STAT 425: Introduction to Nonparametric Statistics Winter 2026

Lecture 6: Density Estimation
Instructor: Yen-Chi Chen

Main reference: Section 6 of All of Nonparametric Statistics by Larry Wasserman.

A book about the methodologies of density estimation: Multivariate Density Estimation: theory, practice,
and visualization by David Scott.

A more theoretical book (highly recommend if you want to learn more about the theory): Introduction to
Nonparametric Estimation by A.B. Tsybakov.

Density estimation is the problem of reconstructing the probability density function using a set of given data
points. Namely, we observe X1, -+, X,, and we want to recover the underlying probability density function
generating our dataset.

6.1 Histogram

If the goal is to estimate the PDF, then this problem is called density estimation, which is a central topic in
statistical research. Here we will focus on the perhaps simplest approach: histogram.

For simplicity, we assume that X; € [0, 1] so p(z) is non-zero only within [0, 1]. We also assume that p(z) is
smooth and [p’(x)| < L for all z (i.e. the derivative is bounded). The histogram is to partition the set [0, 1]
(this region, the region with non-zero density, is called the support of a density function) into several bins
and using the count of the bin as a density estimate. When we have M bins, this yields a partition:

1 1 2 M-2 M-1 M-—-1
Bl|:07M);B2|:M7M>>"';BM—1|: M ) M )aBM|: M ,]-:|

In such case, then for a given point x € By, the density estimator from the histogram will be

N number of observations within B, 1 M &
P () n x length of the bin n ; ( ‘)

The intuition of this density estimator is that the histogram assign equal density value to every points within
the bin. So for By that contains , the ratio of observations within this bin is 2 > | I(X; € By), which
should be equal to the density estimate times the length of the bin.

Theorem 6.1 Suppose that p(x) has a uniformly bounded derivative, i.e., there exists L such that sup,, |p'(z)| <
L. Also, let pmax = sup, p(z) < oco. Then

biaS(A (:L’)) < £ Var(A (x)) < M@ + @
Pm S0 Pm < " n

Proof:

6-1
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Bias. Now we study the bias of the histogram density estimator.

E(pum(z)) = M- P(X; € Be)

SN

The last equality is done by the mean value theorem with F’(x) = p(z). By the mean value theorem again,
there exists another point £** between x* and x such that

Thus, the bias
bias(py(x)) = E (pm(x)) — px)

=p(a") — p(z)
=p' (@) (2" — ) (6.1)
< [p'@™)| - |a" — 2|
L
< =,
- M

Note that in the last inequality we use the fact that both z* and = are within By, whose total length is 1/M,
so the |z* —z| < 1/M.

Variance. Now we turn to the analysis of variance.

Var(pas(z)) = M? - Var (i Y I(X; e B@)

— M. P(Xl S Bg)(l —P(Xi S Bg))

By the derivation in the bias, we know that P(X; € By) = %, so the variance

p(z") o (1 _ p&?)
. M M
Var(pas(x)) = M? - (n )
* 2 *
_ g PED ) (6.2)
n n

< ap . Pmax | Pinax

The analysis of the bias tells us that the more bins we are using, the less bias the histogram has. This makes
sense because when we have many bins, we have a higher resolution so we can approximate the fine density
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structure better. The analysis of the variance has an interesting result: the more bins we are using, the
higher variance we are suffering.

In fact, to obtain the same convergence rate of the bias, we do not even need the existence of derivative
of p. As long as p is Lipschitz continuous, we have the same convergence rate. Note that p is L-Lipschitz
(continuous) if for every z,y € R we have |p(x) — p(y)| < L|z — y|. With this, it is easy to see that

[bias(par(z)) = [E (Pu(2)) — p(x)]
= [p(z7) — p(2)]

L
< Llz* — < —.
S " —al < 37

Now if we consider the MSE, the pattern will be more inspiring. The MSE is
L2

2
MSE(Bas (2)) = bias® (P () + Var(pas (2) < 175 + M - P . Binax, (6.3)

An interesting feature of the histogram is that: we can choose M, the number of bins. When M is too large,
the first quantity (bias) will be small while the second quantity (variance) will be large; this case is called
undersmoothing. When M is too small, the first quantity (bias) is large but the second quantity (variance)
is small; this case is called oversmoothing.

To balance the bias and variance, we choose M that minimizes the MSE, which leads to

n- L2 1/3
Mope = < ) ) (6.4)

Pmax

Although in practice the quantity L and pmax are unknown so we cannot chose the optimal Mgy, the rule in
equation (6.4) tells us how we should change the number of bins when we have more and more sample size.
Practical rule of selecting M is related to the problem of bandwidth selection, a research topic in statistics.

