bid consists of the present expected value of
winning the ad slot and the “marginal future gain from one additional observation regarding [the

advertiser’s] valuation.” The present paper, however, differs along several important dimensions.

First, since we use performance-based pricing, the learning agent in our model is the publisher, not the
advertiser. The publisher receives new information about a new advertiser who wins, and incorporates
the information to the rules of the subsequent auctions. Thus, a new advertiser bids strategically not to
learn its own type per se, but to influence the publisher’s learning process. Second, our paper sheds light
on a novel incentive for existing advertisers to deter the publisher from learning the new advertiser’s
type. This is distinct from the idea of advertisers adopting (symmetric) bidding strategies to learn their
own types. The discrepancies in the incentives across advertisers that are highlighted in our paper do
not emerge in a mean-field equilibrium wherein all agents behave in a symmetric manner. Finally, our
paper analyzes a small, stylized market with limited number of participants, which allows us to model
fully rational behavior of all players. Our assumption of a small market is motivated by the fact that,
due to the fine-grained targeting available in online advertising, most auctions have a small number
of participants; as such, advertisers’ one-to-one interactions affect their optimal strategies. Papers
that employ mean-field equilibrium (e.g., Iyer et al., |2014; Balseiro et al., |2015) abstract away from
advertisers’ one-to-one interactions, and characterize an approximate equilibrium wherein agents are

assumed to be boundedly rational.

2 Model

Our model consists of a publisher and two advertisers, the incumbent and the entrant, indexed by P,
I and F, respectively. The publisher sells one ad slot in a second-price auction with reserve price RE|
Each advertiser has an advertiser-specific CTR — ¢; for the incumbent and cg for the entrant — that
represents the average CTR of the advertiser if placed in the ad slot. In other words, when an ad is
displayed to a consumer, the consumer clicks on the incumbent’s (entrant’s) ad with probability ¢; (cg).

Parameters ¢y and cg depend on the advertisers’ ad copies, as well as the relevance and strength of

9We consider a multiple-slot Generalized Second-Price auction in Section



their brands with respect to the publisher’s webpage in display advertising, or consumer’s search query

in search advertising.

In our main model, we assume performance-based pricing, which currently accounts for 62% of the
online advertising market in the USE and use pay-per-click pricing terminologyE In Section
we show that, under some assumptions, our findings apply to impression-based pricing as well. We
first assume that both advertisers have the same valuation per click, which we normalize to 1. This
assumption is not necessary, but simplifies the discussion of advertisers’ strategies in Section We
relax this assumption in Section |4 when analyzing the publisher’s strategy. The incumbent (entrant)
submits a bid by, (bg:), where t indexes the game stage. The bids indicate how much the advertisers

are willing to pay per click.

In performance-based pricing, publishers take advertisers’ expected performance into account when
determining payment and allocation. In pay-per-click pricing, publishers compute advertisers’ effective
bids as the product of their submitted bids and the estimated CTRs of their adsB Some publishers
may also include other parameters such as landing page experience in the effective bids; however, to
focus on the role of CTRs, we only take the submitted bids and the CTRs into account, and assume that
the two advertisers are the same along other dimensions that a publisher may considerE Therefore,
the effective bids of the incumbent and the entrant at stage t are cyby; and cgbg:, respectively. The
advertiser with the higher effective bid wins the auction, provided its effective bid is greater than or
equal to the reserve price, R. The winner pays (per-click) the minimum bid required to win the auction;

i.e., if the incumbent wins, it pays max[cgbgy, R]/cr and if the entrant wins, it pays max|crbr, R]/cg.

We assume that cg is drawn from a differentiable cumulative distribution function (c.d.f.) Fg. Since the
incumbent has been advertising with the publisher for an extended period of time, following [Edelman!
et al. (2007) (and many other papers in the literature), we assume that its CTR, ¢y, is common knowl-
edge. On the other hand, the entrant’s CTR is not known at the time of entry because the entrant has
not advertised with the publisher in the past. When the entrant joins, the publisher, the incumbent,

and the entrant only know the distribution of the entrant’s CTR. E We assume that c¢; and pg, the

http://totalaccess.emarketer.com/chart.aspx?r=219092

"Pay-per-click pricing is the most common form of performance-based pricing; nonetheless, our results can be readily
applied to other performance-based pricing models such as pay-per-conversion.

12For example, see https://www.facebook.com/business/help/430291176997542 and https://searchengineland.
com/guide/ppc/how-the-ppc-ad-auction-works,

3For a discussion of other parameters in advertisers’ effective bids in search advertising see [Katona and Zhul (2017).

14 Note that this model implies two important assumptions on the information structure of the game. First, the assump-
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expected value of cg, are greater than the reserve price, so that the incumbent and the entrant can beat

the reserve price in expectation.

Before we proceed, we should elaborate on the meaning of the CTR parameters ¢; and ¢g. In our model,
these parameters represent the advertiser-specific CTRs which, as explained above, depend on the
advertisers’ ad copies and brand strengths among others. Advertiser-specific CTRs are independent of
position effects where higher ad slot position increases the ad’s click propensity. Indeed, publishers only
take into account advertiser-specific CTRs, controlling for position effects, when computing advertisers’

effective bidsE Position-specific CTRs will be incorporated in the multi-slot extension in Section
Next, we describe the timing of the game, which is depicted in Figure

Stage 1: The entrant joins the market. The entrant’s CTR is initially unknown, and is therefore set to
its expected value p EE The incumbent and the entrant simultaneously submit their bids by and bg; to
the publisher. The incumbent’s effective bid is ¢yby; whereas the entrant’s is ugpbg, since the publisher
does not know the entrant’s CTR yet. If the incumbent wins, it pays (per-click) max[ugbgi, R]/cr,
and if the entrant wins, it pays max|csbri, R]/pup. If the entrant wins, its CTR becomes known to the

publisher by the next stage; otherwise, it remains unknown.

To simplify the analysis, we assume that if the entrant wins a single auction (i.e., the auction in Stage 1),
then the publisher learns its CTR. In practice, the entrant would have to win sufficiently many times
for the publisher to accurately learn its CTR. Stage 1 in our model corresponds to as many auctions
as the entrant needs to win for the publisher to learn its CTR. Furthermore, in practice, learning is
continuous and gradual such that the publisher’s estimate of the entrant’s CTR improves incrementally
every time the entrant wins. Our model can be viewed as a discrete approximation of this learning

process: the publisher either knows or does not know the entrant’s CTR.

Stage 2: The advertisers submit their bids b9 and bgs. The incumbent’s effective bid is ¢;brs. The

entrant’s effective bid depends on the outcome of the Stage 1 auction. If the entrant had won in

tion that c; is common knowledge implies that the entrant and the publisher have the same level of information about the
incumbent. Second, we are implicitly assuming that the incumbent and the publisher have the same level of information
about the entrant. In practice, it is possible that large publishers such as Google and Facebook can estimate advertisers’
CTRs more accurately than other advertisers based on their vast troves of data. We relax both of these assumptions in
Section [5.2] and establish the robustness of our results.

https://support.google.com/google-ads/answer/1659696

6Tn Google AdWords, new advertisers received an average Quality Score of 6. See https://searchengineland.com/
minimum-quality-score-can-save-money-adwords-226757. In Section we consider an extension in which, instead
of using pg, the publisher strategically sets the entrant’s CTR.
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Stage 1 Auction Stage 2 Auction

weight 1 weight § >0
Both advertisers bid. Entrant’s CTR not learned
Incumbent’s effective bid: ¢,b, - Incumbent’s effective bid: ¢,b;,
Entrant’s effective bid: ygbg, Incumbent wins Entrant’s effective bid: pgbg,

Entrant’s CTR learned
- Incumbent’s effective bid: ¢,b;,
Entrant wins Entrant’s effective bid: cgbg,

Figure 1: Game Timing

Stage 1, then its CTR becomes known to the publisher by Stage 2, and therefore, its effective bid is

cpbpa. Otherwise, as in Stage 1, its CTR is not learned and its effective bid is u EbEQE

We capture the relative weight of Stage 2 compared to Stage 1 with parameter § > 0. Note that since
the advertisers’ decisions in Stage 1 affects their payoffs in Stage 2, § affects how the advertisers trade

off short-term revenue (in Stage 1) for long-term revenue (in Stage 2)@

The incumbent’s expected profit is the sum of its first and second stage payoffs. That is, E[r;] =
711 + OE [r2] where 7y denotes the incumbent’s first stage payoff, and myy its second stage payoff

contingent on the realization of cg, over which expectation is taken. Specifically,

cr (1 - 7%)([“51@1’1%]) if erbpn > max(ppbpe, R, cr (1 - 7“1“[6??”’1{]) if ¢sbra > max([épbp2, R,

T = T2 =
0 otherwise, 0 otherwise,

where ¢g is cg if cg is learned (i.e., entrant won in Stage 1 auction), and pg otherwise. Similarly, the
entrant’s expected profit is E[rg] = E [rg1] + 0E [rg2], where
CE (1 — M) if upbp1 > InaX[C]b[l, R], cp (1 — M) if Cgbpa > HlaX[C[bIQ,R],

rE CE
TE1L = TE2 =

0 otherwise, 0 otherwise.

'71f the entrant wins the auction in Stage 1, the publisher learns cg; however, we do not make any assumptions on
whether the incumbent also learns cg or not. Specifically, as we show in Lemma [I} the incumbent bids truthfully in
Stage 2 regardless of the outcome of Stage 1.

'8One might argue that the publisher eventually learns the entrant’s CTR, even if the entrant does not win in Stage 1.
For instance, its CTR may be learned if the entrant’s ad is displayed on the second page of the search results for a
sufficiently long period of time. In this case, we could assume that the game has a Stage 3 in which, regardless of the
outcomes of Stages 1-2, cg becomes learned by the publisher. It is easy to show that both advertisers bid truthfully in
Stage 3, and that the existence of Stage 3 does not affect the advertisers’ strategies in Stages 1-2. In this model, § could
be interpreted as the length of time required for the publisher to learn the entrant’s CTR if the entrant does not win in
Stage 1 (compared to when it wins in Stage 1).
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Finally, the publisher’s expected profit is E[rp] = E[rp1] + 0E [7p2], where

;

max[,uEbEl, R] if C[b]1 Z max[,uEbEl, R], max[éEbEg, R] if C[b[g Z maX[éEbEg, R],
TPl = cEimax[ngn,R] if ugbg1 > max[cfbn, R], P2 = 7max[%[;[2,R} Crbgs > maX[C]bjg, R],
0 otherwise, 0 otherwise.
\

We use subgame perfect Nash equilibrium as the solution concept and solve by backward induction.

Finally, to ensure the existence of a weakly dominant strategy for the incumbent, we assume that c; +
1 . . e

) ((cl —pp)t — fo (c; — max[cg, R])™ dFE> > R, for which a sufficient condition is § < m

This assumption is only needed to facilitate the exposition in Section[3] and will be dropped in Section [4}

3 Advertisers’ Strategies

In this section, we analyze the advertisers’ bidding strategies and assume that the publisher’s mechanism
is exogenous. As a benchmark, in Section (3.1}, we analyze the advertisers’ strategies in a full information
game. Then, in Section 3.2, we study how learning incentives in an incomplete information game affect

the advertisers’ bidding strategies.

3.1 Full Information Setting

As a benchmark, we first consider the case where the entrant’s CTR is common knowledge. This
corresponds to what most of the previous theoretical papers in online advertising literature assume.
Even though the auction is not a standard second-price auction because advertisers’ bids are multiplied
by their CTRs, truthful bidding (i.e., bidding the per-click valuation) is still a weakly dominant strategy
for both advertisers. The advertisers’ equilibrium strategies and their payoffs under full information are

summarized in the following proposition.

Proposition 1 (Bids and Payoffs Under Full Information). Under full information, truthful bidding

is a weakly dominant strategy for both advertisers. The payoffs of the incumbent, the entrant, and

'9This is not a restrictive assumption; for example, for Fg(c) = ¢, the condition holds for all § > 0 and ¢; > R. The
sufficient condition derives from the fact that ¢y + 6 ((CI — /LE)+ — fol (er — max[cg, R])+ dFE) is equal to R at ¢c; = R,

and then imposing that the former increases in c;y.
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the publisher, respectively, are 7t = (1 + 6)(c; — max[cg, R))", 75 = (1 + 8)(cg — c1)F, and 7k =

(1 + 6) max[min[ey, cg|, R], where ™ = max|x, 0].

Proposition [1] shows that when the publisher knows the entrant’s CTR, both advertisers always bid
truthfully. This finding is not new to the literature and is presented here for the sake of completeness.
Interestingly, in the next section, we show that truthful bidding is no longer an equilibrium strategy

when the publisher does not know the entrant’s CTR.

3.2 Incomplete Information Setting

In practice, there is little information regarding the entrant’s CTR that is available to the publisher.
Therefore, unlike the case for the incumbent’s CTR, the advertisers and the publisher have at best only

partial information about the entrant’s CTR.

We begin our analysis under incomplete information with the second stage bids. We focus on dominant
strategy equilibrium where advertisers play weakly dominant strategies. As we show in Lemma
Stage 2 auction is straightforward: advertisers bid truthfully. This is because in the last stage there are
no strategic considerations of future payoffs; thus, the truthfulness property of standard second-price

auctions holds.

Lemma 1 (Bids in Stage 2 Under Incomplete Information). Regardless of the outcome in Stage 1,

bidding truthfully is a weakly dominant strategy for both advertisers in Stage 2.

In contrast, we find that in Stage 1, the advertisers’ bidding strategies are not always truthful. Their
bids can be either below or above valuation depending on their expectations of Stage 2 payoffs. The

following lemma characterizes the advertisers’ first stage equilibrium bids.

Lemma 2 (Bids in Stage 1 Under Incomplete Information). In Stage 1, it is weakly dominant for the

incumbent and the entrant, respectively, to bid

0 er

b?l =1 + ; <(C[ — ,UE)+ — / Cr — max[cE,R] dFE) y (31)
1 0
) 1

bpr=1+— </ cg —crdFp — (g — CI)+> . (3.2)
LE cr
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In general, truthful bidding is a weakly dominant strategy in a second-price auction even under incom-
plete information. Expressions and , however, show that the advertisers’ bids are no longer
truthful. What drives the change in advertisers’ strategies in our model is the advertisers’ incentive (or
lack thereof) to help the publisher learn the entrant’s CTR. The advertisers’ Stage 1 bids are shaped by
their preference to play a Stage 2 game in which the entrant’s CTR is pug vs. ¢g, where cg is randomly
drawn from Fg. For example, if the entrant’s expected payoff in Stage 2 is higher when its CTR is cg
(i.e., its CTR is learned), compared to when it is pug (i.e., its CTR is not learned), the entrant would

raise its Stage 1 bid.

But does the entrant prefer its CTR to be learned by the publisher? We find the answer to be affirmative.
For the entrant, the benefits of revealing its CTR are two-fold. First, it allows the entrant to outrank
the incumbent in Stage 2 with some probability even when ur < c¢j, a situation in which the entrant
would have surely lost in Stage 2 if its CTR was unknown and set to pg by the publisher. Second, it
provides an opportunity for the entrant to pay lower cost-per-click in the event that its CTR turns out
to be high, compared to the case when its CTR is assigned the mean estimate pug. Evidently, there is
also the risk of its CTR turning out to be low, in which case the entrant would have been better off
being assigned pg. The reward of a high CTR realization, however, is disproportionately larger than
the loss the entrant incurs for a low realization. The reason is that while the gains for the entrant
increase proportionally with high realizations of cg, the loss of a low cg is bounded from below by zero.

Therefore, in expectation, the entrant prefers its CTR to be learned by the publisher.

The following table shows this more formally for the case when pug > cr:

Table 2: Entrant’s Stage 2 Profit

Publisher does not know cg Publisher knows cg
E[rgo] = [y cu(l —c1/pup) dFp E[rgo] = [y cu(l —cr/ep)t dFg
= (1—cr/up) Jy cpdFp = (1 - ¢r/pp)ue = [, ce(1 = cr/ep) dFp
:uE—cjzfolcE—cldFE :fcllcE—cdeE

From Table |2, we see that the entrant’s Stage 2 profit when the publisher does not know the entrant’s
CTR (left-hand side) is integrated over negative values as well (in the range cg € (0, ¢z)). This integral
value is lower than that when the publisher knows cg (right-hand side) where only positive values are
integrated. In sum, for any entrant CTR distribution Fp, the entrant’s Stage 2 profit is higher in

expectation if the publisher learns its CTR. Therefore, the entrant bids aggressively in Stage 1 in order
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to facilitate the publisher’s learning process.

