Vector and Tensor Component Operations in Indicial and Matrix Form

1. Arrays

One dimensional array:  a1, a2, a3, . . .

Indicial notation: ai, i = 1, 2, 3, . . .

Matrix notation: a = { a1  a2  a3 . . .} = column matrix

                           or   [a1  a2  a3 . . .] = row matrix

Two dimensional array:  a11, a12, a13, . . .

                                       a21, a22, a23, . . .

                                       a31, a32, a33, . . . 

Indicial notation: aij, i = 1, 2, 3, . . . ; j = 1, 2, 3, . . .

Matrix notation: Matrix A formed by placing aij in row i and column j.
2. Summation Convention and Matrix Notation
An expression with a repeated index is to be summed for the values of the index.

Example 1: Linear Form

[image: image169.jpg]




[image: image2.wmf]a

x

x

a

T

T

i

i

x

a

=

=


where


[image: image3.wmf][

]

[

]

T

T

x

x

x

a

a

a

3

2

1

3

2

1

=

=

x

a


A repeated index is called a dummy index because its notation can be changed without changing the value of the expression in which it appears:
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Example 2: Quadratic Forms
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Group terms:
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From the above expression, it appears that if aij ≠ aji, the quadratic form remains unchanged by replacing aij and aji by their average.

Let 

A = matrix of element aij in row i and column j.

Then
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Note:  A quadratic form is a scalar, and therefore equal to the transpose of its matrix expression.  Thus
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This shows that if A is not symmetric, the quadratic form remains unchanged if A is replaced by the symmetric matrix (A + AT)/2.

Example 3: Bilinear Forms
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Example 4: Product of Linear Forms
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3. Vector Basis
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Unit mutually orthogonal vectors: 
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Right handed system:
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In matrix notation
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4. Vector Component Representation
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i

e

a

e

a

e

a

e

a

a

r

r

r

r

r

=

+

+

=

3

3

2

2

1

1



[image: image21.wmf][

]

a

e

e

a

T

T

e

e

e

a

a

a

a

r

r

r

r

r

r

=

=

ï

þ

ï

ý

ü

ï

î

ï

í

ì

=

3

2

1

3

2

1


5. Scalar Product
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6. Vector product
In indicial notation
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For example, to get component 1, let k = 1, and consider the two terms corresponding to (i = 2, j = 3)  and ( i = 3, j = 2), which add up to a2b3 - a3b2.
In matrix notation,
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My book defines 
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 with the opposite sign.

7. Tensor Component Representation

A tensor of second order may be defined as a linear transformation of a vector into a vector.  As an operation on vector components, the transformation takes the form of a multiplication of the column matrix of vector components by a square matrix.  One way of defining a linear transformation of vectors independently of component representations is by means of dyads.  A dyad is an entity formed of two ordered vectors
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 by dot products from the right and from the left, according to the rule
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The dot product of a dyad by a vector is defined as distributive.  Thus,
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A similar relation may be written for a product from the left.

A dyad is thus a linear transformation of a vector into a vector, and that by definition is a tensor. 
A linear combination of dyads is defined by a distributive dot product operation on a vector, and is thus also a tensor. 
Consider a tensor of the form 
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where T is a 3 x 3 matrix 
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The matrix notation implies that
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To transform a given vector


[image: image33.wmf]a

e

e

a

T

T

k

k

e

a

a

r

r

r

r

=

=

=

 

we have
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or, equivalently,
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Thus Ta  is the column of components of 
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or, equivalently,
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Thus TTa  is the column of components of 
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We can show that any tensor has the matrix representation
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be a given linear transformation of a vector into a vector, and consider the transforms of the base vectors.  Define column j of T, {T1j T2j T3j},  as formed of the components of 
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We then have,
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and this is the same result as obtained with the initial matrix representation.

It may be deduced from the preceding that tensors form a vector space, a basis of which is the set of nine dyads 
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or, in matrix form,
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7.1. Example 1: The Vector Product as a Tensor

The cross product 
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can be considered as a transformation of 
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into a vector, and this transformation is linear as may be readily deduced from the properties of the vector product.  The cross product from the left by a given vector 
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This is as defined in Sec. 6
7.2. Example: The Inertia Tensor

The moment of momentum of a rigid body, also called angular momentum, about its center of mass C or about a fixed point in the body has the expression
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where 
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 is the position vector, with origin at the center of mass or at the fixed point in the body, as the case may be, 
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 is the angular velocity, and dm is the mass of a volume element dV. 
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and 
[image: image63.wmf]I

~

 is the identity tensor.  
[image: image64.wmf]J

~

is called the inertia tensor.
In component form on an arbitrarily chosen basis
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Performing first the operation 
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With 
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In detail, 
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Jii is called the moment of inertia about axis xi.  Note that the coefficient of dm in the integrand is the square of the distance to axis xi.  Jii is essentially positive.
Pij is called the product of inertia with respect to axes xi and xj.  Pij can be positive, negative or zero.
8. Transformations
A transformation between two vector bases has the form
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For orthonormal bases
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 is said to be an orthogonal matrix.

In indicial notation
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Vector-Components Transformation
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In indicial notation
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Tensor-Component Transformation
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In indicial notation
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The transformation law for T is referred as a tensor-component transformation, and also as a congruent transformation.