6.2 Kernel Density Estimator

Here we will talk about another approach—the kernel density estimator (KDE; sometimes called kernel density
estimation). The KDE is one of the most famous method for density estimation. The follow picture shows
the KDE and the histogram of the faithful dataset in R. The blue curve is the density curve estimated by
the KDE.

Here is the formal definition of the KDE. The KDE is a function

ula) = nlh;K (F55). (6.5)

where K (z) is called the kernel function that is generally a smooth, symmetric function such as a Gaussian
and h > 0 is called the smoothing bandwidth that controls the amount of smoothing. Basically, the KDE
smoothes each data point X; into a small density bumps and then sum all these small bumps together to
obtain the final density estimate. The following is an example of the KDE and each small bump created by
it:
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In the above picture, there are 6 data points located at where the black vertical segments indicate: 0.1,0.2,0.5,0.7,0.8,0.15.
The KDE first smooth each data point into a purple density bump and then sum them up to obtain the final
density estimate—the brown density curve.

6.2.1 Bandwidth and Kernel Functions

The smoothing bandwidth h plays a key role in the quality of KDE. Here is an example of applying different
h to the faithful dataset:

Clearly, we see that when h is too small (the green curve), there are many wiggly structures on our density
curve. This is a signature of undersmoothing—the amount of smoothing is too small so that some structures
identified by our approach might be just caused by randomness. On the other hand, when h is too large (the
brown curve), we see that the two bumps are smoothed out. This situation is called oversmoothing—some
important structures are obscured by the huge amount of smoothing.

How about the choice of kernel function? A kernel function generally has two features:

(K1) K(z) is symmetric.
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(K2) [ K(z)dx =1.
(K3) limy oo K(2) = limy_, 4o K(z) = 0.
In particular, the second requirement is needed to guarantee that the KDE p,(z) is a probability density

function. Note that most kernel functions are positive; however, kernel functions could be negative .

In theory, the kernel function does not play a key role (later we will see this). But sometimes in practice,
they do show some difference in the density estimator. In what follows, we consider three most common
kernel functions and apply them to the faithful dataset:
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1Some special types of kernel functions, known as the higher order kernel functions, will take negative value at some regions.
These higher order kernel functions, though very counter intuitive, might have a smaller bias than the usual kernel functions.



6-6 Lecture 6: Density Estimation

The top row displays the three kernel functions and the bottom row shows the corresponding density esti-
mators. Here is the form of the three kernels:

1 2
62,

Gaussian K (z) =

N

Uniform K(z)=-I(—-1<z <1),

N JUR ORI

Epanechnikov K (x) = = - max{1 — z%,0}.

The Epanechnikov is a special kernel that has the lowest (asymptotic) mean square error.

Note that there are many many many other kernel functions such as triangular kernel, biweight kernel, cosine
kernel, ...etc. If you are interested in other kernel functions, please see https://en.wikipedia.org/wiki/
Kernel_(statistics).

6.2.2 Basic theory of the KDE

Now we will analyze the estimation error of the KDE. Assume that Xi,---, X, are IID sample from an
unknown density function p. In the density estimation problem, the parameter of interest is p, the true
density function.

To simplify the problem, assume that we focus on a given point zy and we want to analyze the quality of
our estimator p,(zg).

Theorem 6.2 Assume that p(x) has bounded third derivatives and assumption (K1-3) holds for the kernel
function. Then when h — 0 as n — oo, we have

bias(p, (7)) = %fﬂpu(:co)uz( +o(h?), Var(pn(zo)) = %p(xo)cr%{ +o <nlh) i

Note that the we can relax the bounded third derivative condition to 2-Hdélder; see Section 6.2.7 for more
details.

Proof: Bias. The bias of KDE is

E(u(x0)) — plzo) = E (nlh Sr (5 x)) ~ plao)

o 1 (552))

e

so that dy = dz/h and the above becomes

Now we do a change of variable y = #=*°

(o))~ an) = [ 5 (257 ) ) plao

= /K (y) p(xo + hy)dy — p(xo) (using the fact that z = xo + hy).
Now by Taylor expansion, when h is small,

1
p(zo + hy) = p(xo) + hy - p'(x0) + §h2y2p”(ﬂfo) + o(h?).


https://en.wikipedia.org/wiki/Kernel_(statistics)
https://en.wikipedia.org/wiki/Kernel_(statistics)
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Note that o(h?) means that it is a smaller order term compared to h? when h — 0. Plugging this back to
the bias, we obtain

E(pn(z0)) — p(xo) /K p(xo + hy)dy — p(xo)
/K { zo) + hy - p'(wo) + h2 *p" (x0) +0(h2)] dy — p(zo)
= /K(y)p(sr:o)dy+ /K(y) hy - p'(zo)dy + /K( —h2y*p" (zo)dy + o(h?) — p(xo)

:puwjﬁzww@+mmmo/yK@MW+§Mﬁ%my/fkwwdy+dm>—mm>
— 5

= plan) + 51 (o) [ 4K () dy ~ plao) + o(h?)