The incumbent’s bidding strategy is slightly more nuanced: the incumbent underbids for low ¢; and
overbids for high c;. Suppose cg is not learned by the publisher in Stage 2. If ¢y is close to pg, then the
incumbent either loses the Stage 2 auction or, even if it wins the auction, receives a low Stage 2 payoff
because the cost-per-click ug/cy is high. In this case, the incumbent is better off shading its Stage 1
bid below valuation, thereby helping the entrant win the first stage auction. The intuition is that by
facilitating the revelation of the entrant’s CTR, the incumbent foregoes its first stage payoff, but creates
an opportunity to reap a large second stage payoff in the event cg turns out to be low. Thus, a weak

incumbent has a strategic incentive to underbid.

On the other hand, if ¢ is significantly greater than pug, then the incumbent’s Stage 1 strategy switches
from underbidding to overbidding. To illustrate, suppose cy is high and compare the incumbent’s
Stage 2 payoff when cg is concealed vs. revealed. Had cp been concealed, the incumbent would win in
Stage 2 at a low cost-per-click of ug/cy, since ¢; > pup. Conversely, had cg been revealed, there are
two possibilities: if ¢g turns out to be low, the incumbent will pay an even lower cost; if ¢g turns out
to be high, the incumbent will pay a high cost (if not lose the ad position). However, the reward of a
low cg realization is outweighed by the risk of a high cg realization because the incumbent’s potential
to reap larger margins for a low cg realization is limited by the reserve price. Therefore, the incumbent
has incentive to conceal cg when its CTR is high, and thus bids above valuation in Stage 1. This can
also be seen from the following expressions of the incumbent’s Stage 2 profit when ¢y > ug:

Table 3: Incumbent’s Stage 2 Profit when c; > ug

Publisher does not know cg Publisher knows cg
Elrre] = cr(1 — pg/cr) E[rro] = [ er(1 — max[cp, R]/cr)* dFp
=c; — UE —fo cr(l—R/er)dFg + [5 er(1—cp/cr) dFg
:f01C[—CEdFE :fo ¢ —RdAFg + [ ¢; — cpdFg

From Table 3] we see that the incumbent’s Stage 2 profit when the publisher does not know the entrant’s
CTR (left-hand side) is ¢; — cg integrated over all values of cg. When cg is known (right-hand side),
for values of cp € (0, R), we have ¢; — R integrated; since R > cp, the incumbent is better off when the
publisher does not know cg for this integration range. Within the integration range of cg € (R, cs), the
expressions on both sides are equal to ¢; — cg. Finally, within the range cg € (¢, 1), negative values

are integrated on the left-hand side expression whereas the right-hand side expression is zero. For this

16



[ <— Entrant wins —¢——Incumbent wins——

110

Entrant's Bid
1.05
Incumbent's Bid

1.00f T~

Valuation
0951

0.90 I I { I L I I I
03 0.4 05 0.6 0.7 0.8 0.9 1.0

Incumbent's CTR (c;)

Figure 2: Stage 1 Equilibrium Bids; R = i, §=1Fpc)=c

integration range, the incumbent is better off when the publisher knows cg. Overall, the negative effect
of learning cg on the incumbent’s profit (which happens for ¢ € (0, R)) is constant as ¢y increases, but
the positive effect (which happens for cg € (cr, 1)) shrinks as ¢j increases. Therefore, a weak incumbent
with low c; is better off in Stage 2 when cg is learned, whereas a strong incumbent with high ¢y is
better off when cg is not learned. This incentivizes a weak (strong) incumbent to underbid (overbid)

in Stage 1. We summarize these results in the following proposition.

Proposition 2 (Advertisers’ Strategies in Stage 1 Under Incomplete Information). In Stage 1, the
entrant always bids above its valuation. The incumbent bids below its valuation if c; is low, and bids

above its valuation if cr is high. See Figure [

The advertisers’ bidding behavior outlined in Proposition |2 can also be understood from an asymmetric
learning perspective. Suppose that the publisher always learns the entrant’s CTR in Stage 2, regard-
less of the Stage 1 outcome. In this hypothetical scenario, the advertisers’ Stage 2 payoffs would be
independent of the Stage 1 outcome. As a result, neither the incumbent nor the entrant would have
incentive to deviate from truthful bidding in Stage 1. In our model, however, the fact that the pub-
lisher’s learning is asymmetric — that is, learning occurs if only if the entrant wins in Stage 1 — creates
an important interdependence between the two sequential auctions. This interdependence, which is

depicted in Figure [T} generates strategic incentives for advertisers to deviate from truthful bidding.

Publisher’s Revenue

We turn to the implications of learning incentives on the publisher’s revenue. Is the publisher unequiv-

ocally better off knowing the entrant’s CTR? One may conjecture that being more informed about the
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bidders can only benefit the publisher as it would allow for more efficient ad slot allocation. Surpris-
ingly, we find that this is not always the case. Under certain conditions, not knowing the entrant’s CTR

increases the publisher’s revenue 7

The intuition revolves around two effects. First, the publisher’s ignorance of the entrant’s CTR induces
the entrant to bid more aggressively in Stage 1. As explained above, the incentive to bid higher arises
from the fact that the entrant’s expected payoff in Stage 2 is higher if the publisher learns its CTR.
This higher bid increases the incumbent’s payment if it wins, which results in higher Stage 1 revenue

for the publisher.

The second effect is subtler. Consider the publisher’s Stage 2 revenue when c¢; > pg. Recall that the
advertisers bid truthfully in Stage 2. If cg is not known, the publisher’s expected revenue in Stage 2 is

(ug/cr)er = pg. Using the definition of pg, this can be rewritten as

1
/ cidFp. (3.3)
0

If cg is known, the publisher’s Stage 2 revenue depends on the realization of cg and can be written as

R cr 1
/ RdFE+/ CE dFE+/ crdFg. (3.4)
0 R cr

Comparing the two integral expressions and , we see that within the integration range cp €
(0, R), Expression is larger; within the range cg € (R, ¢1), the two expressions are equal, and within
the range cp € (cr,1), Expression is larger. Thus, if ¢ is not too high, then the publisher’s revenue
when it does not know cg (i.e., Expression (3.3)) is larger than when it does (i.e., Expression (3.4)).
Intuitively, since the benefit of a high realization of cg is bounded from above by ¢y, i.e., the publisher
cannot fully reap the benefits of a high cg, the publisher’s Stage 2 revenue may be higher when cg
is not known than when it is. Taken together, the publisher’s ignorance of the entrant’s CTR can be

blissful for moderate values of ¢;. This result is formalized in the following proposition.

Proposition 3 (Publisher Revenue: Ignorance is Bliss). The publisher’s revenue is higher not knowing
the entrant’s CTR than knowing it if and only if (i) ¢ < c; <€, or (ii) c; < ug and § < 1, where ¢ and

¢ are defined in the appendiz.

29T be more precise, the common knowledge that the publisher does not know the entrant’s CTR may increase its
revenue.
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Figure 3: Publisher Revenue; R = 1,0 = 3, Fg(c) =c

Proposition [3| suggests that publishers do not always have to be concerned about not knowing the
new advertisers’ types. In fact, not knowing the new advertisers’ CTRs can sometimes increase the
publisher’s revenue because ignorance induces advertisers to bid aggressively. However, Proposition
also reveals conditions under which the publisher’s ignorance can be a curse. For instance, if the
incumbent is strong (e.g., high ¢y in Figure , then not knowing the entrant’s CTR decreases the
publisher’s revenue. This is because, when c¢; is sufficiently high, the entrant, who is the “price setter”
in the auction, bids less aggressively. Furthermore, when c; is high, the publisher does not learn the
entrant’s CTR. in equilibrium due to the incumbent’s aggressive bidding. As a result, it suffers from

suboptimal allocation of the ad slot (i.e., missing out on a potentially high cg).

Given that the publisher may incur a revenue loss for not knowing cg, one may wonder what strategies
a publisher can deploy to mitigate this loss. In the next section, we characterize the publisher’s optimal
strategy in a learning environment. We show that, in the presence of learning incentives, it is optimal
for the publisher to favor the entrant in Stage 1 in order to increase the probability of the entrant’s

winning.

4 Publisher’s Strategy

In the previous section, we assumed that advertisers have the same, commonly known valuation for
the ad slot. Moreover, we focused primarily on the advertisers’ strategies, with the publisher passively
implementing an exogenously fixed auction mechanism. In this section, we analyze a setting where

advertisers have stochastic, private valuations and, more importantly, the publisher optimally chooses
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the mechanism that maximizes its proﬁt@ We show that, in the presence of learning incentives,
the publisher can achieve the optimal revenue using a variation of the standard second-price auction
with personalized (advertiser-specific) reserve prices. Additionally, the learning incentives induce the

publisher to favor the entrant in Stage 1.

4.1 Optimal Mechanism

Suppose advertiser j’s per-click valuation, vj, is drawn from a c.d.f. G; with support [0,7;] and is private
information, for j € {I, E'}. Following the literature on auction theory (see Krishnaj, 2010), we impose

the following assumption on Gj.
Assumption 1 (Increasing Hazard Rate). Let g; denote the density of G;. The hazard rate function

% is increasing in x for j € {I, E}

Prior to Stage 1, the publisher sets the ad auction rules. In particular, it decides the allocation rule (who
wins the ad slot), and the payment rule (how much each bidder pays). The rest of the game proceeds

the same as in Section [3] The following lemma characterizes the publisher’s optimal mechanism.

Lemma 3 (Publisher’s Optimal Mechanism). The publisher’s optimal mechanism is as follows.

Stage 1: Compute the incumbent’s and entrant’s virtual bids, respectively, as

1—Hg(bg1)
hg(bg1)

1—Hy(bn)

Yr(bn) = cr <b11 = )

) and Yp1(bp1) = pe (bEl - > +0Ap, (4.1)

and set the virtual reserve price to §Aj.

Stage 2: Compute advertiser j’s virtual bid as

Yja(bj2) = ¢; <bj - H;J(bﬂ)) for j € {1, E} (4.2)

95 (bj2)

2In order to characterize the optimal mechanism, we have to assume stochastic private valuations for the advertisers;
otherwise, the publisher’s optimal strategy is to set the reserve price of Stage 2 to 1, leaving no surplus for the advertisers.
Stochastic private valuation is a standard assumption in mechanism design literature; e.g., see Myerson| (1981)) for a general
setting, and [Edelman and Schwarz{ (2010|) for the context of online advertising.

22 Assumption |1] greatly facilitates the derivation of the optimal mechanism. A large class of distributions satisfy this
property; e.g., exponential, Weibull, modified extreme value, Gamma (with parameters « > 1,A > 0), and truncated
normal (with “commonly accepted [parameters]”). See |[Barlow and Proschan| (1965) and Brusset| (2009) for details.

23We are slightly abusing notation: “cg” in Stage 2 is ég, which is cg if ¢z is learned, and g otherwise.
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and set the virtual reserve price to 0,

where Hj(bj1) = G (bjl - %), Ap = mp(up) — fy mio(ep) dFp, Ap = [y wpa(cp) dFg — mp2(pp),

Ap = fol npa(cg) dFg — mpa(ug), and mie(cy) denotes the Stage 2 profit of player j € {I, E, P} under

the optimal Stage 2 mechanism when the publisher assigns entrant’s CTR as cy.

Allocate the ad slot to the advertiser with highest virtual bid, provided it exceeds the virtual reserve price.

Payment (per-click) is equal to the minimum bid required for the winning advertiser to win.

The details of the proof are provided in the appendix. We briefly discuss here the intuition behind the
optimal mechanism. Variables A;, j € {I, E, P}, capture the difference in a full-information Stage 2
vs. an incomplete-information Stage 2 in the players’ payoffs; i.e., Ag measures the additional Stage 2
payoff the entrant gains from having its CTR learned by the publisher; Ap measures the additional
Stage 2 payoff the publisher gains from learning the entrant’s CTR; and Ay represents the additional
Stage 2 payoff the incumbent gains if the entrant’s CTR is not learned. Distributions H;, j € {I, E'},
are similar to advertisers’ valuation distributions G, except that they are shifted to account for the

advertisers’ incentives to have the entrant’s CTR learned or not learned.

The derivation of the optimal mechanism closely follows |[Myerson (1981). The optimal mechanism in
Stage 2, where learning incentives are absent, is a direct application Myerson’s lemma. Intuitively, the
virtual bid transformation amounts to sorting advertisers based on the marginal revenue they bring to
the publisher (Krishna, 2010). Thus, allocating the ad slot to the advertiser with the highest virtual

bid maximizes the publisher’s profit.

In Stage 1, the presence of learning incentives (for both the advertisers and the publisher) distorts
the advertiser’s virtual bids compared to the standard format in Myerson (1981). Specifically, we see
from that the publisher additively inflates the entrant’s virtual bid by dAp. This term represents
the additional Stage 2 payoff the publisher gains from learning the entrant’s CTR and is proven to be
always positive@ Intuitively, since the publisher can only learn the entrant’s CTR if the entrant wins
in Stage 1, the publisher has an incentive to help the entrant win. The publisher accomplishes this by

increasing the entrant’s virtual bid in Stage 15|

24To see that Ap is positive, it suffices to show mpa(ce) = f max [¢r2(zr2lcr), 1/}E2($E2|CE)]+ dG is convex in cg. The
integrand is convex in cg because it is the maximum of (x12|cl)+, which is independent of cg, and ¥ g2 (zE2|ce) which
is a linear function of cg. And since any linear combination with positive weights of convex of functions is also convex, we
conclude mp2(cg) is convex in cg.

25Tt can be easily verified that the Stage 1 virtual bids in reduce to the standard format (Myerson, |1981) when the
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Lemma [3] also sheds light on the nature of the optimal virtual bids. For example, if the advertisers’
valuations are uniformly distributed, then it is optimal for the publisher to compute virtual bids by
multiplying the advertisers’ bids with their expected CTRs (modulo an additive term). This implies
that publishers with diffuse priors about advertisers’ valuations can achieve near-optimal revenues by
ranking advertisers based on CTR x bid. Moreover, the fact that the CTR-multiplier formula is also
used in Stage 1 in the presence of learning dynamics attests to the robustness of this particular virtual

bid format.

Next, we discuss the advertisers’ bidding strategies under the optimal mechanism. Interestingly, we
find that the insights from Section [3| regarding bid adjustments carry over to the optimal mechanism
setting. As shown in Figure [d] the entrant overbids in Stage 1. Its motivation closely mirrors that of
Section [3} its expected payoff in Stage 2 is greater if its CTR is learned by the publisher because the

downside risk of a low cg draw is bounded.

A weak incumbent bids below its valuation and helps the entrant reveal its CTR. In contrast to Sec-
tion 3] however, the heterogeneity in advertisers’ valuations necessitates an additional condition for this
result to hold. Namely, the valuation distributions G; and G g must be such that the weak incumbent’s
probability of winning in Stage 2 decreases sufficiently slowly in cg. Roughly, this is equivalent to the
incumbent’s valuation distribution being more concentrated around higher values than is the entrant’s
valuation distribution. For then, even if the entrant’s CTR turns out to be high in Stage 2, the incum-
bent, whose valuation is more heavily concentrated on higher values, would still have a considerable
chance of winning. This condition ensures the weak incumbent, who effectively helps the entrant win in
Stage 1, feels adequately “insured” against the risk of a high cg draw in Stage 2. The weak incumbent
will then forego its Stage 1 profit and help reveal the entrant’s CTR, as it creates an opportunity to

earn higher profits against an entrant with a low CTR draw.

Finally, a strong incumbent may overbid under the optimal mechanism (see Figure . Again, the
intuition mirrors that from Section [3} however, the added necessary condition is that the incumbent’s
probability of winning in Stage 2 decrease steeply in the entrant’s CTR draw. In this case, the incumbent
deems the risk of revealing the entrant’s CTR in Stage 2 too high. Therefore, it bids aggressively in
Stage 1 and deters the publisher from learning the entrant’s CTR. We summarize these findings in the

following proposition.

learning dynamics are muted (e.g., § = 0).

22



0.004 -

Entrant

0.002 -

Incumbent

0.2 0.4 0.6 0.8 1.0

-0.002 -

Figure 4: Advertisers’ Bid Adjustments Relative to Valuation; Gr(xr) = (%)4 ,Gg(zp) =2g

Proposition 4 (Advertisers’ Strategies in Stage 1 Under Optimal Mechanism). Suppose the publisher
implements the optimal mechanism characterized in Lemmal3. In Stage 1, the entrant always bids above
its valuation. The incumbent bids below its valuation if c; is low and the valuation distributions Gy and
GE are such that the probability of the incumbent winning in Stage 2 decreases sufficiently slowly in
the entrant’s C'TR draw. The incumbent bids above its valuation if ¢y is high and G; and Gg are such
that the incumbent’s probability of winning in Stage 2 decreases steeply in the entrant’s CTR draw. The

ezact conditions are provided in the proof in Section [A.7]

4.2 Optimal Reserve Prices

In this section, we delve deeper into a particular aspect of the optimal mechanism, the (effective) reserve
prices. We examine how the learning incentives affect the publisher’s optimal reserve prices in Stage 1.
Before we proceed, we should clarify two distinct units of reserve prices. Virtual reserve price is defined
in the virtual bids space, and measures the minimum virtual bid required for an advertiser to participate.
Effective reserve price is defined in the submitted bids space, and refers to the minimum submitted bid
required for a particular advertiser to participate (Ostrovsky and Schwarz, [2016). To illustrate, suppose
the publisher sets a virtual reserve price $0.15 and an advertiser bids b. Suppose that the advertiser’s
virtual bid is set to 0.1 x b by the publisher. The advertiser will be considered in the auction if its
virtual bid 0.1 x b is greater than or equal to $0.15. Equivalently, the advertiser will be considered if

its submitted bid b is greater than or equal to the effective reserve price $0.15/0.1 = $1.5.

