Dynamic Equations of a Rigid Body
Part 1. Kinematics

1.  Velocity and Acceleration Fields of a Rigid Body
Velocity Field
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                         (1-a)
where
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 = velocity of point of position vector 
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 = velocity of an arbitrarily chosen reference point P in body.
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 = position vector relative to reference point P.
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 = angular velocity of body.

Acceleration Field
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Kinematics of Particular Types of Motion:
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(a) Translation
In a translational motion,
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Consequently, all points have the same velocity and the same acceleration.
For any pair of points A and B,
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 is constant with respect to time, thus keeping the same orientation as well as the same length.  The path of point B is thus obtained by translating the path of point A by 
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.  The paths of all points of the body can thus be obtained by translation of the path of an arbitrarily chosen point.  A rigid body translational motion can thus be characterized by the path of an arbitrarily chosen point. 
(b) Rotation about a Fixed Axis
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In a rotation about a fixed axis, 
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where [image: image15.wmf]k
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is a unit vector on the axis of rotation, and  is the angle of rotation.   All points rotate by  , each on a circular path centered on the axis of rotation, in a plane perpendicular to that axis. Further, any line element in a plane perpendicular to
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rotates also by     In the formula 
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 the origin of the position vector can be chosen arbitrarily on the axis of rotation.  However, it is usually simpler to write
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where 
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 is the position vector with respect to the center of the circular path.   The speed is then
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v = 
The acceleration field, Eq. (1-b), consists at any point of a radial centripetal component
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, and a circumferential component 
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Planar Motion

In planar motion, all points of the body move in parallel planes, and the motion in any one of these plane, called the plane of motion, describes the motion in all other.  The angular velocity vector has a fixed direction 
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perpendicular to the plane of motion, and the velocity field in the plane of motion has the form
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The velocity field (5) is the superposition of the translational velocity 
[image: image24.wmf]P

v

r

 and the rotation 
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about an axis at P.  Further, point P can be chosen arbitrarily.
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Similarly to the velocity field, any position of the body can be obtained from another position by superposition of a translation and a rotation.  This is known in general as Chasle's theorem, and is illustrated here for planar motion.  The figure shows a line AB in the plane of motion at some initial time, and its position A'B' at a later time.  A translation AA' brings AB into A'B'', and a rotation about point A' by angle  brings A'B'' into position A'B'.  The preceding operations can be reversed.  A rotation about point A by  brings AB into AB", and a translation AA' brings AB'' into position A'B'.  Note also that any point of AB can be chosen as a reference point to define the translation and rotation.  The translation depends on the chosen reference point, but the rotation angle is the same for any line element, and for any choice of reference point.  The angular velocity is 
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The acceleration field obtained from Eq. (1-b) is the sum of the acceleration 
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of a reference point P, and the acceleration of the motion relative to P.  The latter is the acceleration of a circular motion about P, and is shown in the figure in terms of its circumferential and normal components.  
Instantaneous Center
In planar motion, except in translation which is a limiting case,  there is at any instant a point I at which the velocity  is zero.  From(5), a condition of zero velocity  is 
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or, noting that
[image: image29.wmf]I

P

P

I

/

/

r

r

r

r

-

=

,  


[image: image30.wmf]I

P

P

k

v

/

r

w

r

r

r

´

=

           (7)     

[image: image257.jpg]


Eq. (7) is shown in the figure. Point I is located on the perpendicular to [image: image31.wmf]P
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 at a distance,

 = vP/                            (8)
in the direction of 
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Taking point I as a reference point and point P being arbitrary, Eq. (7) gives the velocity field of rotation about

point I, which is called the instantaneous center of rotation.  
How to locate the instantaneous center I at an instant depends on what is known about the motion.  If the angular velocity and the velocity of one point are known, point I is determined as indicated above.  
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If the directions of the velocities of two points are known, the instantaneous center is at the intersection of the perpendiculars to the two velocities drawn, respectively, from the two points.  An example is shown in the figure, which represents a bar AB whose ends remain in contact with two walls.  Point I is at the intersection of the perpendiculars to the walls at A and B.  Further, we have

 = vA/A  =  vB /B           (9)
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If two points A and B have parallel velocities vA and vB, respectively, that are perpendicular to line AB, the instantaneous center lies on line AB, and its distances to points A and B are such vA = A, and vB = B.  If the ratio of the velocities is known, point I can be determined on line AB by the relation

B /A = vB / vA                (10)
If the velocities are equal and point in the same direction, point I recedes to infinity while  tends to zero.  The movement is then one of translation.