— 51" (w0) [ K @) dy + o)

= %h2p”($0)ﬂK +o(h?),

where i = [ 42K (y) dy. Namely, the bias of the KDE is

bias(p, (o)) = %th”(a:O)uK +o(?). (6.6)

Variance. For the analysis of variance, we can obtain an upper bound using a straight forward calculation:
~ 1 - Xz — X
Var(p, =Var | — K
ar(f (x0)) ar(nhgg (%5 ))

e (x(552)
e (4 (552))
::nh2 <xfz ) o

= — /K2 (y)p(xo + hy)dy (using y = 252 and dy = dx/h again)

\ /\

:m/m p(xo) + hyp'(x0) + o(h)] dy

= ( p(z0) /K2 dy+o(h))
_ nihp(xo)/f@(y)dy +o <nlh>
_ %p(mo)oi p (nlh) ,
where 0% = [ K (y)dy. =

This means that when we allow h — 0, the bias is shrinking at a rate O(h?). Equation (6.16) reveals an
interesting fact: the bias of KDE is caused by the curvature (second derivative) of the density function!
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Namely, the bias will be very large at a point where the density function curves a lot (e.g., a very peaked
bump). This makes sense because for such a structure, KDE tends to smooth it too much, making the
density function smoother (less curved) than it used to be.

Also, the variance shrinks at rate O(-:-) when n — 0o and h — 0. An interesting fact from the variance is
that: at point where the density value is large, the variance is also large!

Now putting both bias and variance together, we obtain the MSE of the KDE:
MSE (p,, (o)) = bias? (P (20)) 4+ Var(p,(20))

= {1 o) P+ ol + ol +o ()
=0(h")+0 <1h) :

n

The first two term, +h*|p”(20)>u% + L:p(20)o%, is called the asymptotic mean square error (AMSE). In
the KDE, the smoothing bandwidth h is something we can choose. Thus, the bandwidth A minimizing the
AMSE is

1
4 plxo) o%\°® 1
h. =—-——-—=+) =Cy-n"5.
opt(0) (n 0" (20) 2 122 1-n
And this choice of smoothing bandwidth leads to a MSE at rate

MSE (P (20)) = O(n™ ).

The optimal MSE of the KDE is at rate O(n’%), which is faster than the optimal MSE of the histogram
O(n~%)! However, both are slower than the MSE of a MLE (O(n~1)). This reduction of error rate is the
price we have to pay for a more flexible model (we do not assume the data is from any particular distribution
but only assume the density function is smooth).

In the above analysis, we only consider a single point zo. In general, we want to control the overall MSE
of the entire function. In this case, a straight forward generalization is the mean integrated square error
(MISE):

MISE(R,) = B ( [Gule) - ) ) = [ MSE(, ()

Note that the second equality follows from the Fubini’s theorem. Under a similar derivation, one can show
that

MISE(p,,) = 7h4 / Ip" () |Pdzp? + —/ z)dz o + o(h*) + o (n1h>
—

=1

L /\”( )|d +i+ (h*) + L (6.7)
T4 pBar T T °\nh ’

Overall curvature
1
=0hYH+0(—).
ay+o()

2
The two dominating terms in equation (6.7), & - h* - /|p (z)[*dz +2, is called the asymptotical mean
—_—

Overall curvature

integrated square error (AMISE). The optimal smoothing bandwidth is often chosen by minimizing this
quantity. Namely,

1
1 4 O’K 5 1
hopt = < f |p,/ |2dl’ /J,K) = 02 ‘mno 5. (68)
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6.2.3 Bandwidth Selection

Although equation (6.8) provies an expression of the optimal bandwidth as hept, this choice is not applicable
in practice because it involves the unknown quantity [ |p”(z)[*dz. Thus, how to choose h is an unsolved

problem in statistics and is known as bandwidth selection®. Most bandwidth selection approaches are either
proposing an estimate of AMISE and then minimizing the estimated AMISE or using an estimate of the

curvature [ |p”(z)|?dz and choose hep accordingly.