Transformation in the (x, y) Plane

Let 
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 be rotated about the z axis by angle  into 
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The tensor transformation is then
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The result is
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It is noted that if T is symmetric, then T' is also symmetric. 
Example
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A thin bar, initially along the x axis, rotates by angle  about the y axis passing through a point O at distances a and b from the bar ends.  The mass density is  per unit length of the bar.  Determine the inertia matrix of the bar in the initial and rotated positions.  

The bar being thin, it is modeled as a line having a mass density  per unit length.  All products of inertia and Jxx are thereby neglected in the initial position.  We have then, in the initial position,
Jxx = 0
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The inertia properties do not change with respect to axes that rotate with the bar.  Thus to find the inertia properties of the rotated bar with respect to the (x, z)  axes, we apply transformation formulas for a rotation of - about the y axis.  In the formulas derived for a rotation about the z axis, we need to replace (x, y, z) by (z, x, y).  Thus, in these formulas, indices (1, 2, 3) are replaced by (z, x, y), and  by -.    The result is
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and the inertia matrix in the rotated position is 
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In this example, a direct derivation of the inertia properties may be simpler. If x' is the coordinate along the axis of the inclined bar, we have
x = x'cos
z = - x'sin
y = 0

whence
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Transformation of the Matrix of Quadratic and Bilinear Forms

Quadratic and bilinear forms are usually scalars that are invariant under a coordinate transformation.  Thus, if x and y are vector components that transform, respectively, into x' and y', we have
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Thus
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It is seen that A obeys the tensor-component transformation.
9.  Principal Axes and Eigenvalues of a Symmetric Tensor

We will take the inertia tensor for illustration.  Assume that J is determined in a given basis 
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, in which we have

H = J
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It desired to find a basis

[image: image116.wmf]e

λ

e

r

r

T

=

'

 
in which the products of inertia are zero, so that the transform Jp of J has the form
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J1, J2, and J3 are called the principal moments of inertia.
We have
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Premultiplying the above equation by 
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Let 
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 be partitioned by columns
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We then have for any of the columns of 
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From the point of view of a tensor being a linear transformation of a vector into a vector, the equation above is written, without reference to a coordinate system, as
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We are thus seeking mutually orthogonal unit vectors 
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, which are transformed, respectively, into vectors of the same orientation. 
The matrix equation, 
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,  represents an eigenvalue problem: A homogeneous set of linear simultaneous equations, which has non zero solutions 
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 only if the determinant of the coefficient matrix is zero.  This occurs for characteristic values of  Ji , or eigenvalues, which are the roots of the determinantal or characteristic equation,
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 is a cubic polynomial in J, whose three roots are real but not necessarily distinct, by a theorem of linear algebra concerning real symmetric matrices such as J.  Further, in the present case where Ji  is a moment of inertia, 
Ji > 0

If Ji is a simple root, the solution of the simultaneous equations is proportional to an arbitrary constant, which is determined by the normalizing condition
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expressing that 
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 represents the components of the unit vector 
[image: image134.wmf]'

i

e

r

 on 
[image: image135.wmf]e

r

.  
[image: image136.wmf]i

λ

 is said to be an eigenvector of J, applying the word 'vector' to the components of the vector 
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Orthogonality of the Eigenvectors

Let the eigenvalues be J1,  J 2 , and J3.  Three cases are to be considered.

Case 1:  J1 ≠ J 2 ≠ J3.

Consider two eigenvalues, say J1 and  J 2, and let their corresponding eigenvectors be 
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 and 
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Premultiplying the first equation by 
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J being symmetric, the quadratic forms on the left hand side of the equations above are equal.  With J1 ≠ J 2, the right hand sides are equal only if 
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= 0.  The eigenvectors corresponding to two distinct eigenvalues are thus orthogonal.  The three normalized eigenvectors, made right-handed, form then the desired solution 
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Case 2:  J1 = J2  ≠ J3
There are two independent eigenvector solutions corresponding to a double root, and any linear combination of these vectors is also a solution.  Geometrically, all vectors in some plane are solutions to the eigenvalue problem.  It is thus possible to choose in that plane two orthogonal unit eigenvectors 
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 of components 1 and 2 , respectively.  Since J3  ≠ J1, 
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.  Jp has then the form
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and Jp remains the same in any change of orthogonal axes in which 
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 does not change.  An example of the present case is a body that has an axis of revolution, or is axisymmetric, about 
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, with the origin of axes on the axis of revolution.
Case 3: J1 = J2 = J3 
There are three independent eigenvector solutions corresponding to a triple root, and any linear combination of these solutions is also a solution.  Geometrically, any vector is a solution to the eigenvalue problem, and J has the form
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in any system of rectangular axes.  An example of this case is that of a homogeneous sphere, with the origin of axes at its center. 
Example

Determine the principal inertia properties and the principal axes for
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The zeros in the third row and column of J indicate that the z axis is a principal axis of inertia, and J3 = 10 is a principal moment of inertia.  We may then limit the problem to finding the principal axes in the (x, y) plane.  The characteristic equation is 
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and the roots are
(J1, J2)  = (20, 12)
The principal inertia matrix is then 

Jp = diag(J1 J2 J3) = diag(20,12,10)

Principal Axis for J1 = 20
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Thus
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To obtain a unit vector 
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on the principal axis, we need 
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  Choosing one of the two signs orients the principal axis in one of two possible directions.  Choosing the plus sign, 
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Principal Axis for J2 = 12
The principal axis for J2 is orthogonal to the one found above, and in the (x, y) plane.  Letting the oriented principal axes form a right-handed system, the components of 
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