Note that if the velocities of two points A and B are parallel, and the movement is not a translation, line AB must be perpendicular to the velocities.  This may be deduced from the formula for the velocity field from which 
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Application: Four-Bar Mechanism
A four-bar mechanism consists of four pin-connected bars, AB, BC, CD, and DA, with pins A and D usually fixed.  Bar AB rotates then about fixed point A, and bar DC rotates about fixed point D.  The instantaneous center of bar BC is located at the intersection of the perpendiculars to the velocities of B and C, which are lines AB and DC, respectively.  The angular velocities of AB and BC are related such that the velocity at B is one of rotation both about A and about I.  Similarly, the velocity of C is one of rotation about D and about I.  Thus,
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If  
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is known, then 2 and 3 are determined from Eqs. (11), provided a and b are determined.  

If the lengths of the four bars are known, the geometry at any instant can be determined if 1 or 2 are known.  For example if 1 is known, triangle ABD is determined, and thus also triangle BDC.  2  is then determined as the sum of the angles at D of these triangles.  Knowing l4, 1, and 2, triangle IAD is determined, and thus lengths a and b, and triangle IBC.
Problems, H & H: Ch. 7: 1, 4, 5, 6, 8, 10
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(d) Rolling without Slipping

The point of contact of two rigid bodies that do not separate cannot have a relative velocity component perpendicular to the surface of contact.  If that relative velocity is in the tangent plane of contact, there is slipping between the two bodies.  A body rolls without slipping on another body if the point of contact has a zero relative velocity.  In planar motion, that point is then the instantaneous center of rotation.  The figure shows a circle in planar motion rolling on an arbitrary surface.  If there is no slipping, every point of the circle has a velocity of rotation about point I.  In particular, the velocity of the center of the circle and the angular velocity are related by
vC = r                        (13)
If  there is slipping, the instantaneous center is located in one of the two ways indicated in the preceding figure. 

Problems, H & H: Ch. 7: 2, 3, 7, 9
2. Kinetic Energy
The kinetic energy is
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For a general rigid body motion, the choice of the center of mass C of the body as a reference point leads to the simplest expression of the kinetic energy T.  
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 is then the position vector relative to C, and since 
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In the second integral, factor out the constant vectors, and in the third integral, permute the vectors of the mixed vector product, to obtain
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The second integral is zero, and the coefficient of 
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 in the third integral is called the moment of momentum about the center of mass,
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The kinetic energy takes the form
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Note:

Considering the rigid body as a system of particles, the momentums of the particles form a vector field having a resultant momentum,
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and a moment of momentum 
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 about the center of mass C.  At any other point A the moment of momentum obeys the law of moments,
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where  
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C

/

r

r

 is the position vector of C with respect to A.

Note that, according to (3), 
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 is the moment of the momentum field of the motion relative to the center of mass.  However, if we add 
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 in Eq. (3), the resulting term is
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since 
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Thus 
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 is also the moment at C of the momentum field of the absolute motion. 
Kinetic Energy of Body Having a Fixed Point

If a body has a fixed point O, the choice of point O as a reference point for describing the velocity field is the simplest.  We then have
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where 
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 is the position vector relative to point O.  The kinetic energy takes the form
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where
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The kinetic energy of particular types of motion is considered in what follows, before deriving general expressions for 
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 and T.  