There are 4 common approaches for selecting the bandwidth.

e Rule of thumb. The rule of thumb is motivated by analyzing the problem of the optimal bandwidth
for estimating the PDF of a univariate Gaussian with a Gaussian kernel. In this case,

hROT,O =1.05-0- n71/5 or hROT,O =0.79 - @ . n71/5

Later Silverman noticed that this bandwidth often oversmooth and miss the multi-modality so he
recommended to revise it as

hrot = 0.9 - min{7, IQR/1.34} - n~ /5.
The choice hrot is often known as the Silverman’s rule of thumb.

e Plug-in method. The plug-in method is a very intuitive approach—we replace the unknown quantity
with a consistent estimator. In this case, we estimate p”(z) and then plug-in the estimated curvature
into equation (6.8) and obtain the corresponding optimal bandwidth. However, a challenge is that we
need to specify another bandwidth for the second derivative estimation.

e Least squared cross-validation. The least squared cross-validation (LSCV) is motivated by the
following expansion of the MISE:

MISE(p,) = /(ﬁn(x) —p(x))?dx = /ﬁi(:c)dz - /ﬁn(x)p(:c)d;l: + Co.

We may estimate the second integral using the idea of leave-one-out CV

. 1~

pn(x)p(x)dx ~ ﬁ an,fi(Xi)a

i=1
where p,, _; is the KDE computed without using X;. This leads to a criterion
Riscv(h) = [ Ph(a)do— 2 S (X0,

We then choose h by minimizing Riscy(h). WARNING: this is not the cross-validation used in

regression or classification problem although it does use the concept of leave-one out cross-validation.

e Lepski’s approach. Recently, Goldenshluger and Lepski (2011) propose a method, known as the
Lepskis approach, that treats the bandwidth selection problem as a model selection problem and
proposes a new criterion for selecting the smoothing bandwidth. One feature of Lepskis approach is
that the selected bandwidth enjoys many statistical optimalities. See the following two papers for more
details:

2See https://en.wikipedia.org/wiki/Kernel_density_estimation#Bandwidth_selection for more details.
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1. Goldenshluger, A., & Lepski, O. (2008). Universal pointwise selection rule in multivariate
function estimation. Bernoulli, 14(4), 1150-1190.

2. Goldenshluger, A., & Lepski, O. (2011). Bandwidth selection in kernel density estimation:
oracle inequalities and adaptive minimax optimality. The Annals of Statistics, 39(3), 1608-
1632.

For more information on bandwidth selection, I would recommend

Sheather, Simon J. “Density Estimation.” Statistical Science 19.4 (2004): 588-597.

6.2.4 Sampling from KDE

Sampling from a KDE is generally a very simple problem due to its connection to mizture model. Recall

that the KDE is
. 1 < Xi—z\ 1 X, —x
Pa(z0) = — K< o )-E nK( ; >/h. (6.9)

i=1 i=1

If we generate a random variable E with a PDF K (e), then the random variable
Z=x+h-E

will have a PDF p(z) = K (23%) /h = K (%32) /h since the kernel function is symmetric.

This means that if we replace x by X;, and generate Z given X; with Z = X, + h - E, the PDF of Z given
Xi is

p(21X;) = K <Xih_ Z) /h.

Comparing this to equation (6.9), we conclude that the KDE is a mixture model with n components where
each component has a proportion % and a PDF K (%) /h. Thus, we can sample from p,(z) via the
following procedure:

1. Sample I € {1,2,---,n} uniformly, i.e., P(I =i) = L for any i.

T n

2. Given I, we sample X' = X; + h - E, where FE has a PDF K(e).

The resulting random variable X’ will have a PDF p,, (). This procedure is also called smoothed bootstrap.
If K is a Gaussian kernel, then the second step can be written as sampling X’ ~ N (X, h?).

6.2.5 Multivariate KDE

The KDE can be applied to multivariate cases. Suppose now X € R is a multivariate random variable. The

multivariate KDE is
~ ( ) . 1 iK Xi — X
pn x)= nhd P h 9

where K (x) now is a multivariate kernel function.

There are two common approach of constructing a multivariate kernel from a univariate kernel. Let Ky(z)
be a univariate kernel such as a Gaussian, uniform, or Epanechnikov kernel.
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e Product kernel. The product kernel is a multivariate kernel via

d
T) = H Ko(zj).

We just use the product of each coordinate-wise univariate kernel to form a multivariate kernel. Note
that in the product kernel, sometime people use different smoothing bandwidth for different coordinate,

leading to
Pn(z) = Z H Ko ( ) .