Although the optimal mechanism uses the same virtual reserve price for all advertisers, because it
applies different virtual bid transformations, advertisers experience different effective reserve prices.

In the following, we consider the effective reserve price as it is a more intuitive concept to discuss
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advertisers’ payments.

Our analysis shows that the optimal reserve price depends crucially on two countercurrent forces. On
the one hand, the entrant’s overbidding incentive exerts an upward force on the entrant’s reserve price.
That is, the higher is the value that the entrant gains from the publisher learning its CTR, the higher
it bids in Stage 1. The publisher can, thus, extract more from the entrant by setting a higher reserve
price. Therefore, the reserve price increases with the entrant’s overbidding incentive. The converse is
true for the incumbent: the reserve price for the incumbent increases with the incumbent’s value of

deterring the publisher from learning the entrant’s CTR.

On the other hand, the publisher’s learning incentive pushes the entrant’s reserve price downward. The
higher is the value for the publisher if it learns the entrant’s CTR, the greater its incentive to help the
entrant win in Stage 1. This is accomplished by lowering the entrant’s reserve price. Therefore, the

reserve price decreases with the publisher’s learning incentive.

Figure [5] illustrates the dynamics of each advertiser’s optimal reserve price for particular valuation
distributions G; and Gg. Interestingly, the entrant’s reserve price can be non-monotonic in the Stage 2
weight parameter, . When § is small, the publisher learning incentive dominates, and as ¢ increases,
the publisher lowers the reserve price to facilitate learning the entrant’s CTR. When § is large, however,
the entrant overbidding incentive dominates. Here, as d increases, the publisher increases the reserve

price to extract more surplus from the entrant.

So far, we have discussed the two countercurrent forces that induce the publisher to increase/decrease
the entrant’s reserve price in a learning environment. But what is the net effect of these forces on
the entrant’s reserve price? We conclude this section by presenting the conditions under which the

publisher sets a lower reserve price for the entrant when it does not know the entrant’s CTR than under
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full information. While a closed-form characterization of the optimal reserve price with respect to ¢
is intractable, we can analytically delineate the conditions for when the publisher sets a lower reserve
price. In Proposition |5, we show that, for any §, the publisher sets a lower reserve price for the entrant
in a learning environment (compared to full information) if and only if the increment in its Stage 2

profit from learning the entrant’s CTR is sufficiently high.

Proposition 5. The publisher sets a lower reserve price for the entrant when the publisher does not
know the entrant’s CTR than when it does if and only if Ap > Ar + FEL (where Aj is as defined in
Lemma@ and p > 0 is as defined in the proof); i.e., the publisher’s gain in Stage 2 from learning the

entrant’s CTR is sufficiently high.

The results of Lemma [3] and Proposition [f| show that when the publisher’s learning incentives are
sufficiently strong, it is optimal for the publisher to favor the entrant. Favoring the entrant can be
implemented by increasing the entrant’s virtual bid as in Lemma [3] or decreasing the entrant’s reserve
price as in Proposition ] In Section [5.3] we show that other mechanisms that favor the entrant can
create a similar effect. For example, giving free advertising credit to new advertisers, or artificially

inflating the “estimated” CTR of new advertisers can increase the publisher’s revenue.

5 Extensions

We present four extensions of the main model to assess the robustness of our results. In Section [5.1], we
show that our results from the main model continue to hold under impression-based pricing. In the main
model, we assumed that the advertisers and the publisher have the same level of information about the
CTRs; in Section 5.2, we relax this assumption to establish the robustness of our results. In Section 5.3
we explore other mechanisms that help the publisher increase its revenue in a learning environment.
We show that offering free ad credit to new advertisers, or artificially inflating the “estimated” CTR of
new advertisers can increase the publisher’s revenue. Finally, in Section [5.4] we turn to the context of

search advertising and discuss how our results change when there are multiple ad slots.
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5.1 Impression-based Pricing

Suppose the publisher sells a single ad slot through a cost-per-impression (CPM) auction instead of
cost-per-click. Consistent with practice, we assume that the publisher receives the advertisers’ per-
impression bids and assigns the slot to the highest bidder@ The winning bidder pays the minimum bid

required to win the auction.

To model a CPM auction, it is important to recognize that the relevant performance metric for adver-
tisers is the consumers’ “estimated action rates” per ad impression. Consumer actions can range from
clicking a link to watching a video longer than a certain amount of time, or completing a certain task
on the advertiser’s website. For j € {I, E'}, let a; € [0, 1] denote the probability of action of a consumer
conditional on viewing advertiser j’s ad. We normalize the value of a consumer’s action to 1 for both

advertisers. Put together, a single impression is worth a; to advertiser j.

In the spirit of the main model, assume that the action probability associated with the entrant’s
ad, apg, is known only up to its c¢.d.f. F with mean @p, while the incumbent’s action probability,
ar, is common knowledgem The true value of ag can only be learned if the entrant wins the first
stage auction; only then can the entrant accurately assess the likelihood of a consumer responding
to its ad with some pre-defined action. Similar to Section [3 we assume that the reserve price is
exogenously set at R, and is less than a; and ap. In addition, as in Section we assume aj +
8 ((aI —ag)t — fol(aj — max[ag, R])* dﬁ) > R to ensure the existence of weakly dominant strategies.
Analyzing the advertisers’ strategies yields the following proposition, which echoes the results from the

main model.

Proposition 6 (Advertisers’ Strategies in Stage 1 Under CPM). In Stage 1, the entrant always bids
above its valuation. The incumbent bids below its valuation if ay, the action probability associated with

its ad, is low, and bids above valuation if ar is high. See Figure [0,

Proposition [6] shows that advertisers’ strategies under impression-based pricing are similar to those
under performance-based pricing. However, there is an important difference in the advertisers’ incentives

between the two pricing models. Under performance-based pricing, the entrant does not care about

26This contrasts with rankings based on effective bids in CPC auctions, where publishers multiply the advertiser’s bid
with its Quality Score.

2TFor our analysis, we only need the incumbent’s WTP to be common knowledge; this is a standard assumption in
papers with a full-information setting in online advertising, e.g./Edelman et al.| (2007)).
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learning the CTR itself; it overbids so that the publisher learns the CTR. In contrast, under impression-
based pricing, since the CTR determines the entrant’s valuation per impression, the entrant overbids
so that the entrant itself learns its CTR. Similarly, under performance-based pricing, the incumbent
adjusts its bid to affect whether the publisher learns the entrant’s CTR or not, whereas under impression-
based pricing, the incumbent wants to affect whether the entrant learns its own CTR or not. Despite
discrepancies in the advertisers’ incentives across these two pricing models, the mathematical expressions
that capture the advertisers’ payoffs are relatively similar: in performance-based pricing, the publisher
includes the advertiser’s CTR in the effective bid, whereas in impression-based pricing the advertiser
includes the CTR in its submitted bid. As such, we obtain the same strategic behavior under both

pricing models.

5.2 Information Asymmetry

In this section, we test the robustness of our results when the information symmetry assumption is
relaxed. We examine two distinct cases. In Section [5.2.1] we demonstrate that the qualitative insights
of the main model carry over when the entrant is at an informational disadvantage; i.e., the entrant
only knows the incumbent’s CTR up to some distribution, while the incumbent and the publisher know
the incumbent’s true CTR. In Section [5.2.2] we replicate the incumbent’s bidding pattern from the
main model in a setting where the incumbent only knows the distribution of the entrant’s CTR up to

a distribution, while the entrant and the publisher know the true distribution of cg.
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5.2.1 Entrant Does Not Know True ¢;

In the main model, we assumed that the entrant, incumbent and the publisher possessed the same level
of information regarding the incumbent’s CTR. In reality, it could be argued that the entrant may not
be as knowledgeable about c; as the incumbent and the publisher. In this section, we analyze a model
that captures this information asymmetry more realistically. Our objective is to show that the the
entrant’s overbidding behavior is robust to the setting where the entrant is less informed about ¢y than

the incumbent and the publisher.

To that end, suppose that the entrant does not know the true value of ¢y, but knows that it follows
some distribution Fr over the support [R,1]. On the other hand, the publisher and the incumbent both
know the true c;. We find that the entrant’s overbidding pattern is robust to this information setting.

The following proposition summarizes the finding.

Proposition 7. Suppose the entrant does not know the true CTR of the incumbent, but only knows its

distribution. In Stage 1, the entrant always bids above its valuation.

We know from Section [3|that the entrant overbids for any given value of ¢;. Intuitively, when the entrant
only knows the distribution of ¢y, it integrates over all possible values of ¢; to calculate its optimal bid.
Since the optimal strategy for any value of ¢y is to overbid, the optimal strategy when ¢y is not known

(i.e., the outcome of the integration) is still to overbid. This is formalized in the proof of Proposition

5.2.2 Incumbent Does Not Know True Distribution of cg

Another important case to consider is when the incumbent, as opposed to the entrant, is at an informa-
tional disadvantage. How would the incumbent having less information about ¢y than the entrant and
the publisher impact its bidding strategy? To address this question, we allow for the possibility that
the incumbent does not know the true distribution of cg; i.e., the incumbent strategizes based on some
prior belief over a range of possible distributions of ¢g. The publisher and the entrant, on the other

hand, know the true distribution of cg.

Suppose the incumbent believes that the true distribution of cg is F, for some z € X. Let P(x)
denote the c.d.f. of the incumbent’s prior over the class of distributions {F,}ycx, and p, the mean

of F,. In addition, as in Section |3 assume that the condition for the existence of weakly dominant

28



strategies holds: ¢; +6 [ o <(01 — max|,, R])T — fol(CI — max|cp, R])T dF,,:) dP(xz) > R. Then there
exists CTR thresholds such that a weak incumbent (i.e., with a low CTR) bids below its valuation,

whereas a strong incumbent (i.e., with a high CTR) bids above it. We state this as a proposition.

Proposition 8. Suppose the incumbent does not know the true distribution of the entrant’s CTR. There
exists a pair of thresholds (¢, @) such that the incumbent bids below its valuation if c; < ¢/, and bids

above valuation if c; > ¢ .

The intuition for the result of Proposition [§] is similar to that of Proposition [7} For any distribution
F,, we know from Section |3| that a weak incumbent underbids and a strong incumbent overbids. When
the incumbent does not know the entrant’s distribution, it integrates over all possible distributions
to calculate its optimal bid; however, the same pattern continues to exist. When the incumbent is
sufficiently weak it overbids and when it is sufficiently strong it overbids. This is formalized in the proof

of Proposition

5.3 Other Mechanisms

In this section, we discuss two other mechanisms that can help publishers increase their revenue in a

learning environment.

5.3.1 Free Advertising Credit for New Advertisers

Publishers run promotions that provide free ad credit to new advertisers. For example, Google offers
ad coupons to new advertisers worth up to $75 which can be redeemed within 30 days of spending the
first $25 in advertising@ Similarly, Facebook sends promotional codes to new advertisers that a have
sufficiently high user engagement on their pages. In this section, we study the implications of offering

ad credit on the advertisers’ bidding strategies and the publisher’s profit.

Suppose the publisher sets the ad credit @ > 0 prior to Stage 1, and then the incumbent’s CTR is

drawn from c.d.f. F7 with support [R, 1]@ The advertisers observe « and the rest of the game proceeds

2®nttps://wuw.google.com/ads/adwords-coupon.html

29We assume « is set before ¢; is realized because publishers use the same amount of ad credit across many keywords for
which incumbents have different CTRs. That is, in practice, « is not a function of ¢;. In addition, note that if « is decided
after cy is realized, the truthfulness nature of these second-price auctions will break down. This is because the incumbent
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identically as in the main model. The effect of the publisher’s ad credit is to transfer free ad credit «

to the entrant if it wins in Stage 1. Thus, the entrant’s Stage 1 payoff when the publisher offers ad

max|[crbri,R)]

m ) + « if it wins, and 0 otherwise. Next, we present the advertisers’ bidding

credit ais cg (1 —

strategies when the publisher offers free ad credit.

Proposition 9 (Advertisers’ Strategies with Ad Credit). If the publisher offers ad credit o > 0 to the
entrant, then compared to the benchmark bids and , the incumbent’s first stage bid remains

unchanged, whereas the entrant’s bid increases by #iE to

. e 0 !
bE1<a>:1—i——|—</ CE—C]dFE—(/J,E—C[)+). (5.1)
HE UE cr

The intuition behind advertisers’ bidding strategies is straightforward: the incumbent’s bidding strategy
does not change because a does not affect its underlying payment mechanism. However, the ad credit
increases the entrant’s payoff when it wins in Stage 1, and thus incentivizes the entrant to bid more

aggressively in the first stage.

We turn to the impact of ad credit on the publisher’s revenue. Given the first stage bids of the incumbent
and the entrant in (3.1) and (5.1)), respectively, the publisher’s expected revenue as a function of ad

credit « is E[rp(a)] = fé Ip(a, cr) dFy where

by (o) + S minler, ] it crb, > upbh (),
HP(OZ, CI) =

max|crbj, R —a+ 9 (focl max|cg, R dFg + (1 — FE(C[))C[) if ¢rb}; < pEbi (@).
(5.2)

Expression ([5.2)) reveals the three forces created by the ad credit a. The first is the cost of a that is
transferred from the publisher to the entrant when it wins; this has a negative effect on the publisher’s
revenue, and is represented by —a in the second case of Expression (5.2)). The two other forces have a

positive effect on the publisher’s revenue, and are more nuanced; we discuss each of these in turn.

Recall that the entrant’s bid increases in proportion to the ad credit « (see Proposition@. This implies
that the incumbent’s payment upon winning increases with «. The publisher can thus extract additional

surplus from the incumbent by inflating its payment. We call this the extraction effect.

would anticipate the publisher to set a high enough to extract all surplus from the incumbent’s bid, creating incentives
for the incumbent to shade its bid. Finally, the assumption that the ad credit is only available in Stage 1 reflects the fact
that these promotions typically expire after a short period of time.
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The last effect of ad credit concerns the change in the publisher’s Stage 2 payoff. To illustrate, suppose
the incumbent’s CTR is high. In this case, knowing the entrant’s CTR leads to a higher publisher
revenue than that under ignorance (see Proposition . This is due to the more efficient allocation
of the ad slot as well as a higher expected payment of the winner. Since offering ad credit helps the
entrant win, thereby facilitating the publisher learning its CTR, it could increase the publisher’s Stage 2

revenue. We call this the learning effect.

These three effects summarize all the pros and cons of offering ad credit in our modelm Due to space
considerations, we relegate the extended discussion to Section of the online appendix. In the
discussion, we (i) delineate the condition under which offering ad credit is profitable for the publisher,
(i) characterize the extraction effect and learning effect more formally, and (iii) discuss the optimal ad

credit level that maximizes the publisher’s profit.

5.3.2 Inflating the Bid Multiplier

In this section, we analyze how the publisher’s profit would change if, instead of offering ad credit
(Section , the publisher artificially inflated the entrant’s effective bid by a multiplier 5 > 1. To
begin, suppose that the publisher applies a boosting multiplier 8 such that for any bid bg of the entrant,
the entrant’s Stage 1 effective bid ugbg increases to 8 X ugpbg. The rest of the game proceeds as in the

main model.

We find that the two policies— offering ad credit and multiplicatively boosting the effective bid — have
the same qualitative implications for the publisher’s profit. The intuition is as follows. In the case of
ad credit, the entrant increases its own effective bid by bidding high in anticipation of the ad credit,
whereas in the case of boosting multiplier, the publisher increases the effective bid on behalf of the
entrant. Thus, the resultant effective bids across the two policies are the same, and the players’ payoffs

are identical up to a constant. We formalize this finding in the following proposition.

Proposition 10. The multiplicative boosting policy is isomorphic to the free ad credit policy, in the

sense that the publisher can replicate (up to a constant) its profit from one policy using the other.