(a) Kinetic Energy of Translation
In translational motion  the angular velocity is zero, and all points have the same velocity 
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.  Eq. (4) reduces to
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(b) Kinetic Energy of Rotation about a Fixed Axis
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Since

[image: image69.wmf]w

r

r

·

=

o

H

T

2

1


T depends only on the angular momentum about the axis of rotation.   Letting H be that moment, we have
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Let, 
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Then
H = J                                              (12)
and 
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J is called the moment of inertia about the axis of the rotation.  For example, if the axis of rotation is the z axis, then 
[image: image73.wmf]dm

y

x

J

V

ò

+

=

)

(

2

2

.
Note that (13) could also be obtained by integrating (1/2)v2dm = 22dmover the body.
(c) General Expressions of[image: image74.wmf]c
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Since 
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, Eq.(3) or Eq.(8),  is linear in
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, the components of these two vectors are linearly related.  Thus H has the form

H = J
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where J is referred to as the inertia matrix, and also as the inertia tensor, with Jc being defined at the center of mass, and Jo at a fixed point.  These matrices will be found explicitly in the next section.  For a general motion, the kinetic energy, Eq.(4), takes the form
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and, in the case of a body having a fixed point,
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It is noted that T is a quadratic form in , and J is the matrix of that form. 
3. The Inertia Tensor and the Inertia Matrix
We have, from Eqs.(3, 8, Sec.2),
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where, in the general case, [image: image87.wmf]r
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 is the position vector relative to the center of mass, and in the case of a body having a fixed point, 
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Let 
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 be an arbitrary orthonormal vector basis, with respect to which we adopt the component representation,
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then
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The second term in the integrand can be written as
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Factoring out 
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This is of the form 
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J has the form
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where
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Jii is the integral of dm times the square of the distance to axis xi, and is called the moment of inertia about the xi axis.  It is thus essentially positive.

Pij is the integral of dm times the product of the coordinates with respect to axes xi and xj, and is called the product of inertia with respect to the pair of axes (xi, xj).  Pij can be positive, negative, or zero.
Tensor Properties of J
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 can be considered as the result of a linear transformation on
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where
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is a tensor, referred to as the inertia tensor.  In the language of vector spaces, 
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J is thus the matrix of components of the tensor, and that defines its law of transformation with respect to a change of the vector basis.  J is also referred to as the inertia tensor in the same sort of language that refers to the column matrix of vector components as a vector. 

In a change of vector basis of the form
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The inertia matrix transforms according to the formulas
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Principal axes of inertia are characterized by having zero products of inertia.  As was established in studying tensor transformation properties, at any point chosen as origin of axes, a body has at least one set of mutually orthogonal principal axes with respect to which  J is a diagonal matrix,

J =  diag(J1 J2 J3)                              (13)
If the body has geometric and material symmetry, principal axes are simpler to find.
Symmetry with Respect to a Plane
If the plane (x1, x2) is a plane of  geometric and material symmetry, to every elementary mass dm of coordinates (x1, x2, x3) corresponds a symmetric mass dm of coordinates (x1, x2, -x3).  It follows that P13 = P23 = 0.  The x3 axis is then a principal axis of inertia.  In general then, the axis perpendicular to a plane of symmetry is a principal axis of inertia, and two other principal axes are located in the plane of symmetry.
Symmetry with Respect to Two Orthogonal Planes
If the body has two planes of symmetry, the two axes perpendicular, respectively, to these planes are principal axes.  Further, if the planes are orthogonal, their perpendiculars are also orthogonal, and the perpendicular to one plane lies in the other.  A third principal axis lies then on the intersection of the two planes of symmetry.

Axisymmetry or Symmetry of Revolution

A body that is generated by rotating a plane area A about an axis in its plane is said to be axisymmetric about that axis.  The axis is also called an axis of revolution.  A plane containing the axis is said to be a meridional plane.  The intersection of the body by any meridional plane is the same area figure A.  A plane perpendicular to the axis is called a parallel plane.  The intersection of the body by a parallel plane consists of one or more concentric circular areas.  These areas are generated by the intersection line of area A with the parallel plane.  Any meridional plane is a plane of symmetry.  It follows that the axis of revolution is a principal axis, and any pair of orthogonal axes in the parallel plane at the origin of axes are principal axes.  Further, if x3 is the axis of revolution, then J1 = J2.  

A noteworthy property for a body rotating about an axis of revolution is that, because J1 = J2,  J is the same with respect to body-fixed axes as with respect to fixed axes having in common the axis of revolution.
Parallel Axes Theorems 
The inertia properties with respect to axes xi centered at point O are
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Consider parallel axes xi' centered at point O' of coordinates (xio)  in the xi  axes.  The coordinates of a point in the two systems of axes are related by,

xi' = xi - xio                                           (15)

The inertia properties with respect to axes xi' are 
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To interpret Eq. (16) and (17), let 
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xic = coordinates of the center of mass with respect to the axes centered at point O
m = mass of the body
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 is the square of the orthogonal distance between axes xi and xi'.  Eqs. (16, 17) take the form
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If point O is at the center of mass, 
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These results express the parallel-axes theorems:

The moment of inertia about an axis is equal to the sum of the moment of inertia of the mass lumped at the center of mass and the moment of inertia about a parallel axis passing through the center of mass.

