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Problem Setup

@ Let Xq,---,X, be an IID random sample from an unknown
distribution function with a density function p.

e For simplicity, we assume p is supported on [0, 1]9.

@ Goal: given a level o, we want to find L,(x), Us(x) using the
random sample such that

P (La(x) < p(x) < Uq(x) ¥x € [0, 1]d) >1—a+o(l).

o Namely, [L,(x), Ua(x)] forms an asymptotic simultaneous
confidence band of p(x).
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Simple Approach: using the KDE

@ A classical approach is to construct L,(x), Uy(x) using the
kernel density estimator (KDE).

o Let
Ph(x) = hd Z (

be the KDE where h > 0 is the smoothing bandwidth and
K(x) is a smooth function such as a Gaussian.

o We pick t, such that

Lo(x) = pr(x) — ta,  Ua(x) = pr(x) + ta.

As long as we choose t, wisely, the resulting confidence band
is asymptotically valid.
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Simple Approach: the L., Error

o How do we choose t,, to obtain a valid confidence band?

@ A simple idea: inverting the L, error.
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Simple Approach: the L., Error

o How do we choose t,, to obtain a valid confidence band?
@ A simple idea: inverting the L, error.
o Let Fp(t) be the CDF of ||ph — pllco = supy |Pr(x) — p(x)].

o Then the value t* = F,1(1 — a) has a nice property:

P(lpn = pllec < t3) =1 —a.
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Simple Approach: the L., Error

o How do we choose t,, to obtain a valid confidence band?

A simple idea: inverting the L., error.

Let F,(t) be the CDF of ||ph — plloc = supy |Pr(x) — p(x)|.

Then the value t* = F,}(1 — ) has a nice property:
P(lph = plloo < t3) =1 -

This implies

P(|pn(x) — p(x)| < t2 ¥x €[0,1]9) =1 — .

Us(x) = Balx) +

leads to a simultaneous confidence band.



Simple Approach: the Bootstrap - 1

@ The previous method is great — it works even in a finite sample
case.

@ However, it has a critical problem: we do not know the
distribution F,! So we cannot compute the quantile.
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Simple Approach: the Bootstrap - 1

@ The previous method is great — it works even in a finite sample
case.

@ However, it has a critical problem: we do not know the
distribution F,! So we cannot compute the quantile.

@ A simple solution: using the bootstrap (we will use the
empirical bootstrap).
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Simple Approach: the Bootstrap - 2

o Let X{,---, X be a bootstrap sample.
o We first compute the bootstrap KDE:
pn(x hd Z K ( >
Then we compute the bootstrap Lo error W = ||p; — Phl|oc-
After repeating the bootstrap procedure B times, we obtain
realizations

Wy, -, Wpg.
Compute the empirical CDF

W \

B
Z Wg<t
/=1

Finally, we use £ = F1(1 — «) and construct the confidence
band as

Lo(x) = Pu(x) = T2y UL(x) = Pal(x) + T3
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Simple Approach: the Bootstrap - 3

@ Does the bootstrap approach work?
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Simple Approach: the Bootstrap - 3

@ Does the bootstrap approach work?
@ It depends.
@ The bootstrap works if

1Ph = Phlloo = [[Ph = plloo

in the sense that

sup |P([IPh — Phlloc < t) = P([Ph = Plloo < )] = o(1).

7/21



Simple Approach: the Bootstrap - 3

Does the bootstrap approach work?

It depends.

The bootstrap works if
1P, — Phllos = lIPh = Plloo
in the sense that

sup |P([IPh — Phlloc < t) = P([Ph = Plloo < )] = o(1).

e However, the above bound holds if we undersmooth the data
(Neumann and Polzehl 1998, Chernozhukov et al. 2014).

Namely, we choose the smoothing bandwidth h = o(nfﬁld).
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Simple Approach: the Bootstrap - 4

@ Why do we need to undersmooth the data?
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Simple Approach: the Bootstrap - 4

@ Why do we need to undersmooth the data?