30Note that we are not discussing the customer acquisition effect of offering free ad credit. Promotional incentives for
attracting new customers have been extensively studied in the literature (e.g., |Jedidi et all |1999; Nijs et al., 2001} van
Heerde et al.l |2003). Instead, we focus on the extraction and learning effects of ad credit that are new to the literature.
We show that even if the free ad credit does not attract new advertisers, the publisher may still benefit from offering it
because of these two positive effects.
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In summary, we find that other mechanisms such as offering free ad credit or inflating the entrant’s
effective bid can increase the publisher’s revenue as they facilitate learning by favoring the entrant.
These mechanisms, however, are inefficient in the sense that they do always guarantee the publisher the
optimal profit. To see this, note that the optimal mechanism sometimes lowers the payment for both
the entrant and the incumbent at the same time (e.g., when the incumbent’s CTR is low). Such an
outcome cannot be produced by offering ad credit or inflating the entrant’s bid because these instruments

unilaterally benefit the entrant at the expense of the incumbent.

Another reason why these alternative mechanisms do not always yield the optimal profit pertains to
the virtual bid transformations. Offering ad credit and inflating the entrant’s bid do not take into ac-
count the advertisers’ valuation distributions in the allocation rule. Recall that the optimal mechanism
computes the marginal revenue each advertiser generates based on the advertisers’ valuation distribu-
tions and then allocates the ad slot accordingly. Such efficient allocation cannot always be attained
with artificial adjustment of the entrant’s effective bid, especially when the valuation distributions are

non-uniform.

5.4 Multiple Advertising Slots

Another assumption in the main model is that the publisher offers a single ad slot. In search advertising,
however, search engines typically sell more than one ad slot, which are allocated via the Generalized
Second-Price (GSP) auction. In this section, we test whether the main insights derived from the base

model carry over to the multiple-slot GSP setting.

We consider a two-slot, three-player game where two incumbents face an entry from a new advertiser.
To simplify the analysis, we assume that the existing advertisers also learn cg if the entrant wins in
Stage 1@ As in Section |3], all advertisers share a common per-click valuation of 1, and the reserve price
R is less than pp. We normalize the position-specific CTR of the first ad slot to 1 and denote that
of the second slot as 6 € (0,1). We index by i and I the incumbent with the lower and higher CTR,

respectively (i.e., ¢; < ¢r), and normalize c; to lﬂ Since a weakly dominant strategy equilibrium no

31This could be justified by the fact that advertisers can estimate the effective bid of the advertisers below them by
observing the amount they are charged.

32The normalization can also be interpreted as assuming that the CTR of the average entrant does not exceed that of
the strong incumbent. This assumption simplifies expressions but is not necessary. The analysis without this assumption
is provided in the appendix.
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longer exists, we use the lowest-revenue envy-free (LREF) Nash equilibrium (Edelman et al., 2007) for

equilibrium selection.

Our analysis shows that the main results are robust to multiple-slot settings under GSP auction. In
particular, the entrant’s overbidding strategy carries over, but with the caveat that the reserve price has
to be sufficiently high. Moreover, the findings that (i) a weak incumbent prefers to reveal the entrant’s
CTR, and that (ii) a strong incumbent has incentives to mask the entrant’s CTR are preserved in the

multiple-slot extension. The next lemma summarizes the advertisers’ incentives in Stage 1.

Lemma 4 (Multiple-Slot GSP Auction). The entrant and the incumbent with the lower CTR are always
better off in Stage 2 if the entrant’s CTR is learned. The incumbent with the higher CTR is better off
in Stage 2 if the entrant’s CTR is learned if and only if (i) pp < ¢; and 6 > 6; or (ii) ¢; < ug and

0 > %, where 6 is defined in the appendix.

Lemma 4| shows that if the second ad slot generates very few clicks (i.e., 6 is low), then the incumbent
with the higher CTR is better off masking the entrant’s CTR, thereby securing the top ad position.
The intuition resonates with the insights from the main model. Had the search engine learned the
entrant’s CTR and it turned out to be high, the strong incumbent would risk being “downgraded” to
the low-CTR slot below. Conversely, if the second ad slot generates almost as many clicks as the first
slot (i.e., high 6), the strong incumbent benefits from the search engine learning the entrant’s CTR.
The reason is that the incumbent can capitalize on a potentially low cg realization, while its loss from

possibly being driven down to the second ad slot against a high cg is mitigated by the high 6.

Next, we examine the advertisers’ bidding strategies in Stage 1. Figures [7a] and [8a] depict the entrant’s
bid with respect to the weak incumbent’s CTR, ¢;. Observe that for high ¢;, the entrant’s high bid
mirrors the pattern from Section |3| (see Figure . Intuitively, if the competing incumbent’s CTR is
high, then the entrant can earn positive payoffs if and only if (i) its CTR is learned by the search
engine in Stage 2 and (ii) the realized CTR turns out to be higher than ¢;. Therefore, when facing a
strong incumbent, the entrant bids aggressively in Stage 1 in order to create an opportunity to receive

a positive payoff in Stage 2.

When facing a low ¢;, the entrant’s bidding strategy may diverge from the main model. In contrast to
the single-slot case, the entrant may lower its bid when the incumbent’s CTR is low (see Figure. The

intuition revolves around the weak incumbent’s incentive to help the search engine learn the entrant’s
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CTR. Figure [7D] shows that a weak incumbent shades its bid in order to help the entrant secure the
second slot in Stage 1. The search engine can then learn the entrant’s CTR, which in turn creates

an opportunity for the weak incumbent to win in Stage 2. And since in the LREF equilibrium the
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With Learning
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Without Learning

advertisers’ bids change in proportion to their competitors’, the entrant also shades its bid for low ¢;.

However, when the search engine sets a sufficiently high reserve price, the weak incumbent bids below

the reserve price in the LREF equilibrium (see Figure . As a result, the entrant’s incentive to shade

its own bid disappears, and we recover the overbidding pattern from the main model (see Figure .

We formalize this finding in the next proposition.

Proposition 11. The entrant always bids (weakly) higher in the setting where the search engine does

not know (but can learn) the entrant’s CTR compared to the full-information setting if and only if the

reserve price is sufficiently high.
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6 Conclusion

In this paper, we study learning in online advertising. We investigate how a publisher’s lack of informa-
tion about a new advertiser’s click-through rate affects the strategies of new and existing advertisers,
as well as the publisher. Our theoretical analysis offers useful insights for several issues of managerial

importance.

Implications for New Advertisers. We show that when a new advertiser starts online advertising with a
publisher, it should bid aggressively in the beginning, sometimes even above its valuation. The reason is
that the new advertiser earns a higher expected future payoff when its CTR is learned by the publisher
than when it is not. The fact that the new advertiser’s CTR can only be learned when the advertiser
wins sufficiently many auctions provides strong incentives for the new advertiser to bid aggressively

until its CTR is learned.

Our results also indicate that a new advertiser should be prepared to, temporarily, pay more than its
valuation per click in the beginning. If the advertiser’s CTR turns out to be high, the average cost-per-
click will decline over time. In other words, a new advertiser should not leave the market even if the

initial cost of advertising is high.

Implications for Existing Advertisers. The entry of a new advertiser has two negative effects for an
existing advertiser. First, if the new advertiser’s CTR turns out to be high, the existing advertiser
risks losing its ad slot to the new advertiser. Second, since the online advertising slots are sold in
auctions, entry of a new advertiser increases the payment of the existing advertiser. We demonstrate
that, in response to these entry effects, an existing advertiser with a high CTR—e.g., a trademark
owner advertising on its branded keywords, or a manufacturer advertising on its own product pages on
an online retailer —should bid more aggressively to make it harder for the new advertiser to reveal its
CTR. On the other hand, an existing advertiser with a low CTR—e.g., lowest-slot advertisers —should
lower its bid to make the revelation process easier. By doing so, the existing advertiser foregoes its
short-term profit, but creates an opportunity to earn a larger long-term profit in the event that the new

advertiser’s CTR turns out to be low.

Implications for the Publisher. When a new advertiser enters the market, the publisher does not know

its CTR; the CTR can only be learned if the new advertiser’s ad is displayed to consumers sufficiently
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many times. On the surface, it appears that this lack of information about the new advertiser would lead
to a suboptimal allocation of the ad slot, and thus lower the publisher’s expected revenue. Surprisingly,
our result shows that the ignorance may be a boon to the publisher: its ignorance may incentivize the
advertisers to bid more aggressively, which in turn may increase the publisher’s revenue compared to

the full information benchmark.

The publisher’s ignorance, however, is not always blissful. In particular, if the existing advertiser’s CTR
is high, the lack of information about the new advertiser may hurt the publisher’s long-term revenue.
We show the publisher can mitigate this loss by favoring the new advertiser in the auction. For example,
by lowering the reserve price of, offering free ad credit to, or artificially inflating the bid of the new
advertiser, the publisher can increase the probability that the new advertiser wins. This allows the
publisher to learn the new advertiser’s CTR more quickly, which in turn increases the publisher’s long-
term revenue. In fact, our results show that the optimal selling mechanism favors the new advertiser in

the early rounds of the auction.

Future Research. Our work is a first step towards understanding how agents strategically respond
to a publisher’s learning process. Future research could explore other scenarios where agents and
publishers interact in a learning environment. For instance, a publisher may want to learn sellers’
qualities of products for ranking purposes, or customers’ WTP for pricing purposes. In addition, while
we allow the transition from an incomplete to a full information game, we make several simplifying
assumptions in doing so. For example, the transition is discrete and binary in our model. Analyzing
the advertisers’ strategies in a model with gradual, continuous learning process could lead to interesting
additional insights. Finally, our model assumes that advertisers’ CTRs are exogenously given. While
this assumption is realistic for a given ad copy, it does not capture advertisers’ constant efforts in
improving their ad copies (e.g., through experimenting with new ad copies). Modeling advertisers’
experiments in improving their CTRs, while the CTRs are being learned by the publisher and the

advertisers themselves, is another interesting avenue for future research.
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A  Proofs

A.1 Proof of Proposition

Proof. Consider the incumbent’s second stage payoff as a function of its second stage bid by, given the
entrant’s second stage bid bgs.

o (1 _ %IbEZRQ if ¢rbry > max[cpbpa, R),

mr2(bralbg2) =

0 if ¢rbro < max[cpbp, R).
We will show that truthful bidding weakly dominates bidding below and above valuation. To that end,
suppose the incumbent bids below valuation such that crbro < cr. If max[cgpbgo, R] < cr, then truthful
bidding ensures a positive payoff of ¢; — max[cgbgs, R] whereas bidding below valuation yields either
the same payoff (if max[cgbga, R] < crbra < cr), or a lower payoff of zero (if c;bre < max[cgbgs, R] <
cr). And both strategies yield zero payoff if ¢; < max[cgbge, R]. Therefore, truthful bidding weakly

dominates underbidding.

Next, suppose the incumbent bids above valuation such that c¢;bre > ¢7. If max[cgbge, R] < ¢g, then
both strategies yield the same positive payoff of ¢; — max[cgbgs, R], and if c¢;bjos < max|cpbps, R),
then both strategies yield zero payoff as the incumbent loses the auction. On the other hand, if ¢; <
max|[cpbpa, R] < crbre, then truthful bidding yields zero payoff whereas overbidding yields a negative

payoff of ¢; — max[cgbga, R]. Therefore, truthful bidding weakly dominates overbidding.

Given the second stage auction outcome, we analyze the first stage auction. The incumbent’s first stage
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payoff as a function of its first stage bid, given the entrant’s first and second stage bids bg1 and bgo is

Cr

cr (1 - M) + 0mra(bra = 1bge) if e;byy > max[cgbp, R],
7 (brilber) =

(571'[2([)[2 = 1|bE2) if C[b[1 < max[chEl,R],

where the second stage payoff mr2(bra = 1|bpa = 1) reflects the advertisers’ rational anticipation of

truthful bidding equilibrium in the second stage auction.

Since the incumbent’s second stage payoff is the same regardless of the outcome of the first stage
auction, it is immaterial when the incumbent determines its Stage 1 bid. Therefore, by the same
reasoning as above, we can show that a weakly dominant strategy in Stage 1 is also truthful bidding.
The weak dominance of truthful bidding strategy for the entrant can be shown in a similar manner and

is omitted.

Finally, consider the publisher’s revenue. In any stage, the publisher receives ¢; (max[cg, R]/cr) if the
incumbent wins, and cg (¢;/cg) if the entrant wins. The publisher receives nothing if both advertisers’

effective bids are below the reserve price. The result follows. |

A.2 Proof of Lemma [1

Proof. Since the weak dominance argument of truthful bidding in Stage 2 under full information in
Proposition [1| does not rest on any assumption regarding an advertiser’s knowledge of its competitor’s

CTR, the truthful bidding result is preserved under incomplete information. |

A.3 Proof of Lemma 2l

Proof. Consider the incumbent’s payoff. If the incumbent wins the first stage auction, then it pays
max|[pupbpi, R]/cr and the entrant’s CTR remains unknown. Thus, in the second stage auction, where
both advertisers bid truthfully, the incumbent’s payoff is ¢; (1 — uE/CI)+. On the other hand, if the
incumbent does not win in Stage 1, then its Stage 1 payoff is zero; however, it has a chance of winning
in Stage 2 in the event that cg turns out to be very low. Specifically, its second stage payoff conditional

on losing the first stage auction is fol c¢r (1 — max|cg, R]/er)™ dFg. In sum, the incumbent’s payoff as a
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function of its bid is

p
+
cr <1 _ %w) + dcy (1 — %) if efbyy > max[uEbEl,R],
E[ﬂ' } — 1 _ max|[cg,R)| + .
1 5[0 cr (1 - =522 dFg if crby1 < max[ugbgy, R] and pupbgp; > R,
+
dcr (1 — %) if erbp < max[uEbEl, R] and ,UEbEl < R.

Suppose ppbg < R. Any effective bid above R yields payoff ¢; — R+6 (¢; — pg) ™', which is greater than
the payoff of any other effective bid less than R: 0 (¢; — p E)+. Therefore, any effective bid greater than R
weakly dominates for upbp < R; in particular, if c;+46 ((01 —up)t — fol (c; — max[cp, R])+ dFE) > R,
then a weakly dominant is b; such that c;jb; = ¢; + 6 ((01 —up)t — fol (c; — max(cp, R])" dFE>.
On the other hand, if ugbg > R, then a weakly dominant bid must satisfy c¢; + d(c; — pp)t —
.

crtby = 6(cr— pgp Therefore, for any pupbp, a weakly dominant first stage bid is b7, = 1 +

5 ((cl —up)t - fOCI ¢y — max|cg, R] dFE).

Ccr

Next, consider the entrant’s payoff. If the entrant wins in Stage 1, then it pays max[c;bs1, R]/puE
and the entrant’s CTR becomes learned. Therefore, in Stage 2, the entrant’s expected payoff is
fol cp (11— cI/cE)Jr dFg. On the other hand, if the entrant does not win in Stage 1, then its Stage 1
payoff is zero and its CTR remains unknown. However, it still has a chance of winning in Stage 2 when
the incumbent’s CTR is sufficiently low. Specifically, the entrant’s second stage payoff conditional on

losing the first stage auction is cg (1 — cI/uE)+. In sum, the entrant’s payoff as a function of its bid is

max|crbr1,R] 1 cr .
peE 1 — maxieroin ) 5fc cpll-— o dFg if NEbEl > max[chH,R],
E[rg] = ( e ) ! ( E> (A.1)

+
Siig ( _ /%E) if ppbp1 < max|crbyy, R).

Therefore, a weakly dominant first stage bid for the entrant is b, = l—i—”% (fcll cg —crdFg — (up — C])+).
[ |

A.4 Proof of Proposition

We first prove two intermediary results which will be used for the proof.

Claim 1. Suppose a differentiable function f(x) is single-peaked on the interval [a,b] (i.e., there exists

some & € (a,b) such that f'(x) > 0 for all z < & and f'(x) <0 for all x > &) and f(a) < 0 < f(b).
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Then there exists a pair 1 < Ty in (a,b) such that (1) f(x) <0 for all x € [a, 1), (i) f(z) =0 for all

x € [Z1,T2], and (i) f(x) >0 for all v € (T2,b].

Proof of Claim[]. By the Intermediate Value Theorem (IVT), there must exist at least one root in
the interval (a,b). From the set of roots (which could be a singleton), let #; be the smallest; i.e.,
Z1 = min{z € (a,b) : f(x) = 0}. By definition, we have f(z) < 0 for all x € [a,Z;). Next, let
Zo = min{x € [Z1,b0) : f'(x) > 0}. The existence of Z9 is guaranteed by f(b) > 0 and continuity of
f(z). Then f(z) =0 for all z € [Z1,Z2]. To see this, suppose to the contrary that either f(x) < 0 or
f(z) > 0 for some 2’ € [, T2]. In the first case, single-peakedness implies f(z) < 0 for all x > 2/, which

contradicts f(b) > 0. In the second case, continuity of f(x) implies that there exists some z” € [Z1,2’)

such that f/(x) > 0. This contradicts the definition of Zs.