The product of inertia with respect to two axes is equal to the sum of the product of inertia of the mass lumped at the center of mass and the product of inertia with respect to parallel axes passing through the center of mass. 
4.  Inertia Matrix Examples
Prismatic Bodies 
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A prismatic body may be generated by an area (A), or section,  in the (x, y) plane, translating on a longitudinal z axis over a length L.  The figure shows the section at mid-distance from the ends of the body, with the origin of axes O placed in that section. The integrals to be evaluated are 
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where

dm = dV                                          (3)
 is the mass density, dV is the volume element, and (x1, x2, x3) = (x, y, z).  Assuming the material to be homogeneous,   is constant, and can be factored out of the integrals, which become geometric volume integrals.  With the origin of axes at mid-length of the body, the (x, y) plane is a plane of symmetry, and consequently,

Pxz = Pyz = 0                                   (4)
Integrals whose integrand does not involve z are equal to L multiplied by the integral over (A).  It is convenient to define the area integrals
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and the inertia quantity
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Noting that the mass of the body is

m = AL = V                             (7)
we have
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Then,
Jxx = LIxx + Jo                             (9)
Jyy = LIyy + Jo                             (10)
Pxy = LIxy                                   (11)
Jzz = Jz = L(Ixx +Iyy)                    (12)
The single index in Jz indicates that it is a principal moment of inertia, and that axis z is a principal axis.  It is seen that the inertia properties of a homogeneous prismatic body are fully determined in terms  the area A and the geometric area properties Ixx, Iyy, and Ixy.
Thin Discs

If L is very small compared to the linear dimensions of the area (A), the prismatic body becomes a thin disc of thickness L, and this allows simplifying the calculation of inertia properties.  In order to compare orders of magnitude of terms in the inertia properties, define radii of gyration as

rij = (Iij/A)1/2                              (13)
For example, for a square of side a, with the origin at the center, Ixx = Iyy = a4/12, and Ixy = 0.  Then r11 =  r22  = (a2/12)1/2  =  
[image: image129.wmf]3

2

a

 . 
Renaming the disc thickness as
t ≡ L                                        (14)
and noting that,

m = AL                                  (15)
Eqs. (8) to (12) take the form
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Jxx = m(rxx)2+ mt2/12                (17)
Jyy = m(ryy)2+ mt2/12                (18)
Pxy = m(rxy)2                             (19)
Jzz = Jz = m[(rxx)2 +(ryy)2]         (20)
For a thin disc, t2/12 is small compared with (rxx)2 and (ryy)2, so mt2/12 may be neglected in the formulas above.  Also, it is convenient to define a mass density per unit area as

 = L                                   (21)
We can now revert to the original formulas, Eqs. (9) to (12), simplified by dropping Jo,
Jxx = Ixx                                   (22)
Jyy = Iyy                                   (23)
Pxy = Ixy                                  (24)
Jzz = Jz = (Ixx +Iyy) = Jxx + Jyy          (25)
The area properties Ixx, Iyy, and Ixy play also a role in the mechanics of bending of beams, where they are referred to as "moments and product of inertia", although they are only geometric area properties.  They are also known as second moments of area.
The thin disc approximation lumps the volume-distributed mass as an area-distributed mass in the plane of the disc.  
Since z is a principal axis, two other principal axes are in the area (A).  If these are taken as reference axes, Ixy vanishes, and J becomes a diagonal matrix. 