@ The L, error has a bias-variance tradeoff:

log n
~ _ 2
1Ph = plloc = O(h") +Op (\/ —d )

Y —
stochastic error
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Simple Approach: the Bootstrap - 4

@ Why do we need to undersmooth the data?

@ The L, error has a bias-variance tradeoff:

~ log n
— — 2
1Ph = plloc = O(h") +Op (\/ v )

Y —
stochastic error

@ The bootstrap L, error is capable of capturing the errors in
the stochastic part. However, it does not capture the bias.
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Simple Approach: the Bootstrap - 4

@ Why do we need to undersmooth the data?

@ The L, error has a bias-variance tradeoff:

~ log n
— — 2
1Ph = plloc = O(h") +Op (\/ v )

Y —
stochastic error

@ The bootstrap L, error is capable of capturing the errors in
the stochastic part. However, it does not capture the bias.

@ Undersmooth guarantees that the bias is of a smaller order so
we can ignore it.
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Problem of Undersmoothing

~ /log n
J— — 2 -
Ph — pllec = O(h%) + Op ( nhd> :

Bias ~—m———*%>
stochastic error

@ Undermoothing has a problem: we do not have the optimal
convergence rate.
@ The optimal rate occurs when we balance the bias and
1
stochastic error: h = hope < n~ @4 (ignoring the log n factor).
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Problem of Undersmoothing

~ /log n
J— — 2 -
Ph — pllec = O(h%) + Op ( nhd> :

Bias ~—m———*%>
stochastic error

@ Undermoothing has a problem: we do not have the optimal
convergence rate.

@ The optimal rate occurs when we balance the bias and
stochastic error: h = hop < nm @ (ignoring the log n factor).

@ A remedy to this problem: choose h optimally but correct the
bias (debiased method).
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The Debiased Method - 1

@ The idea of the debiased method is based on the fact that a
leading term of O(h?) is
h2
2
where Ck is a known constant depending on the kernel
function and V2 is the Laplacian operator.

CK . V2p(X),
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The Debiased Method - 1

@ The idea of the debiased method is based on the fact that a
leading term of O(h?) is
h2
2
where Ck is a known constant depending on the kernel
function and V2 is the Laplacian operator.

@ We can estimate V2p via applying the Laplacian operator to a
KDE pp,.

o However, 5L1|ch an estimator is inconsistent when we choose
hopt < n~ +4 because

V2Bh(x) — V2p(x) = O(h?) + Op <\/Hh‘1,+4> .

CK . V2p(X),
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The Debiased Method - 1

@ The idea of the debiased method is based on the fact that a
leading term of O(h?) is
h2
2
where Ck is a known constant depending on the kernel
function and V2 is the Laplacian operator.

@ We can estimate V2p via applying the Laplacian operator to a
KDE pp,.

o However, 5L1|ch an estimator is inconsistent when we choose
hopt < n~ +4 because

V2Bh(x) — V2p(x) = O(h?) + Op <\/Hh‘1,+4> .

N S
@ The choice h = hopt < n~ 3+ implies

V2pi(x) — V2p(x) = o(1) + Op(1).

CK . V2p(X),

10/21



The Debiased Method - 2

@ To handle this situation, people suggested using two KDE's,
one for estimating the density and the other for estimating the
bias.

1This idea has been used in Calonico et al. (2015) for a pointwise
confidence interval.
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The Debiased Method - 2

@ To handle this situation, people suggested using two KDE's,
one for estimating the density and the other for estimating the
bias.

@ However, actually we ONLY need one KDE.

@ We propose using the same KDE pj,(x) to ‘debias’ the
estimator?.

@ Namely, we propose to use

~ h?

Pr(x) = Pr(x) — ?CK - V2Pn(x)

1
with h = hopt < n™ @44,

@ The estimator pj(x) is called the debiased estimator.

1This idea has been used in Calonico et al. (2015) for a pointwise
confidence interval.
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The Debiased Method + Bootstrap

@ To construct a confidence band, we use the bootstrap again
but this time we compute the bootstrap debiased estimator

ﬁvﬁfﬂ@—gﬂvwﬁv)

and evaluate ||p} — pp|oo-

o After repeating the bootstrap procedure many times, we
compute the EDF F, of the realizations of ||p; — pal/~ and

obtain the quantile t = F,1(1 — a).