Finally, f(x) > 0 for all x € (Z2,b]. For otherwise, if f(x) < 0 for some = € (Z2,b], then it must be
that f(z) had crossed the z-axis from above for some " € (Z2,b]; but then, single-peakedness implies

f(z) <0 for all z > z”, which again contradicts f(b) > 0. This completes the proof. [

Claim 2. If Fg is continuous, then % fc1, — %dFE = C% fc1, cp dFg.
I

Proof of Claim[3. At ¢; = 1, we have B%I f011 1 - ZdFp = C(,%() =0= ﬁff cg dFg. Next, suppose

¢y €10,1). Then 8%1 fclj 1 — ¢£ dFp is equal to

1 1 1 1 1 cr+e
lim</ 1- E dFE—/l—CEdFE>:11m</ CEdFE—/ 1—CEdFE>.
e—=0 € crte cr+e er Ccy e—0 crte C[(C] + E) € Je; Ccr

(A.2)

The limit operator can be distributed inside the bracket because the limit values of the summands
. 1 1

converge. For the first summand, lim._,q fc1+s ﬁ dFp = éfcl cg dFg. On the other hand, the

second summand converges to zero. To see this, note that the right limit (i.e., ¢ — 0T) of the second

summand is “squeezed” from below and above by values which converge to zero:

1 cr+te 1 cr+e 1 cr+e
/ 1—CI+€dFE§/ 1—CEdFE§/ 1- L gFg. (A.3)
€ Je, cr € Je, cr 1) cr cr

The left-most term of 1} simplifies to — fccjﬁa % dFp = —%(F(cl + ¢) — F(cr)), which vanishes

to zero as € — 07 due to right-continuity of Fz. The right-most term also vanishes to zero because
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the term inside the integral is zero. Similarly, the left limit (i.e., ¢ — 07) can be shown to converge

to zero by bounding the integral from below and above and then invoking the continuity assumption.

. 1 . 1
Therefore, (A.2]) = lim._,q ch_E ﬁ dFg — lim._, % fchIJrE 1— Cc—f dFp = é fCI cg dFE. [

Proof of Proposition[d Consider the incumbent’s bid. Whether the bid is below or above valuation

Cr

depends on the sign of = w2) " ppr) (1= 2) = L (1— ) dFp. 0 < e < R
epends on the sign of g(c;) = (1 -£2) —Fp(R)(1-2) - Jp(1— = o <ecr <R,
then g(cy) = 0, so the incumbent bids truthfully. If R < ¢; < ug, then g(c;) = —Fg(R) (1 - E) -

Ccr

f}? 1-— CC—’;J dFg. And since 0 < P{cg < R}, we have g(cr) < 0, which means that the incumbent bids

below valuation. Finally, if up < ¢y <1, then

gler) = <1 - “E> — Fu(R) (1 - R) _ /CI 1 — Eqp,. (A.4)

cr Ccr R Ccr

We will show that (A.4]) satisfies the properties of Claim [l thereby proving that there exists a pair of

thresholds ¢; < é in (ug, 1) that satisfies the properties stated in the proposition.

(i) Differentiability

R Cr
g’(c,):a<1—“E—/ 1—RdFE—/ 1—CEdFE>
Jcy cr 0 cr R cr

1 [t 0 1 CE
:—2/ maX[R—CE,O]dFE—i-/ 1_7dFE ('.'R<c;)
ct Jo dcr J, cr
1t 1!
=—— maX[R—cE,O] dFg + 2/ cep dFg, (A5)
€1 Jo €T Jeg

where the last equality follows from Claim [2| Since the derivative is well-defined for all ¢; € (0, 1),

we conclude that g(cy) is differentiable.

(ii) Single-peakedness
From , it follows that the sign of ¢’(cr) is equal to the sign of h(cy) = fclI cpdFg _fol max|[R—
cp,0]dFg. At cr = O h is positive because fc11 cpdFy — fol max[R —cp, 0] dFg = f01+ cpdFp —
Ji max[R — ¢g,01dFp = [ cp — max[R — cg,01dFg > [)cp — RdFp = pp — R > 0. At
c; = 1, h is negative because fclj cp dFp — fol max[R — cp,0]dFp = fll cgdFg — fol max[R —
cg,0ldFp = — fol max|[R — cg, 0] dFg < 0. Finally, h(cs) is non-increasing because for any ¢ > 0,

h(cr +6) — h(er) = fCIIJr(;CEdFE — fclj cpdFg = fCIIH;CEdFE — fCIIJr(;CEdFE — fci1+5cEdFE =

33We evaluate at the right-limit 0" because g’(cf) is undefined at ¢y = 0.
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— chII+6 Cg dFE < 0.

In total, since h(cy) is non-increasing in [0, 1], A(0") > 0, and h(1) < 0, by the IVT, there exists a
& € (0,1) such that h(cr) > 0 for all ¢; < ¢ and h(cy) <0 for all ¢; > €. By the sign equivalence,

we have ¢'(cy) > 0 for all ¢; < € and ¢'(¢y) <0 for all ¢; > €.

(iii) Endpoint values
We have g(ug) = —Fg(R) (1 - #%) —[R" (1 — %) dFg <0andg(1) =1—pug—Fg(R) (1 — R)—
Jil—epdFp=1—pp— ['1 - RdFp — [}1—cpdFp = [['R—cpdFp > 0.

Therefore, g(cy) satisfies the properties of Claim (I} which implies that there exists a pair ¢; < é in
(g, 1) such that g(cy) < 0 for all ¢; € (ug,¢1), g(cr) = 0 for all ¢; € [¢1,¢2], and g(cy) > 0 for
all ¢ € (é2,1]. This, in turn, implies that the incumbent bids below valuation, truthfully, and above

valuation for ¢; € (ug,é1], ¢r € [¢1,¢], and ¢f € (é2, 1], respectively.

CI

Second, consider the entrant’s bid b}, (c;) = 1 + /%E (fl (cg —ecr)dFg — (B — cI)Jr). Whether the
entrant bids below or above valuation depends on the sign of k(cy) = f01[ (cg —cp)dFg — (up —cp)T. If
ue < cr, then k(cr) = fcll cg — ¢y dFg > 0, where the inequality holds with equality only if ¢; = 1. If
pe > cr, then k(cr) = fcl, (cg —cr) dFp—(up —cn)" = [} cg —crdFp— [ cp—crdFp — (up — cr) =

— fgl cg — cydFg > 0. This completes the proof. [ |

A.5 Proof of Proposition

Proof. First, we will show that there exists a unique ¢ € (ug, 1) such that the entrant wins the first stage
auction for ¢; < ¢, and the incumbent wins otherwise. To that end, consider the difference in effective
bids D4(cr) = erbjy(cr)—prby (cr). fer < R, then Da(cr) = ci—pp+9 (,uE —R- fé CE — RdFE> =
cr — pg + 90 (fol cg — RdFg — fécE - RdFE) = —(ug —c1) — 5f0RR — cpdFg < 0. Therefore, the
entrant wins the first stage auction for all ¢; < R. Note that the entrant also beats the reserve price

because bj; (cr) > 1 (cf. Lemma[2) and pp > R.

If R< ¢y < pg, then Da(cr) = cI—,uE—chcll cg—crdFg+4 (cl — puE — fol (cr — max[cE,R])+ dFE> <

0. Therefore, the entrant wins the first stage auction in this interval as well.

Finally, if up < ¢y <1, then Dy(cr) = (1 +(5)(C[*;LE)7(Sf61[ CE—C dFEf(SfO1 (c; — maX[CE,R])jL dFg.
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Thus, D’y(cr) =1+ 6(1 — Fr(cr)) + 9 (1 - é% fol (c; — max[cp, R]))T dFE), which simplifies to

14+6(1 = Fg(er))+6(1—1) if ¢ > max[cg, R,
> 0.

1+ (5(1 — FE(C[)) —{—5(1 — O) if ¢ < max[cE,R],

Therefore, D4(cy) is strictly increasing in the interval [ug, 1]. Combined with the fact that Da(ug) =
- f:E CE—UE dFE—(Sf (,U,E — max[cE, RD+ dFE < 0 and DA(l) = 1—,U,E—|-(5 (1 — UE — f 1-— max[cE,R] dFE) =
1 — pp + 6 [ maxcg, R] — cp dFg > 0, we have, by the IVT, a unique ¢ € (g, 1) such that D4(cr) <0
for all ¢y < ¢ and Dy(cy) > 0 for all ¢; > ¢. More generally, combining the results from the intervals

above yield that the entrant wins the first stage bid for all ¢; < ¢ and the incumbent wins for all ¢; > ¢.

Next, we characterize the publisher’s expected payoff when it knows the entrant’s CTR before the auc-
tions take place. If the entrant’s CTR is known, then advertisers bid truthfully in each round. Therefore,
the publisher’s total expected revenue under full information is E[x5] = (1+6) ( fcll cr dFg + [y max[cg, R] dF, E) .
On the other hand, if cg is a priori unknown to all players and is revealed only if the entrant wins an

auction, then the publisher’s expected revenue is

pEbyy + 0 max(min(cr, pgl, R] if erby, > pEbly,

E[rp] = (A.6)
maX[C]b?l, R] +4 (fnlm mdFg + fom max[cE, R]H{CIZmax[cE,R}} dFE> if C[b?l < ,UEb*El

Next, define the difference Dy (cs) = E[rp] — E[r5]. The set of ¢; for which D, (cs) > 0 corresponds to

the region where the publisher’s revenue is higher when it does not know cg than when it does.

If R < ¢r < pp, then Dy(cr) = max [cl — 5f001 cr — max|cg, R|dFg, R} —(focl max[cg, R| dFg + fcll cr dFE>,

which is positive if and only if

cr 1 R cr R
C[—/ CEdFE—/ C]dFE—/ RdFE—(5</ C]—CEdFE+/ C]—RdFE>>O.
R cr 0 R 0

But the expression on the left-hand side is 0 at ¢; = R, and its derivative with respect to ¢y is (1 —
0)Fg(cr). This implies that if 6 < 1, then D (cy) > 0 for all R < ¢; < pp, and if § > 1, then D (cr) <0

forall R < c¢r < ug.
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If ugp < ¢y < ¢, then

Cr Cr 1
D, (cr) = max [cl 44 <cl — Up — / cr — max[cg, R| dFE> ,R] — </ max|cg, R] dFg +/ cr dFE> ,
0 0 Cr

which is positive if and only if

cr 1 R cr R
C[—/ CEdFE—/ C]dFE—/ RdFE+5<C]—ME—/ C]—CEdFE—/ C[—RdFE>>O.
R cr 0 R 0

Now, the expression on the left-hand side is strictly increasing in c¢; because %LHS = Fg(er)+0(1 —
Fg(cr)) > 0. Furthermore, the difference is negative and positive at ¢; = R and ¢; = 1, respectively:
Dy(R) = 6(R—pg) < Oand Dr(1) = 1— [} cp dFp— [ RdFg+5 (1 — g — [ cpdFg — [F1- RdFE> -
1-— fol max|cg, R| dFg + 6f01 max[cg, R] — cg dFp > 0. Therefore, by the IVT, there exists a unique
¢1 € (r,1) such that Dr(cr) < 0 for all ¢; € (R,¢1) and Dx(cy) > 0 for all ¢; € (¢1,1). However, the

interval in question here is (g, ¢), so we re-define the threshold as ¢ = max|pp, min[é, é]].

Finally, if ¢ < ¢; < 1, then the incumbent wins the first stage auction and the difference in payoffs

between the uncertain and full information cases is

R Ccr 1 1
D,r(C[):(lﬂ-(;) (;LE—(/ RdFE+/ CEdFE+/ C[dFE>>+5/ cg —crdFg.
0 R cr cr

Similarly as above, we invoke the IVT to prove the unique existence of a root. We have D/ (cr) =

—(1+26)(1 — Fg(er)) <0,

R UE 1 1
DW(ILLE):(I—i-é) <,LLE—</ RdFE+/ CEdFE+/ ,LLEdFE)>+(5/ cg — updFg
0 R KE LE

1

HE R
=(149) (/ ,uE—CEdFE—I-/ ,uE—RdFE>~|—5 cg — ppdFg >0,
R 0 KE

and D, (1) = (1+9) (HE - fé cpdFg — fORRdFE> = (1+0) fOR cg—RdFg < 0. Therefore, by the IVT,
there exists a unique é; € (ug, 1) such that D (cy) > 0 for all ¢; € (ug, é2) and Dy(cy) < 0 for all ¢; €
(C2,1). However, the interval in question here is [¢, 1], so we bound the threshold as ¢ = max|[é, ¢a].

Putting together all the sets for which D, > 0 yields the result. |
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A.6 Proof of Lemma [3

Proof. The Stage 2 optimal mechanism, (Q3, M5), can be obtained by directly applying Myerson’s

Lemma (Myerson, [1981) and is omitted. We solve for the Stage 1 optimal mechanism.

First, we introduce notations. For j € {I,E}, let U;(z;1) denote advertiser j’s Stage 1 utility (in
particular, accounting for expected Stage 2 utility as well) under a generic mechanism (Q1, M7), when
advertiser j’s type draw in Stage 1 is x;1 € [%j,ﬁj + %j . That is, under (Q1, M), if advertiser j’s
type draw is x;1 and advertiser k’s is xj1, then advertiser j wins the ad slot in Stage 1 with proba-
bility @Q;1(xj1,xk1) and pays (per-click) Mji(z;1,zx1). The distribution of advertiser j’s type follows
Hj(z;1) = G, (l‘jl — %j). To facilitate exposition, we slightly abuse notation and write the publisher’s
Stage 2 estimate of entrant’s CTR (which is cg if the publisher learns it in Stage 2 and pg otherwise)
as cg. Let qr(z7) = f(?E Qr1(z1,zE1) dHE be the probability that incumbent believes incumbent will
win if it bids z7, ¢k, (21) = f(? ¥ QEpi1(z1,xp1) dHE the probability that incumbent believes entrant will
win if it bids 27, and q]]j:l (zp) = fom Qp1(zr1, 2g) dH the probability that entrant believes entrant will
win if it bids zg, where Hj(z;1) = G; <mj1 — &>

Cj

We will derive expressions for the expected payments from the advertisers to the publisher under the
generic (@1, M7), which is incentive compatible (IC) and individually rational (IR), and then solve for

the publisher’s problem of optimizing (Q1, Mj).

We have
1
Un(zn) = qn(zn) (CISEH + 5/ Tr2(cE) dFE> (incumbent wins)
0
1
+qp ()8 <0 +/ mr2(ck) dFE) (entrant wins)
0
+(1—qn(zn) — qpi(zn)) (0 + 612 (pp)) (nobody wins)
—crmn(zn)
= qn(zn)(cren — 6A1) — qiy (x1)0Ar + 67r2(pe) — crmn () (A7)
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and

Upi(zp) = a1 (zp1) (npTE1 + 0mE2(1iE)) (entrant wins)
+ (1= g1 (221)) (0 + 0mga(pp)) (otherwise)
— pemp1(TE1)
= g1 (zp1)ppTE + 672 (E) — pEME (TE1). (A.8)

Next, we re-write these profit expressions using IC and IR conditions.

Claim 3. If (Q1, M) is IC, then U} (zj1) = cjqji(zj1) for j € {1, E}ﬁ

Thus, we can write

5A; a
Uji(zj1) = U; (C]]> +/5Aj cjqj1(t;) dt;. (A.9)

€

Combining equations (A.7)), (A.8), and (A.9)), we obtain

5A Trri
crmp(zn) = qn(zn)(eren — A7) — gy (xn)0Ar + Srmre(ur) — Un <CII> — /mf crqn(tr) dtr
Tep
(A.10)
and
. SAL ep1
pemei(ze1) = qg1(@p1)pErEl + 0mE2(E) — UR1 n ) Joa ceqei(te)dtg.  (A.11)
np

We can simplify Ujq (%j) by invoking IR. From (A.7)) and (A.8]), we have Uy (‘SCAII> = —qk, (521) 0AT+
omre(pug) —crmp (%) and Ugy <5MA—EE) = qgl (%—EE) 0AE + ompo(puE) — pEme (if‘—;) Substitution

of these values into (A.10) and (A.11)) implies that the payment function M; enters the publisher’s

objective function only as mj; (%) for j € {I,E}. And since the objective function increases in
J

mj1 (6Aj >, the optimal mechanism M; will be such that m;;(0) is set as high as IR permits.