Slender Rods
For slender rods, L2/12 is much larger than (rxx)2 and (ryy)2.   Neglecting the latter terms yields 
Jxx = Jyy = mL2/12             (26)
Pxy ≈ 0                              (27)
Jzz = Jz ≈ 0                         (28)
If Jxx and Jyy are defined at one end of the rod, the parallel axes theorem yields
J'xx = J'yy = mL2/12 + m(L/2)2 = mL2/3           (29)
The slender rod approximation lumps the volume-distributed mass as a line-distributed mass along the axis of the rod.
Axisymmetric Bodies
[image: image264.jpg]T,



With the z axis along the axis of revolution, J is a diagonal matrix, and, for any choice of (x, y) axes perpendicular to z,

Jx = Jy                                  (30)
We have
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where the area integrals are evaluated over a typical circle of radius r.  We have
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thus
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Two integrals need to be computed: 


[image: image137.wmf]ò

=

2

1

  

4

4

z

z

dz

r

K

p

                                          (35)

[image: image138.wmf]ò

=

2

1

  

'

2

2

z

z

dz

z

r

K

p

                                        (36)
Jx and Jy are then computed as
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Jz = 2K                                                     (37-b)
Example: Hemisphere 
The equation of the meridian of a hemisphere of radius R is 

 r2 + z2 = R2                                               (38)
With the origin of axes for the inertia properties at the center of the base circle,
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The mass of the hemisphere is equal to 
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Thus
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The same result holds for a sphere, since the lower hemisphere has the same properties as the upper one.

The coordinate zc of the center of mass of the hemisphere is determined by 
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Thus


[image: image146.wmf]R

z

c

8

3

=

                                                (44-b)
For axes at the center of mass, using the parallel axes theorem,
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Problems, H & H: Ch. 7: 14, 15, 16, 17, 18, 19, 20, 21, 22

Problems, H & H: Ch. 7:  27, 28, 29, 30, 31, 32, 33, 34
Part 2.  Dynamics

5.  Equations of Motion: Linear and Angular Momentum Equations.
The position of a rigid body in an inertial frame depends on six parameters, typically three linear coordinates that locate a point of the body, such as the center of mass, and three angular parameters that define its orientation, such as Euler angles.  An equal number of equations are provided by the components on suitable reference axes of the linear momentum and angular momentum equations, which were established for a general system of particles.  What is specific about a rigid body, is that its center of mass is a fixed point in the body geometry, and its moment of momentum is a linear transformation of the angular velocity.  The moment of momentum is also referred to as angular momentum.
Adopting the simplest form of the angular momentum equation, the vector equations of motion in an inertial reference frame are
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where

m = mass of body
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 = position vector of the center of mass with respect to an inertial reference frame.
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 = resultant of the external forces acting on the body
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 = angular momentum about a reference point that can be:

a) the center of mass.
b) any fixed point in inertial reference.

c) any point whose velocity is parallel to the center of mass.
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If the body has a fixed point, the choice of that fixed point as a reference point in Eq. (2) is usually preferable.  This is because the reaction force at the fixed point drops out of the equation of motion. 
Linear Momentum Equations

The components of 
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can be taken on the axes of any convenient coordinate system, such as Cartesian, polar, or spherical coordinates.  If an unknown reaction force is present, equations in local directions orthogonal to that reaction do not involve the unknown reaction.  Further, all methods and results of the dynamics of a particle can be applied to the motion of the center of mass, such as the Impulse-Momentum Equation, and the Work-Energy Equation.  Note, however, that the resultant of the external forces, 
[image: image156.wmf]F

r

, includes reaction forces if there are any.  In applying the work-energy equation or the impulse-momentum equation to the motion of the center of mass C, the external forces are considered as applied at C.  Thus reaction forces, whose work through the absolute motion could be zero, may do non zero work through the motion of the center of mass. 
Angular Momentum Equations
To obtain the component equations on a basis 
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 of the angular momentum equation,  Eq. (2),  adopt the component representations
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We have 
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Evaluating
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If the references axes 
[image: image164.wmf]e

r

 are inertial, J varies in general with time, since the body is moving with respect to these axes.  A notable exception, however, is the case of an axisymmetric body rotating about its fixed axis of symmetry.  In general however, it is simpler to choose
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 as body-fixed, since in that case J is constant, and the simplest such choice is to take 
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The cross product term in the expression of 
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where
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Thus 
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Equating the respective components of 
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In detail,
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In principal axes of inertia, the equations simplify to what is known as Euler's equations,
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or
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To obtain equations that govern the orientation of the body, the angular velocities need to be expressed in terms of parameters or generalized coordinates that define that orientation.  In some types of motion such as planar motion or rotation about a fixed axis, angular velocities are derivatives of angles defining the orientation of the body.  In general, however, when a body is free to take any orientation, the angular velocities cannot be expressed simply as derivatives of some angles.  Euler Angles are a typical choice of generalized coordinates in that general case.  The expressions of angular velocities in terms of Euler angles can be seen in [ ]. 
If the equations are written on non-body fixed axes, the angular momentum equation changes to
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6. Impulse-Momentum Equations