@ The confidence band is

La(x) = Pr(x) = B Ualx) = Ba(x) + B
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Theory of the Debiased Method

Theorem (Chen 2017)

Assume p belongs to [3-Hélder class with 8 > 2 and the kernel
. . 1
function satisfies smoothness conditions. When h < n~ d+%,

P (za(x) < p(x) < Uy(x) ¥x € [0, 1]d) =1—-a+o(l).

Namely, the debiased estimator leads to an asymptotic
) ) 1
simultaneous confidence band under the choice h < n™ d+4,
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Why the Debiased Method Work? -1

@ Why the debiased method work? Didn't we have an
inconsistent bias estimator?
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Why the Debiased Method Work? -1

@ Why the debiased method work? Didn't we have an
inconsistent bias estimator?

@ We indeed do not have a consistent bias estimator but this is
finel
1
o Recall that when h < n”d+3,

V2h(x) - V() = o(1)+  Op(1)
—— ——
bias stochastic variation

@ Thus, our debiased estimator has three errors:

() — plx) = P1(x) — -GV Bu() — ()

1
nhd

h2
= — CxV?p(x) + o(h?*) +0p (

h? N
5 - ECszph(X)

bias
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Why the Debiased Method Work? - 2

@ The above equation equals (h =< n_TLt)

~ h? 1 h? .
ph(X) — p(X) = ?CKVP(X) + O(h2) +0p ( nhd> — ?CKvPh(X)
bias
1 ~
= o(h?) + Op (\/ hd> + 5 Ck (V2p(x) — V2ph(x))
=0(1)+0p(1)
2 / 1 2 2
=o(h®) + + Op (h?).
@ Both the and purple terms are stochastic variation.
° . from estimating the density.

@ Purple: from estimating the bias.
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Why the Debiased Method Work? - 3

1
@ When h =< n” d+4, the error rate

5h(X) — p(X) = O(h2) + Op (\/ nlhd> + Op (hz)
= Op(n~7%)

is dominated by the stochastic variation.

@ As a result, the bootstrap can capture the errors, leading to an
asymptotic valid confidence band.
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Why the Debiased Method Work? - 4

o Actually, after closely inspecting the debiased estimator, you
can find that

Ph(x) = pn(x )—h:CK V2Bh(x)

1 , h? 1 ~p, (Xi—x
‘m?}“( ; >‘2CK'nhd,_§;VK<h )
1 « Xi—x
_nhd;M< h )

M(x) = K(x) —

where C
=< V2K (x).
@ Namely, the debiased estimator is a KDE with kernel function
M(x)!
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Why the Debiased Method Work? - 5

@ The kernel function

is actually a higher order kernel.
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Why the Debiased Method Work? - 5

@ The kernel function

Gk

2
K
k()
is actually a higher order kernel.

@ You can show that if the kernel function K(x) is a y-th order
kernel function, then the corresponding M(x) will be a
(7 + 2)-th order kernel (Calonico et al. 2015, Scott 2015).
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Why the Debiased Method Work? - 5

@ The kernel function

Gk

- VK(x)

is actually a higher order kernel.

@ You can show that if the kernel function K(x) is a y-th order
kernel function, then the corresponding M(x) will be a
(7 + 2)-th order kernel (Calonico et al. 2015, Scott 2015).

@ Because the debiased estimator pj(x) uses a higher order
kernel, the bias is moved to the next order, leaving the
stochastic variation dominating the error.
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Simulation
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Conclusion

@ We illustrate a bootstrap approach to construct a
simultaneous confidence band via a debiased KDE.

@ This approach allows us to choose the smoothing bandwidth
optimally and still leads to an asymptotic confidence band.

@ A similar idea can also be applied to regression problem and
local polynomial estimator.
@ More details can be found in

o Chen, Yen-Chi. "Nonparametric Inference via Bootstrapping
the Debiased Estimator." arXiv preprint arXiv:1702.07027
(2017).
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Thank youl
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