Cj
To satisfy IR, we must have Uji(xj1) > Ujg for all =1, where Ujo represents the value of advertiser j’s

outside option. But from Claim |3, we have that Uj; is increasing; therefore, the IR condition simplifies

to Ujp (%J) > Ujo under IC. Thus, under the optimal mechanism, m; (64]' ) will be set such that

Cj

34The proof of Claim [3| can be found at the end of this section.
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0A;
Cj

IR binds: Uj; ( ) = Ujo. More explicitly, the outside options for the incumbent and the entrant,

respectively, can be written as

Upp = qué/ﬂ'[Q(CE) dFg + (1 — qE{) 571'[2(,ME) = 577'[2(/~LE) — qE{(SA] (A.l?)

Ugo = dmma(pE) (A.13)

where qE{ = f B QE{ (xg1) dHE is the probability the publisher allocates the ad slot to the entrant

when the entrant is the only bidder.

Substituting these outside option values, (A.12)) and (A.13]), into (A.10) and (A.11)) yields

Zr1

crmn(zn) = qn(zn)(cren — 0rAr) + (fJE{ - Q{ﬂ(xll)) A1 — /

SrAr
er

crqn (tr) dtr, (A.14)

TE1
pEme (ze1) = ap (TE1) T —/ 1pqp (te) dip. (A.15)
0

Finally, the publisher’s objective function can be written as the sum of (i) the expected payments in
Stage 1 from the advertisers, and (ii) expected profits in Stage 2 under (Q3, M5) (which are contingent

on Stage 1 outcome):

V(Q1, M) = // <Q11(9611,96E1)01 (3611 _ 941 1- Hi(zn) + iﬂpz(/@))

cr hi(zr)
0A 1— Hg(x 1)
+ Qp1(zn, zp1)pe (wEl - —I- £(@e) +— /WPQ(CE)dFE>
UE he(ze) HE

+ (1 =Qn(zr,zr) — Qei(zrn, zE1)) 57TP2(ME)) + Qpi (xE1)0A] dG,

This simplifies to

V@) = [[ (Qntenemer (an - 200 - L)

cr hi(zn)

0A; 1-Hg(zp) 06 >> (4.16)

+2A
UE he(zgr) pp

+ QEei(zr1, 2E1)1E (96151 -
+ Qpl (21)0A1 dG + S7po ().

The optimal @] corresponds to the allocation rule that chooses the maximal coefficients of Q71 and
Q g1, provided they are positive, for any given xj; and zg1. Finally, applying the fact that a mechanism

is invariant to positive affine transformations of “virtual valuations” yields the results. |
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Proof of Claim[3 . Consider the incumbent’s Stage 1 expected utility when it bids zj; given a type draw

ofxr: Un(znlen) = qn(zn)(cm:[l—5A1)—qél(zn)éAH—émg(uE)—cImH(zn). For any ¢, IC implies

Un(@ntelzn+e)-Un(znlen) o Un(entelente)=Un(zntelrn)
€ - €

(znitelzri+e)-Uni(znlern)
g

= qri(xr1+e)er and Un

Uni(zrilzni+e)-Un(znlen)
- = qn(zr1)cr. As the lower and upper bounds converge to qri(x)cr as € — 0,

we obtain the desired result. The entrant’s result can be derived analogously and is omitted. |

A.7 Proof of Proposition

Proof. The entrant overbids if and only if Ag > 0; i.e., the entrant earns a higher Stage 2 profit
if the publisher learns its CTR. It suffices to show that the entrant’s Stage 2 profit is convex in its
true CTR, for then Jensen’s inequality would imply the desired result. To that end, consider the
entrant’s Stage 2 profit when the pubhsher assigns it its true CTR: wga(cp) fo Ug(zg|cg) dGE =
JoF er JoF din(te)gp(te) die dGE = [;” cahy(te)(1-GE(tr)) dGE(te) = Ry, o el epon(araonlent (1—
Gg(xg)) dGrdGE, where R}, = inf {b >0:b— =Ge0) > 0}, Ifey is the indicator function which is

95 (b)
equal to 1 if £ is true, and 0 otherwise, and x(x7,xp|cr) = c1 <x1 — LI(II)) /(mE — M) Since

gr(zxr) ge(rE1)

x is independent of cg, we obtain that for any given x; and z g, CEH{CE>§($17 M is convex in cg. And

TE|cr

since any linear combination with positive weights of convex functions is also convex, we conclude that

mp2(cg) is convex in cg. This proves the entrant’s result.

Next, we turn to the incumbent. We will work with the following subgradient argument:

Claim 4. Let E[X] = u. If a function f(x) that is differentiable at x = p satisfies f(x) > f'(p)(x —
w) + f(p) = fz) for all z, then E[f(X)] = f (E[X]).

This follows immediately from E[f(X)] = E[f'(u)(X — p) + f(w)] = f'(WE[X — pl + f(1) = f(n).

The incumbent’s Stage 2 profit when the publisher assigns cp is 7r2(cg) fo Ur(zrlep,cr) dGr =
q t] qr t] dt[ dGr = ch 1‘[ 1 — Gy(xy)) dGy, which simplifies to
12 12
Jit, er(1 = Grlwn)z (8220 ) 4G, if 9% < e,

CEvE

CEVE
cr

fRy:( ) crf(1-Gr(zn))z (Ln(m) dGr + fUI '

) 01(1 - G[(SC[)) dG; otherwise,

where z(y) = Gg (ngl(y)) and n;(z) =z — 1;]%3()@ for j € {I, E'}.
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E

Suppose ¢y < UE“E such that at 772 (ug) fR* cr(1-Gy(zy))z (%@’)) dGrand )y (ug) = flgi cr(1—
12

Gy(xy))7 (Cm’(“)) (— Cm}jz(x[)) dGr. By Clalml, it suffices to show that

wE 2
nr2(cr) > wh(ue)(ce — pE) + 7r2(ug) for all cg. (A.17)

Note that z(-) < 1, which implies that

N s 101~ o) G > [ ()11~ ) ()

CE

for all cg. Therefore, a sufficient condition for (A.17) is that for all ¢,

J " (1-Gilan): <””(””)> iG> [ (=Gi(an) ( <1m(m> <_m12(m> s aa)

R}, CE R}, HE HE
B (CWW» 4G,
HE

Finally, a sufficient condition for (A.18) is that [2! (1 —G(zr))z (%ﬁ) dG7 be convex in cg for all
12

cg. The convexity condition simplifies to

03
/R* (1 - Gy(z1))2" <C”7ég”)) dG; > 0 for all cp. (A.19)
12

Note that 2 (Léx’)) = P{cene(zg) < e¢mi(xr)}, which is the probability that the entrant’s valuation
draw is such that the incumbent wins in Stage 2. This probability can be easily verified to be decreasing
in cg. Now, condition can be interpreted as this probability being “sufficiently convex” for all
x7. This is equivalent to the condition that the rate of decline of the incumbent’s winning probability

in ¢ be sufficiently low.

Finally, the sufficient condition for overbidding around the neighborhood of ¢; = 1 follows immediately

from Claim 4| and the continuity of mr2(cg) with respect to c;:
m12(cp) < mpo(pr)(cE — pp) + 1r2(uE) (A.20)

This means that the incumbent’s Stage 2 profit when cg turns out to be high is considerably low; i.e.,
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the risk of revealing the entrant’s CTR is highﬂ |

A.8 Proof of Proposition

Proof. Let RE be the entrant’s reserve price under full information. REL satisfies

r 1-Gg(Rp)
= (A.21)

When the publisher does not know the entrant’s CTR, the optimal reserve price Rp satisfies

5
Rp — P/ — Z(Ar— Ap).
gE(RE — (SMATE) UE

1—GE(RE—5A7E)

Now Assumption [I] implies that for all R,

OA
_1GE<RMEE)< 1-Gg(R)
gu(R - 22£) g9u(R)

Therefore, the condition Rp < Rg is equivalent to

F _ 6Ag
~(A;— Ap) < RE — < “E)

1E gr(RE — 22E)

(A.22)

Using (A.21]), the right-hand side simplifies to

F [YAN
Ganpy 1o (- 52)

9e(RE) 9B(R —°02)

which is negative by Assumption Labeling this negative object as —p simplifies (A.22) to Ap >

A[—l-%. |

35Numerical analyses suggest that conditions (A.19) and (A.20) are satisfied for a large class of valuation distributions
G;. For instance, if Gg(zg) = g, condition (A.19)) holds for any Gy, and condition (A.20) holds for G that is relatively
skewed to the left; i.e., the incumbent is “strong” in the sense that it is likely to have high valuation (see Figure . This

3
includes the “power distributions” Gr(zr) = (i;) for all o7 > 3/2.
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A.9 Proof of Proposition [6]

Consider the entrant’s payoff:

ap —max(by, R +6 [, ap —ardF if bg > max(by, R],
TR =

O+5(&E—a1)+ if bE S max[bI,R].

The entrant’s weakly dominant bid is b, = ag+46 (fol(aE —ap)tdF — (ap — a1)+>. Since (ag—ay)* is
convex in ag, Jensen’s inequality implies that fol(aE —ap)tdF — (ag —ay)t > 0; therefore, the entrant

bids above its average Stage 1 per-impression valuation, ag.

Finally, consider the incumbent’s payoff:

al—bE+6(a1—dE)+ if b[ Zmax[bE,R],
T =140+ 5f01(a1 — max|ag, R|)" dF if by < max[bg, R|,bp > R, (A.23)
O+(5(a1—dE)+ if by <max[bE,R],bE < R.

Following the reasoning from the proof of Lemma [2] in Section we obtain that the incumbent’s

weakly dominant bid is

T=ar+9 ((a[ —ap)t - /01((1[ - max[aE,R]ﬁdF) ) (A.24)

First, note that if a; < ag, then b} = aI—dfol(aI—maX[aE, R))* dF < ay; i.e., the incumbent underbids

for low a;. Second, consider a; > agr. We have that b7 is strictly increasing in ay in this region because

b = 2 (ar+6 (ar —ap — f; (a1 — max{ap, R dF) ) = 1+5(1 = Far)) > 0.

Finally, b} > a; at a;j = 1, because 3(bj — a;) is equal to (1 — ag) — fol(l — max|ag, R])t dF =
1—ap— [ 1-RdF— [} 1—apdF = 1—<f0R 1+ ap— RAF + (1 — F(R))) = F(R)— [ 1+ap—RdF >
F(R) -1+ R- R)F(R) = 0. In sum, b} is less than a; at a; = ag, greater than ay at a; = 1, and
strictly increasing in aj. Therefore, by the Intermediate Value Theorem, there exists a unique root

a € (ag, 1) such that b7 < ay for all a; < @, and b} > ay for all a; > a.
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A.10 Proof of Proposition [7]

We start by deriving the entrant’s weakly dominant bid. Consider the entrant’s payoff in Stage 1:

o (1= 0Ll 6 [ ([ ep — e dFg) dFy if pugbe > Erbr,

TR =
0406 [M(us — i) dF; if b < Erby,

where ¢; is a random variable which follows F;. Even if the entrant does not know the realization of

1, its weakly dominant bid is

1

) 1
*E =14 — </ (CE — C[)Jr dFE> — (NE - CI)Jr dF7. (A25)
HKE JR 0

And since (cg — ¢r)* is convex in cg for all realizations of ¢;, Jensen’s inequality implies that fol (cg —

cr)tdFg — (pg —cr)t > 0 for all ¢;. Hence, b}, > 1; i.e., the entrant overbids.

A.11 Proof of Proposition

Proof. Following the argument in the main model, whether the incumbent bids below or above valua-
tion depends on the sign of [ _, <(01 — max|ug, R])T — fol(cI — max[cg, R])" de> dP(z). But we have
shown in the main model that for any distribution F, of cg, there exists a pair of thresholds (¢ (x), é2(z))
such that the incumbent underbids for all ¢; < é(z) and overbids for all ¢; > éa(x) (see proof of Propo-
sition [2|in Section . It follows that the integral above is negative for all ¢; < ¢ = inf,cx ¢ () and

positive for all ¢; > @ = sup,cy ¢2(x). This completes the proof. [ |

A.12 Proof of Proposition [9]
Proof. From (A.1]), we have

ME<1_M)+5 1CE( _CcT;)dFEJra if by > maxlerbr Rl

E[WE] _ P«i Ccr HE
o (1- ) if by < melerbi
. s 1
Thus, a weakly dominant Stage 1 bid is b} (a) =1+ M% (fCI cp —crdFg — (up — cl)+) + L%E [ |
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A.13 Proof of Proposition

Proof. First, we establish that from the publisher’s profit perspective, offering ad credit « is equivalent

to artificially increasing the entrant’s effective bid by «.

Consider the latter mechanism. The Stage 2 outcomes are identical for both cases. In Stage 1, the
advertisers’ weakly dominants can be easily verified to be the same as the main model; i.e., the entrant
bids b7;; as in and the incumbent bids b7, as in . Note that this implies that the effective bids
are the same as the former mechanism where the publisher gives free ad credit « if the entrant wins.
To see this, under the former mechanism, the entrant’s effective bid is ppbjy, (a) as in (5.1). But from
, we have ugbjy, (o) = ppbj, + o, which is equivalent to entrant’s effective bid under the artificial
additive boosting mechanism. The incumbent’s effective bids are trivially the same. Therefore, the

mechanisms have the same allocation rule.

Moreover, the payoffs of the two mechanisms are identical. If the incumbent wins in Stage 1, the
publisher’s Stage 1 profit is ugb},; + « in both cases, and if the entrant wins, it is max[c;b};] — « in

both cases. In sum, the two mechanism yield the same profit for the publisher.

Now, consider the boosting multiplier 5. For any given additive term «, if the publisher sets f(a) =
1+ ﬁ, then the advertisers’ effective bids are the same as in the mechanism wherein the publisher
1

adds « to the entrant’s effective bid. Therefore, the two mechanisms have the same allocation rule.

Furthermore, note that the advertisers’ bids are the same for both mechanisms: the incumbent (entrant)
bids b}, (b};;). This means that both mechanisms can be cast as a “direct mechanism” where advertisers
bid their true “type.” Therefore, by the Revenue Equivalence principle (Myerson, [1981), the two

mechanisms yield the same expected profit up to a constant. |

A.14 Proof of Proposition

Proof. From the derivation of the LREF Stage 1 bids (see Section of the online appendix), we see

that an important condition that shapes the outcome of the auction is

6 (Blrs] — (Elx?] - Elr]) ) < 0(ci — up)- (A.26)
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We can write this condition in terms of the reserve price R. First, note that E[xl] = [/ 6(cg—¢;) dFp+

i

Second,

fCCI(CE —¢g) 4+ 0(cr — ¢;) dFg is independent of R, and

1

E[x%] — B[r] = er — pp — /0 (ci — max[ep, R))* dFy

1 1
= / c; —cpdFp — / (c; — max[cE,R])+ dFg
0 0

R 1
= / R—CEdFE—/ Cp — C; dFE. (A.27)
0 Ci

since 1) is strictly increasing in R, we obtain that (j is equivalent to R > R, where R

solves & (E[WZE] — (E[TFQ] - E[ﬂf])) =0(c; — ug).

Case 1:

Case 2:

7

Suppose ug < ¢; < cy. Following the derivation of LREF bids in Section |[OA2.2| if R > R,
then the LREF equilibrium is [/,%,e] and the entrant bids b};(6) = 1 + WLE]E[WlE]. Therefore,

b5 (0) > b}3,(0) for all 6 > 0. For the weak incumbent, we obtain b(6) = 1 — 6 + fup b (0);

Cq

therefore b}(0) > b7(0) for all 6 > 0.

If R < R, then the LREF equilibrium is [I, E,d] and b3;(5) = 1 — 0 + ;& max[c;b;(6), R]
+

and b} (6) = (1 + 9%1 (E[x] — E[Tiﬂ)) . To determine whether the advertisers bid below or

K3 (2

above their learning-free benchmarks, we need to determine the sign of E[r)] — E[r!]. Since

(i) > 0, (ii) (4.27) = — [ g — c;dFp < 0 at R =0, and (iii) (4.27) = ¢; — pp > 0

at R = ¢;, there exists a unique R € (0,¢;) such that E[x?] — E[z!] < 0 for all R < R and
E[x9] — E[x}] > 0 for all R > R. Thus, R < R = b%,(5) < b%(0) and b?(5) < b3(0) for all § > 0;
and R > R = E[xY] — E[r}] > 0, so that b%,(8) > b%,(0) and b} (5) > b%(0) for all § > 0.

Suppose ¢; < pg < ¢;. The LREF equilibrium is [I, F, .

The EF conditions for the strong incumbent and the entrant are c¢;(1 — max|upbg, R]/cr) +
SE[rl] > Ocr(1 — max[e;b;, R]/cp) + SE[rY] <= pgpbp < (1 — 0)cr + O maxe;b;, R] and pp(1 —
max[upbp, R]/up) + 0E[ry] < Oup(l — max(eib;, Rl/up) + 0B[ry] <= ppbp > (1 —0)up +
6 max|c;b;, R]. Therefore, the entrant’s LREF bid is b},(6) =1 —6 + #% max|[c;b}, R].