The impulse-momentum equation derived for a particle can be applied for the motion of the center of mass,  
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For the angular momentum equation, a "moment impulse - angular momentum" equation can be written as
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7. Work-Energy Equation

The work-energy equation for a rigid body can be obtained by specializing the equation derived for a general system of particles.  What is specific about a rigid body is that internal forces do zero work.
------------------------------------------------------------------------------------------------------------

Why the internal forces of a rigid body do zero work

To explain this, consider the internal forces between two particles at points A and B, respectively.  Such forces form a pair of equal and opposite forces 
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and 
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, applied at points B and A, respectively, and acting along line AB.  Letting 
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The incremental work done by 
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Since 
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is a unit vector, 
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= 0, and dWint reduces to 
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What characterizes a rigid body is that l is constant, and thus Wint = 0.  Since the internal forces occur by opposite pairs, the total internal work is zero.
We can thus limit our considerations to the work of the external forces.

------------------------------------------------------------------------------------------------------------

The time rate of external work is 
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The summation sign could represent a volume integral in the case of a volume-distributed body force, or a surface integral in the case of a surface-distributed force applied on the boundary of the body.  For a rigid body,

[image: image194.wmf]r

w

r

r

r

r

´

+

=

P

v

v


where P refers to an arbitrary reference point in the body, and 
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 is the position vector relative to P.  Substituting for 
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,  and using the permutation property of vectors in the mixed vector product,
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where 
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 is the moment of the external forces at the reference point P.
Integration between two instants of time yields
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By the work-energy equation for a system of particles, Wext is equal to the change in kinetic energy T,
Wext = T                                                  (5)
where
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If the reference point is taken at the center of mass, the work-energy equation for the body can be split into two parts.  For the motion of the center of mass, we have 
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Thus, the other terms on the two sides of the equation Wext = T,  are also equal,  
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8.  Equations for Particular Types of Rigid Body Motion

8.1 Equations of Translational Motion
In a translational motion, as seen in the kinematics part, [image: image204.wmf]w
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 = 0, and all points have the same velocity 
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The equations of motion become
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Thus the condition for translational motion is that the external moment about the center of mass be zero. 
Since 
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, the external force system has an equivalent resultant 
[image: image212.wmf]F

r

 that passes through the center of mass. Similarly, since 
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, the momentum field has an equivalent resultant 
[image: image214.wmf]r

m

&

r

that passes through the center of mass.  At any other point P, the moment of the external force system and the angular momentum are 
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where 
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 is the position vector of point P relative to the center of mass.  

It is recalled that the equation
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is valid about any point having a velocity parallel to that of the center of mass.  Thus, in translational motion, the equation can be written about any body-fixed point P.  This can be shown directly.  Since point P is body fixed, we have
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Eq. (5) can now be obtained by taking the cross product of the two sides from Eq. (1) by 
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.
Is there any useful use  to the equation  
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?  The following example shows that there is.
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Example

A uniform bar of weight W is pinned at point O to the ceiling of a train.  When the train moves on a horizontal track with a constant acceleration a, the bar makes a small angle  with the vertical.  Determine .

Writing Eq. (5) about point O has the advantage of eliminating the unknown reactions at O.  Since 
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 and 
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 have a fixed direction, we write the scalar component of Eq. (5) in that direction.  The moment of the external forces about O is 
M = Wl/2

The momentum is mv = Wv/g, and its line of action passes through the center of mass.  The moment of momentum about point O is 

H = Wlv/2g
Thus
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Eq. (5) yields
 = a/g
To compare the above procedure with the solution based on Eqs. (1) and (2),  let Rh and Rv be the horizontal and vertical reactions at point O.  We have for the horizontal and vertical components of Eq. (1),
Wa/g = Rh                    (a)
Rv - W = 0                    (b)
Eq. (2)  yields
Rvl/2 - lRh/2 = 0         (c)

Solving (c) for  yields Rh/Rv, and from (a) and (b), Rh/Rv = a/g, whence  = a/g. 