The EF conditions for the the weak incumbent and the entrant are 0¢;(1 — max[c;b;, R]/ci) +
SE[rY] < 0E[rl] <= 0c; — SE[rl] < O max[e;bi, R] and Oup (1 — max|e;b;, R)/pug) + 0E[xh] >
SE[rY] <= Omax[c;bi, R] < Oup + §(E[rk] — E[r%]). Since the LREF bid binds at the lower-

bound, we have max|¢;b}, R] = ¢; — %E[ﬂ'ﬂ. Thus, R < ¢; — gE[Wﬂ =bf(0) =1—- %E[ﬂf] and
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b3(8) =10+ ;% (c; — §E[]]), such that bj(6) < bj(0) and b(8) < b} (0) for all § > 0.

On the other hand, if R > ¢; — gE[wé], then the lowest bid b; that satisfies the EF condition,
¢ — gE[Wﬁ] < max|cb;, R| < pp + g(E[ﬂE] — E[r%]), is bf = 0. In this case, the LREF bids are
bp(0)=1—-0+ uiER and b7(d) = 0, such that the bids are the same across environments with

and without learning. For this to hold for all § > 0, we must have R > ¢;.

Taken together, we can define the threshold for the reserve price R above which the stated result holds:

_ ~ ~71F
R equals min [R, R} if up < ¢, and equals ¢; otherwise. [ |

A.15 Proof of Lemma [4]

Entrant

Proof. If ug < ¢;, then the entrant clearly wants to reveal its CTR, for otherwise, it would have no
chance of winning in the Stage 2. If ¢; < ug < ¢y, then the difference between its payoffs when its CTR

is revealed and concealed is

cr 1
AlE/ H(CE—Ci)dFE—i-/ CE—C]+9(C[—Ci)dFE—e(,u,E—Ci)

Ccr

Ci Ci Ccr 1
:—/ Q(CE—Ci)dFE—i—/ Q(CE—Ci)dFE—{—/ Q(CE—Ci)dFE—I-/ CE—C[—I—H(C]—CZ')dFE
0 0 Ci

er
—0(ue — ci)

¢ ¢ cr
:—/ Q(CE—Ci)dFE—i-/ Q(CE—Ci)—H(CE—Ci)dFE—i-/ Q(CE—Ci)—H(CE—CZ')dFE
0 0 Ci
1

+/ CE—C[—FQ(C]—C@') —Q(CE—Ci)dFE

Ccr

c; 1
= /0 Q(Ci — CE) dFg +/ (1 — (9)(CE — C[) dFg > 0. (A28)

cr
Therefore, the entrant is better off revealing its CTR when ¢; < ug < c;.

Finally, if ¢; < pg, then the difference between its payoffs when its CTR is revealed and concealed is
Ay = fccif O(cp—ci) dFE—i—fClI (cg—cr)+0(cr—ci) dFg—((ug—cr)+6(cr—ci)), and differentiating Ay with
respect to 6 yields % = ci—cIJrfCiI cp—cr dFE—fCII ci—crdFp = [ ci—cr dFE+fCCiI cg—crdFg < 0.
Since Ay is decreasing in 0, it suffices to show that Ay > 0 at § = 1 to prove that Ay > 0 for all § € (0,1).

But the positivity holds at § = 1 because Aglg—1= [" cg — c; dFp + fc11 cg—cr+cr—cdFg — fol cE —
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cr+cr —crdFg = [’ ¢i — cg dFg > 0. This completes the proof. [
Incumbent with Lower CTR

Proof. First, if ug > ¢;, then it is clearly better for the incumbent with the lower CTR if the entrant’s
CTR is learned because only then does it have a chance of winning the second ad slot. Second, suppose
up < ¢;. The difference between its payoffs when the entrant’s CTR is revealed and concealed is

Az = foc" 0(ci —cg)dFEg —0(¢; — ug) = — fclz 0(c; — cg) dFE > 0. This completes the proof. |
Incumbent with Higher CTR

Proof. Suppose ug < ¢;. Then the difference between the payoffs of the incumbent with the higher
CTR when the entrant’s CTR is revealed and when it is not is Ay = Fg(c)(cr — ¢i) + foc’ 0(c; —
cg)dFg —|—fccil (ci—cp)+0(cg—c;)dFg+(1—Fg(cr))0(cr —c;) — ((cf — ¢;) + 0(c; — pug)) - Differentiating

A4 with respect to @ yields % = —¢; + foci ¢i — cpdFg + fccil cp —crdFg + fc11 cr —crdFg + ug =

1
cr

Jy ci—ce—cit+cE dFE—i-fCiI CE—Ci—Ci+CE dFE+fCII cr—c¢i—ci+cgdFg = 2[;’ cg—crdFg+ [ c—
crdF g+ f Clj cg—cy dFg > 0, where the last positivity follows from the positivity of each term in the sum
in the line before. Therefore, Ay is strictly increasing in 6. At the end points of 6, we have A4 < 0 and
Ay > 0, respectively: Aylp—o= ci—cI—I—foci cr—cy dFE—I—fCiI ci—cgpdFg = fccf Ci—CR dFE—i—fClI ci—crdFp <
0, and Aylp—1= pup — c5 + foci c; — c;dFg + fcll c; — crdFg + foci ¢ — cpdFyg + fccif c; —crdFp =
fcll cg—crdFg+ f;l cg —cr dFg > 0. Therefore, by the IVT, there exists a unique 0 € (0,1) that solves
A4(0) = 0 such that Ay < 0 for 6 < 6 and Ay > 0 for > 0. This means that the incumbent with the
higher CTR wants the entrant’s CTR to be learned if and only if the position-CTR, of the second slot

is sufficiently large.

Next, suppose ¢; < ug < ¢;. Then the difference between the payoffs of the incumbent with the higher
CTR when the entrant’s CTR is revealed and when it is not is As = Fg(c;)(cr—¢;)+ [y 0(ci—cg) dFg+

fccil(q —cg)+0(cg —¢;))dFg + (1 — Fg(er))0(cr — ¢i) — ((e1 — pg) + 0(pe — ¢;)). The difference Aj

strictly decreases with ¢; because %%15 = —1+ Fg(er) + 0(1 — Fg(er)) = —(1 — 6)(1 — Fg(er)) < 0.
Next, we examine the sign of As at the endpoints ¢; = up and ¢ = 1. At ¢; = 1, we have Ag|c,=1=
focl 1_Ci+‘9(0i_CE) dFE+fcli 1—CE+9(CE—CZ') dFE—((l—,uE)-l-Q(ME—CZ-)) = (20—1) Oci CZ'—CECZFE.

Therefore, As|c,=1 is positive if § > % and negative otherwise. And since Aj is decreasing in ¢y, we

o8



obtain As > 0 for all ¢; if 6 > %

The sign of As is only inconclusive for 6 < %, so we examine this case next. If As|c,—,,< 0 under
0 < %, then by the decreasing property of As we would obtain A5 < 0 for all ¢;. On the other hand, if
Asle;=pp> 0, then by the IVT, there would exist a unique zero ¢y such that As > 0 for all ¢; < ¢7, and

A5 < 0 for all ¢; > ¢7. We will show that the latter holds; i.e., As|e,—p,> 0:

Ci KE 1
A5|CI:HE —/ /LE—CZ‘-i-Q(Ci—CE)dFE—i-/ /LE—CE—i-H(CE—CZ')dFE-i-/ Q(ME—CZ‘)dFE
0 Ci HE
—0(pur —c;)
Cj 1
= / (29 — 1)(01' — CE) dFg +/ (1 — 9)(CE — ,uE) dFg.
0 HE

Since this is a linear function of 6, to show that As|.,—,,> 0 for all § € (O, %), it suffices to show that
As|e;=pp> 0 at the endpoints # = 0 and § = % At 0 = %, we have As|e,—pp= % :E cg — pupdFg > 0.
At 6= 0, we have A5|CI:ME(9 = O) = f,ulE Cp — /J,EdFE - focl C; — CEdFE = focl ME —CT dFE + fc!:E ME —
ce dFg > 0, where the last positivity follows from pug > ¢;. Thus, we have shown that As|.,—,,> 0 for
all 0 < % Combined with the fact that As|.,=1< 0 for 0 < %, the IVT implies the unique existence of

¢r € (up,1) such that Ay > 0 for all ¢; < é7, and Az < 0 for all ¢; > ¢;.

In summary, if ¢; < pg < ¢y, then Ajs is negative if 6 < % and ¢y > ¢y, and it is positive otherwise.
We consider the last case of ¢; < ug. The difference between the payoffs of the incumbent with the
higher CTR when the entrant’s CTR is revealed and when it is not is Ag = Fg(c;)(cr — ¢;) + foci 0(c; —
cp)dFg + fccf(cj —cg) +0(cg — ¢;)dFg + (1 — Fg(cr))0(cr — ¢;) — 0(cr — ¢;). Differentiating Ag with
respect to ¢y yields %—%16 = Fg(cr) — 0Fg(cr) = (1 —0)Fg(cr) > 0. Since Ag is increasing in ¢y, to show
Ag > 0 for all ¢, it suffices to show positivity only at the lowest value ¢; = ¢;. But if ¢; = ¢;, then Ag

simplifies to f(f *0(c; — cg) dFE, which is clearly positive. Therefore, Ag > 0 if ¢; < ug. [ |
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Online Appendix to “Learning in Online Advertising”

OA1 Extended Discussion of Ad Credit

The following proposition states the condition under which offering ad credit is profitable for the pub-

lisher.

Proposition OA1. If the probability of the incumbent’s CTR being high, P{c; > ¢} (where ¢ is defined

in the proof), is sufficiently high, then offering ad credit increases the publisher’s revenue.

Proof. We will derive a condition equivalent to %E[?Tp(a)”a:o> 0, which is a sufficient condition for

the publisher to provide positive ad credit.

First, to simplify notation, let bp = g + 0 (fc (cg —cr) dFg — (ug — C[>+), so that the entrant’s
first stage effective bid is pgby, = o + bp. Based on this, denote the terms in the publisher’s revenue
expression that are independent of o by & = bg + d max[min[cr, ug], R] and & = max[crb%,, R] +
6 (Jy" max[cg, R]dFg + (1 — Fe(cr))er). Then, we have Ip(a, ¢r) equal to o+ &1 if ¢ > min[é(a), 1],
and equal to —a + & otherwise, where ¢(«v) is the value such that c;b}, > pgby, («) for all ¢; > é(a),
and crbj; < ppby, (a) for all ¢; < é(a). Note that we can show the unique existence of such threshold
following a similar reasoning as in the first part of the proof of Proposition [3] Using these notations, we
can re-write the publisher’s revenue as follows: E[rp(a)] = f p(a,cr) dFy = [, minfé(e). ] —a+&dFT+
flin[é(a)’l] a+ & dFy. Therefore, if é(a) > 1, which occurs if and only if @« > 1 — up + 6]01 max|cg, R] —

m

cg dFg, then the derivative with respect to « is %E[TF}D( = 54 fo —a+&dFT = 80é( a)=—1. On
the other hand, if é(ar) < 1, then ZE[rp(a)] = 2 fo —a+&dF + 2 fé(a) a+ & dFy
= fr(é(a)) & (a)(—2a— & + &)+ 1 —2F] (c(a)). Rearranging terms, we obtain that %E[Trp(oz)} > 0 if
and only if
1
a< 1—ME+5/ max[cg, R] — cp dFE (OA1)
0
and
_ 20 —
Bles > ()} > L1 (E@DE (2)( a—bitta) (0A2)
Substituting o = 0, condition holds and condition simplifies as stated in the proposition with
¢ =¢(0). [ ]

An important implication of Proposition is that the publisher should consider offering ad credit if
the incumbent’s CTR is likely to be high. The reason is that if the incumbent is strong, the positive



effects associated with extraction and learning effects are large while the negative cost effect is small.
Put together, the three forces create strong incentives for the publisher to provide ad credit to new

advertisers. Next, we characterize the three effects as a function of the ad credit level.

Three Forces

First, the extraction effect is defined as the expected increase in the publisher’s Stage 1 payoftf due to
the ad credit when the incumbent wins: f;(uEb*El(a) — NEb*El(0))]1{@,1;;12#,5%1(04)} dFy, which simplifies
to alP{crb}; > pebyy (o)}, Second, the learning effect is defined as the additional Stage 2 revenue the
publisher gains from offering ad credit, compared to the Stage 2 payoff when it does not offer any; i.e.,

0 (7Tp2(0z) — WPQ(O)) where

cr
7Tp2(04) = / min[c[,,uE] dF[-l-/ (/ max[cE,R} dFE+ (1 —FE(C[))C[> dF].
crby >ppbly, (o) crby <ppbh, (o) 0

Proposition OA2 (Three Forces Generated by Ad Credit). Suppose c; and cg are distributed according
to Fr(c) = ¢" and Fg(c) = ¢, respectively, for ¢ € [0,1], and R > 7%5_1 Then the extraction effect
is concave in «, and the expected cost of ad credit increases monotonically in «. The learning effect

. . 2
increases convexly in o for a < 1+§‘ 8 " and plateaus thereafter.

Proof. Extraction effect: From the proof of Proposition 3] we obtained the unique existence of ¢ > up =
% such that the entrant wins the first stage auction for all ¢; < ¢ and the incumbent wins for all ¢; > ¢é.
Since this result holds without ad credit (i.e., @ = 0), it must be that when the publisher offers positive
ad credit to the entrant, the threshold c¢; after which the incumbent wins must be at least as large as
¢. For otherwise, it would imply that the incumbent wins for a larger interval of ¢; even if the ad credit
makes the entrant’s ad score more competitive (see Proposition E[), which cannot be true. Therefore,
we obtain that if the publisher offers non-zero ad credit, the entrant wins the first stage auction for all
c; < g = % This property helps simplify the expression for the two positive forces generated by the

ad credit. The extraction effect can be written as

1
| s (@) = s OV, 2y oy 4P = | aF;

167, 2pEbh; ()

= a/ ncy~tder (OA3)
612%7615}12ME5%1(G)

Next, we will express the set {c; : ¢f > %, crbjy > pebl, ()} in terms of ¢7. To that end, we have ¢rb}; =
1o ((1-ee) = (1 melen BT gpe) ) = o 46 (e — &+ o) and ppb, (o) =
cr |1+ &) b (-7 B|)=c+d(cr—g+—o") and upbp () =

HE (1 + ;LE + u% (fcll (cg —cr) dFg — (ug — CI)+>> = % +a+ g(l — ¢7)?, which implies that the con-

2



dition “cy > % and crby; > ppby(@)” is equivalent to

20 +26%R%2 + 1
a< - -

i = ¢3.

1 26 —vV—4ad+20 +202R2 +1+1
and ¢y > max 3 55

Therefore, we have

a1~ Fi(@) if o < BERR

)

OA3) =

. 204+262R?+1
0 if o > G

Finally, to show that lb is concave in « for @ < %{;RZH, it suffices to establish that 1 — Fy(¢3) is

decreasing and concave in . For then, W =2(1— Fy(¢3)) + a(1 — Fr(é3))” < 0. But the de-
n(25—\/—4a6+25+262R2+1+1)n_l
26
<

creasing property and concavity hold because (1—Fj(¢3)) = (1—(é3)") = — NG ]

0 and (1 — F7(é3))” = (1 — (¢3)™)”, which in turn equals to

n4o? (*ql(a’;gnﬁ)) q2(a, 6,n, R)
(—4ad + 26 + 262R2 + 1)* 2 q1 (v, 6,1, R)?

x —q1(a, 0,m, R)"q2(cx, 0,1, R)

= —q1(a,8,n, R)™ — qi(a, 6,n, R)"(n — 1)/ —4ad + 26 + 262R2 + 1

<-q (aa 5ana R)n+1 <0,

where

g1(a,6,n, R) =26 —\/—4ad + 26 + 262R2 + 1 + 1,

@(a,8,n, R) =26 +ny/—4ad + 26 + 202R? + 1 — 2¢/—4ad + 26 + 262R% + 1 + 1.

The last inequality —qi(c, d,n, R)" ™! < 0 follows from

n+1
—(25—\/—4a5+2(5—|—2(52R2+1+1) <0 <= 20— \/—4ad +20+282R2+1+1>0

1 R?
o511 =
= o> > 6( 2>

1 R?
0>———6(1-—
—0>-1 ( 2)

— 6>0,R<1.

Ezxpected cost: Recall that the entrant wins in Stage 1 for ¢; < %, so the expected ad cost is increasing

in « for this region. We will show that the expected cost for ¢y > % is also increasing in «. To that end,



it suffices to show that

0

O Jey>1 erbs >pupby, (a)

dF; < 0. (OA4)

For then,

0 0
a/ dF[:fOé 1—/ dF]
O Jer>1 b3, <ppby () da cr>L by, > by, (@)
0
:1—/ dFr —o — dF7r > 0.
CJZ%,CIbEZMEb*EI(a) o 012%7011)?12}1Eb%1(0¢)

+ by probability measure — by hypothesis

But the desired inequality (OA4)) holds because

~ . 264262 R2+1
0 o |1-Fi(6) if a <2250
il dF; = —

da 012%,0117?12/@;1)}1(04) Do 0 ifa> 25+2i26R2+1

~ \0¢ : 204202 R%+1
—f1(é3)5e ifa< £ 77—
= < 07

: 204+252R2+1

where the last inequality holds because f7(-) > 0 and

Di; | (-400+20+202R2 +1)7F 54+ 1 > V=dad + 26+ 2072+ 1,
oes _ »
oo >

0 otherwise,

Learning effect: Since the entrant wins the first stage auction for all a > 0 if ¢; < %, the publisher’s

Stage 2 payoff depends on « only for ¢; > 3. Therefore, a(WSQ(aa),;WSQ(O)) = 8”‘;2(&), which in turn is

equal to

v
80[ er>

which simplifies to

| </01 max[cg, R] dFg + (1 — FE(C[))C[) dFI> :

1
—dFr +
3:C1b51 ZpBb (@) cr>g,c1bf; <ppby, (@

0 1 R? - ¢2
9 / dF,+/ ( ‘1 —i—c[) dFy | . (OA5)
da C[Z%,C[b;lz,u/EbEl(a) 2 012%,01b}1<u3b21(a) 2

Recall from the proof of Proposition [3|that there exists a unique ¢ > ug = % such that the entrant wins
the first stage auction for all ¢; < ¢ and the incumbent wins for all ¢; > ¢. Therefore, we can find a
threshold ad credit level & such that for all & > &, the entrant wins in Stage 1 for all ¢;. For this range

of a, the learning value would be zero because the entrant’s CTR would have been revealed regardless



of the incumbent’s CTR. By monotonicity, the threshold & must occur at the a such that the effective

bids of the two advertisers coincide for c¢; = 1. Simple algebra yields & = %. Therefore,

1 _ ¢y [ R2—c2 _ . 2

O % (f64 %nc? Yder + f%&l ( 5 T4 C[) ncy 1d01> ifa< %,
. 2

0 if a > %,

0 (_1xn R:>n 1 n =n+2 | n _-=ntl : 14+6R2
aa( 2C4+<2C4 2n12Ca T a1 )) if @ < =57,

: 1+6R?
0 lf o > —

26—/ —400+264+26° R2+1+1
25

where ¢4 = . By explicitly solving the derivative in the top branch, it can be

shown that the derivative is proportional to

206 — § + \/—4ad + 26 + 262R% + 1 + 6°R% — 1. (OAG6)

Therefore, using the fact that the (OAG6) is increasing in R, we obtain the following learning effect
pattern for general range of R: 1D is positive if % < a< 1+TR25 or a < %,R > 1’ and negative
otherwise, where 1’ = —VH_HEMH. With the added assumption that R > 7”;571, we obtain that the

derivative is always positive for a < %ﬂ and zero for o > 1+7§25' To establish convexity, we need only
differentiate with respect to o once more. This yields that the second derivative of the learning
offect is 20— 95 4 1 (—4ad+ 20+ 20°R% + 1) (—48) o< 1 — (—4ad +26 +20°R? +1) "2 > 0,
where the last inequality follows from the fact that a < % — —4ad+20+20°R?’+1>1 —

1— (—4ad +26 + 262R? +1) 2 > 0, n

Optimal Ad Credit
A closed-form analytical expression for optimal « is not tractable with general CTR functional forms F7
and Fg. In this section, we provide numerical plots for specific functional forms and parameter values

to better understand the forces that determine the publisher’s optimal ad credit level.

Figure[OA9|plots the optimal ad credit with respect to the Stage 2 weight parameter § and the incumbent
CTR strength parameter n. Figure [OA9a| reveals an interesting relationship between the optimal ad
credit level and §. When n is small such that the incumbent is likely to be weak, the publisher lowers
the level of ad credit as ¢ increases (n = 1 and n = 2 in Figure . On the other hand, when n
is large, then the ad credit increases with § (n = 4 and n = 8 in Figure . This pattern can be

understood based on the insights obtained in the main model.

Intuitively, when the incumbent is likely to be weak, the entrant is more likely to win in Stage 1. This
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Figure OA9: Optimal Ad Credit; R = i,FE(c) =c Fi(c) ="

means that if the publisher offers ad credit, it is likely to be transferred to the entrant, costing the
publisher money. Thus, the publisher lowers the ad credit level for smaller values of n. Furthermore,
as ¢ increases, the entrant has stronger incentives to overbid to capitalize on the Stage 2 benefits of
revealing its CTR. This increases the probability of the entrant winning in Stage 1. Therefore, the

publisher lowers o* accordingly as § increases.

Next, consider the case when the incumbent is likely to be strong (i.e., n is large). Then, the entrant
bids close to valuation, whereas the incumbent likely overbids (see Lemma . And since the magnitude
of the incumbent’s overbidding pattern increases with §, the publisher anticipates that the entrant’s
CTR will likely be masked for high §. In response, the publisher offers larger ad credit to the entrant
(when n is large) as § increases, in order to both learn the entrant’s CTR more quickly and also extract

more surplus from the incumbent.

In sum, we find two patterns of the optimal ad credit level which are consistent with the discussion
of Proposition First, the higher the likelihood of the incumbent being strong, the larger the ad
credit offered to the entrant. Second, this relationship is strengthened by the Stage 2 weight parameter
J; that is, if § is high, then the search offers a much smaller (larger) ad credit when the incumbent is
likely to be weak (strong). This latter phenomenon is depicted in Figure through the increasing

steepness of the ad credit curve as ¢ increases.

OA2 Lemmas for GSP Extension

OA2.1 LREF Stage 2 Payoffs

Lemma OA1 (Assortative Matching). In any LREF equilibrium, the resulting ad slot allocation is

assortative; i.e., the advertiser in position i has higher CTR than the advertiser in position i + 1.



Proof. Let c(;, bi;y, and p(;), respectively, denote the C'TR, bid, and payment of the advertiser in position
i. The envy-free conditions are a;c(;y — p) = Qit1¢(;) — P(it1) and Qi41C(i11) — P(it1) = QiC(i1) — P(i)-
Rearranging and combining the inequalities yield (c; — ait1)eiy > puy — Pit1) = (@ — Qit1)c(it1)s

which together with the fact that a; > a;y1 imply ¢y > cq1)- |
Lemma OA2 (LREF Stage 2 Payoffs). Let I(i) denote the incumbent with the higher (lower) CTR. If
the entrant’s C'TR is learned, then the advertisers’ expected Stage 2 payoffs are
l ci Ccr
E[ﬂ'l] :FE(CZ')(C[—CZ‘)-F/ H(Ci—CE) dFE+/ (C[—CE)—FQ(CE—CZ‘) dFE-l-(l —FE(C[))Q(C[—CZ'),
0 ci
E[ﬂ'g] = / Z H(Cz — CE) dFE,
0

Ccr 1
E[T‘JE] = / H(CE - Ci) dFg +/ (CE — C]) + 9(0] — Cz‘) dFg.

Ccr

If the entrant’s CTR is not learned, then the expected payoffs are

pE < ¢ < cf i < pp <cr ¢ <cr < P
E[m] (1 —ci) +0(ci —pp) (1 — pe) +0(pe — ci) 0(cr — ci)
E[rY] 0(ci — pE) 0 0
E[ﬂ%} 0 G(ME - Ci) (,UE — C[) + 9(6[ — Ci)

Proof. First, consider the advertisers in positions 2 and 3, where the “third position” is the no-display

slot with a position-CTR of 0. The envy-free conditions imply asc o) (1 — M) > 0 and 0 >

“(2)
Q2C(3) (1 — %), which simplify to 1 < b3y < ¢(2)/c(3)- Note that there exist values of b(3) that satisfy
this inequality because Lemma implies that c(3)/c(3) > 1. And since we choose the lowest revenue
envy-free (LREF) equilibrium, we have that by = 1; i.e., the losing advertiser bids truthfully. Next, we
find the LREF bid of advertiser (2) by recursion. Again, the envy-free conditions between advertisers (1)
- c@be) HOLI) LELIE) @b
and (2) lmply OélC(l) (1 — T) 2 0620(1) (1 — T) and OZQC(Q) (1 — W) 2 0610(2) (1 — W)

Substituting b(3) = 1 and simplifying yields

a2 a2

@) — 071(% —¢3)) S ¢)be) < ¢y — 071(%) —¢(3))- (OA1)

Using Lemma and a > ag, it can be easily shown that the lower bound of (OA1)) is indeed smaller
than the upper bound; i.e., ¢y — %(0(2) —c3)) <cay— g—f(c(l) —¢(3)); that is, there exist values of b(y)
that satisfy the envy-free conditions. In LREF equilibrium, we have b3) =1 — s /o (1 —C(@3) / 0(2)).

C(z)—Zf(C(z)—C(s))>
b

€Q)

The profits for advertisers (1), (2), and (3), respectively, are m(1) = aic() (1 -



T(2) = Q2C(2) (1 — %), and 73y = 0. Using these expressions, combined with the assumptions that

a1 = 1,9 = 0, we can write the advertisers’ payoffs when cg is learned (i.e., entrant won in Stage 1):

cg <c¢ <cy ci <cg <cy ¢ <cr<cg
w1 (er—¢)+60(ci —cg) (cr—cp)+0(ce —¢) O(cr — ¢)
v 9(01 — CE) 0 0
TE 0 O(ce — ¢) (cg —cr) +0(cr — )
The payoffs when the cg is not learned and is thus assigned pg follow immediately. |

OA2.2 LREF Stage 1 Bids

We denote by [a1, a2, as] the locally envy-free equilibrium candidate where advertiser a; gets the first

slot, advertiser as the second, and advertiser as the third (null) slot.

Case 1: Suppose ug < ¢ < cj.

(i) [1,1, E]
Envy-free (EF) condition for E: Ougp(l — upbp/pe) + 0E[rL] <0 <= by > 1+ W%E[w%]’
L (E[xV] — E[x!]) and

K3 K3

EF condition for i: fc;(1 — upbg/c;) + SE[rY] > 6E[rl] <= bg

< i
Oci(1 — ppbr/c;) + SE[RY] > c;(1 — ¢;bi/ci) + OE[rY] <= ¢ib; > (1 — 0)e; + Oupbp; EF condition

for I: cr(1 — ¢;ibi/cp) + SE[rY] > Ocr(1 — ppbg/cr) + SE[rY] <= eibi < (1 — 0)er + Oupbi.
Given bg, there always exist non-negative b; such that EF conditions are satisfied, because we
need (1 —60)c; +0upbr < ¢;b; < (1 —60)cr 4+ 0ugbe but ¢; < ¢r. On the other hand, there does not

always exist non-negative bp that satisfies EF conditions: note that we must have

J ; 4]
1+ —E[r + —(E[x?] — E[x OA2
FBlrh] < 2+ 2 () - Bl (0A2)
for E to set envy-free bids. Using the fact that E[r)] — E[r!] = 0(c — 5 0(ci — cp)dFp =
f O(c;i — cg)dFE < 0, it can be shown that the inequality 1) holds if and only if
0(ci —
5 < (¢i — i) . (OA3)

(2

Elr}] — (B[] — E[])

In summary, [I,4, F] is an envy-free equilibrium if and only if ¢ is sufficiently small (OA3)); the

corresponding lowest revenue equilibrium bids are by, =1 + WLEE[W%] and b =1 -0+ O’C’fiEb*E.

(i) [£, E,1]
EF condition for i: fc;(1 — ¢;bi/c;) + 6E[rY] < SE[rl] «—= 1+ %(E[T{'Q] — E[rl]) < b; EF

7



condition for E: Oup(l —cibi/pg) + 0E[r] >0 <= b < BE + %E[wfg] and Oup(l —cbi/pp) +
SE[rL] > pup(l — upbp/ue) + (5E[7Ti9] <~ pugbg > (1 — 0)ug + Oc;b;; EF condition for I:
cr(1 — pugbg/cr) + 5E[7rﬂ > Ocr(1 — ¢;bi/cr) + 5E[7Tf] <~ ugbg < (1 —0)c; + Oc¢;b;. Given
b;, there always exist non-negative bgp such that EF conditions are satisfied, because we need
(1 —0)ug + 0cib; < ppbp < (1 — 0)cr + Oe;b; but up < ¢r. On the other hand, there does not

always exist non-negative b; that satisfies EF conditions. To see this, note that we must have

|~ Bl < 22 1 C gl (0A4)

for i to set envy-free bids. Again, using the fact that E[x?] — E[r!] < 0, it can be shown that the
inequality (OA4) holds if and only if

0(ci — pg)
* 2 Bl (B?] ~ Efe]) (OA%

3 K3

In summary, [/, E,i] is an envy-free equilibrium if and only if § is sufficiently large (OA5|); the

corresponding lowest revenue equilibrium bids are b} = 1+ %(E[ﬂ?] —E[xl]) and by, = 1-0+ %b;‘ .

(ii) [E, 1,1

This cannot be an envy-free equilibrium because the EF conditions for I and E are

96](1 — Cibi/C[) + (5E[7T£] > C[(l — C[b[/C[) + (HE[WH < c¢ib; > (1 — 9)0[ + Gcibi,

,U,E(l — C[b[//LE) + 5E[7TIE] > Q/LE(l — cz-bi/,uE) + 5E[ﬂ'lE] = C[b] < (1 — Q)ME + 0c,bz
And since pg < cr, there does not exist any by for any b; such that I and F are envy-free.

Case 2: Suppose ¢; < pg < cj.

(i) 1,1, E]
This cannot be an envy-free equilibrium because the EF conditions for F and i are Oug(l —
pebe/up) + SE[rh] < SE[rY] <= Oupbr > Oup + §(E[rk] — E[z%]) and Oc;(1 — upbg/ci) +
SE[r)] > SE[r!] <= Oupbr < Oc;—SE[r!], where we have used the fact that E[7Y] = 0if ¢; < ug.
Since E[rk] — E[r%] > 0 from (A.28), it follows that Oup + §(E[rk] — E[x%]) > 6c; — 6E[r!]. This

implies that there does not exist any bg such that E and ¢ are envy-free.
(i) [1, B, 1]

EF conditions for i and E: fc;(1 — ¢;b;/c;) + SE[rY] < (5E[7rﬂ = 0Oc; — 5E[7r§] < fO¢;b; and
Ourp(l — cib;/ug) + 0E[rh] > SE[rY] <= Ocib; < Oup + §(E[rl] — E[x%]); EF conditions for



E and It cf(1 — pgbr/cr) + SE[rl] > Oci(1 — eibi/cr) + 6E[nl] <= upbp < (1 — 0)cr + Oc;b;
and pp(l — ppbp/ue) + 0E[ry] < Oup(l — cibi/up) + 0E[ry] <= upbp > (1 - 0)up + Oc;b;.
Therefore, the lowest revenue envy-free equilibrium bids are b = max [1 -4 foc 1 - Cc—de B, O] and

by =1—0+ %ip:

pE v

(iii) [E,I,1]
This cannot be an envy-free equilibrium because the EF conditions for I and F are ¢;(1—cby/cr)+
5]E[7T£] < 001(1—cibi/61)—|—(5E[7T§] <= c¢;b; > (1—60)cy+0c¢;b; and and uE(l—CIbI/uE)+5IE[7riE] >
Oup(l—cibi/up)+ 5E[7TZE] < ¢;by < (1 —60)up +0c¢;b;. And since up < ¢y, there does not exist

any by for any b; such that I and E are envy-free.

OA3 Entry May Reduce Incumbent’s CTR

Suppose entry exogenously reduces the incumbent’s CTR by a stochastic factor v which has c.d.f. F,
with support [0, 1]@ We will show that the entrant overbidding and the weak (strong) incumbent

under(over)bidding results carry over. We have

5 1 1
bp =1+ — / cp — max[ycr, R|dFg — (up — max[yer, R) 1 | dF,.
KE Jo max[ycy,R]

+

Since (¢g — max[ycr, R])™ is convex in cg for all v, it follows that regardless of the realization of ~,

T is always non-negative. This proves that the

fnllax[fycI,R} CE — HlaX[’)/C], R] dFg — (HE — max[ycl, R])
entrant always overbids. Similarly, whether the incumbent bids below or above valuation depends on

the sign of
1 1
/ <(701 —max|ug, R)" — / (yer — maxeg, R])™T dFE> dF,.
0 0

Applying the machinery from the proof of Proposition [8in Section there exists a pair of thresholds
such that the incumbent underbids for ¢y below the low threshold and overbids for ¢y above the high

threshold.

36Since F, is general, this subsumes the case where entry reduces c; by some deterministic factor.
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