Problems, H & H: Ch. 7: 35 to 42
8.2 Equations of Rotation about a Fixed Axis
Let the z axis be the fixed axis of rotation, and z =  be the angular velocity. In body-fixed cylindrical polar coordinates, we have 
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.  The angular momentum equations, Eq. (Sec. 5, 12),  taken about a point on the axis of rotation reduce to
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If the motion is caused by an applied moment Mz, the last equation can be integrated to determine , and integration of would determine the angle of rotation as a function of time.  The first two equations determine the reaction moments of the axis of rotation on the body.  For these moments to be zero, 
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must be zero, and this means that the axis of rotation must be a principal axis of inertia. 
To study the motion of the center of mass C, let rc be its orthogonal distance to the z axis.  The acceleration components of C on the radial, circumferential, and z directions, respectively, are 
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.   The equations of motion of the center of mass are then
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The force components in these equations are the resultants of the external forces, and are thus the sum of any applied forces and of the reactions of the axis of rotation.  Eq. (4-c) is a static equation stating that the resultant z-force is zero.  If the axis passes through the center of mass, rc = 0,  and Eqs. (4-a,b) also become statical equations stating that the radial and circumferential resultant forces are zero.  The body is then said to be statically balanced, and there are no dynamic effects in Fr and F.   If the axis of rotation is a principal axis of inertia, the moment reactions are zero, as seen above.  The body is then said to be dynamically balanced.

In the case where the body is supported by bearings at the two ends of the axis of rotation, the reaction forces and moments in Eqs. (3) and (4) are the resultants of the actual reactions. 
Kinematic formulas:

The components of the angular momentum are equal to the third column of J times .

The kinetic energy is Jzz2/2
Problems, H & H: Ch. 7:  43 to 79
8.3 Equations of Planar Motion

In planar motion there are in general two scalar equations of motion for the center-of-mass in two chosen directions, and one angular momentum equation in the direction perpendicular to the plane of motion.  The three other equations serve to determine constraints or reactions that may be required to maintain the planar motion.  These consist of a resultant force in the direction perpendicular to the plane of motion, and two resultant moment components in the plane of motion. 
Letting the plane of motion be the (x, y) plane, and assuming that the z axis through center of mass is a principal moment of inertia, the equations in the plane of motion are
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where J is the moment of inertia about the z axis

Problems, H & H: Ch. 7: 80 to 96
Equations of Motion about a Fixed Point

Tops and Gyroscopes
http://www.gyroscopes.org/math2.asp
Problems, H & H: Ch. 7: 97 to 102

General Motion. Rolling of a Disc

Problems, H & H: Ch. 7: 103 to 104

9. D'Alembert's Principle

D'Alembert's principle uses the notion of inertia forces to rewrite equations of motion as equations of equilibrium, which are referred to as equations of dynamic equilibrium.  The notion of inertia forces becomes more fundamental when writing equations of motion relative to a non inertial frame of reference.

The inertia force of a particle of mass m is 
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 where 
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 is the position vector in an inertial reference frame.   For a rigid body, considered as a system of particles, the resultant of the inertia forces is
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The moment of the inertia forces, or simply the inertia moment,  at the origin O of the inertial reference frame is
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The inertia moment 
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at any other point can be expressed in terms of 
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 by the law of moments.  The general form of the dynamic equilibrium equations is then
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where 

[image: image246.wmf]F

r

= Resultant external force


[image: image247.wmf]M

r

= Resultant external moment about an arbitrarily chosen point P.


[image: image248.wmf]c

in

r

m

F

&

&

r

r

-

=

 = Resultant inertia force                (3)

[image: image249.wmf]in

M

r

= Resultant inertia moment at point P
The expression of  the inertia moment in terms of  kinematic variables is often simpler at the center of mass C, at which 
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The vector derivative above depends on whether the coordinate axes are chosen as body fixed or not, as seen earlier.  
If the body has a fixed point O, it is usually simpler to write the moment equilibrium equation about that point.  In that case,
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