1171

e Radial kernel. Radial kernel is an alternative approach to construct a multivariate KDE. The kernel

function is 1

K(x) = mf{o(llx\\z),

where ||z (|2 is the 2-norm of the vector = and ¢q(Ko) = | Ko(||z||2)dz is the normalizing factor. In this
case, the KDE becomes

N R Xi—z\ _ 1 - X — 2|2
pn(f)nhd;K( - >nhdcd(Ko);Ko< - : (6.10)

Both product kernel and radial kernel are useful and they actually are the same for the case of Gaussian.
For the case of uniform kernel, the product kernel leads to a so-called ‘box kernel’ while the radial kernel
leads to a ‘spherical kernel’.

In multivariate case, the KDE has a slower convergence rate:

MISE(5,) = O(h*) + O ( hd) — MISEqu(5,) = O (n_T) , hop = O (n_T) .
Here you see that when d is large, the optimal convergence rate is very very slow. This means that we cannot
estimate the density very well using the KDE when the dimension d of the data is large, a phenomenon known

as the curse of dimensionality®.

KDE in metric space. The radial kernel can be easily generalized to non-FEuclidean data using the metric
representation. Specifically, the radial KDE in equation (6.10) can be equivalently written as

~ S [ Xi —zll2) _ 1 - d(Xi, )
Pa(@) = nhdcd Ko) Z ( _nhdcd(Ko);Ko o)

=1

where d(z1, z2) is the Euclidean metric/distance. The expression

allows us to apply KDE with data X; in a general metric space. While the resulting KDE is not necessarily
a density function, it is often called a pseudo-density. As an example, suppose each X; is a function, i.e.
,Xi(t). We can define the pseudo-density estimator via the KDE as

S (#5)

3There are many forms of curse of dimensionality; the KDE is just one instance. For other cases, see https://en.wikipedia.
org/wiki/Curse_of _dimensionality
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where d(z1,22) is a metric for functions such as the Ly distance d(x1,z2) = [(21(t) — z2(t))?dt. Note that
for general metric space case, we generally do not include the normalizing constant c¢q(Kp) since g, (z) is not
a conventional density when x is just an element in a metric space (such as being a function).

6.2.6 Conditional density estimation

The KDE can be used to estimate the conditional density easily. Suppose X € R and Y € R and we want to
estimate the conditional PDF p(y|x). The KDE simply use the fact that p(y|z) = p}gg(cg) =7 p’(’g’é’;dm, and
estimate the joint PDF p(z,y).

Generally, we recommend using the product kernel since it has a nicer form in this case. When we use a
product kernel, the kernel function for (x,y) is

K(z,y) = Ki(z)Ka(y),

where K7, Ko are conventional univariate kernel function. Very often people choose the same kernel function.
The KDE of p(x,y) is

n

N 1 Xi—x Yi—vy
n\L, = K K s

7 =1

where h,, h, are smoothing bandwidth for = and y respectively. In practice, we often standardize data and
use the same smoothing bandwidth for both x and y.

A interesting fact about product KDE is that the implied marginal KDE on z (or y)

—~ ~ 1 i Xi—l‘
) = [ty = 3 (57

is a univariate KDE. Therefore, the conditional KDE is

oy = Pr@w) 1 S K (55E) K (YY) =fjwi<x;hz)hif<2 (Y;—y>7 (6.11)

2
@) Ry K, = - ,

h(l‘/

where the ‘weight function’

Wi(l'; ha:) =

satisfying W;(z; hy) > 0 and Y. Wi(x; hy) = 1.

The conditional KDE is similar to the KDE on variable Y only (p,,(y)). The key difference is the weight
function: conditional KDE uses W;(x; h,,) that adapts to different « while the univariate KDE uses an equal
weight 717 You can also interpret the conditional KDE as a mixture model that the component ¢ has a weight
of Wi(z; hy) rather than L.

The above formula can be easily generalized to multivariate X € R¢ and multivariate Y € R?. Interestingly,
due to the weighted KDE form in equation (6.11), we may use a hybrid version of the product and radial
kernel that

K(x,y)zCdlpKl(lxll)Kz(llyl), Cap= / Ky () Koyl dedy.
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This leads to

K, (I\X;L;ml\)

T« X —z|\’
Zi’:1K1< he

where ¢, = [ Ka(||y||)dy.

Remark. Due to the fact that conditional KDE is just a weighted KDE, sampling from a conditional KDE
can be done via a similar procedure as the smooth bootstrap in Section 6.2.4. The only difference is how
we sample the index I € {1,2,--- ,n}. In the conventional KDE, I has an equal probability of being each
i € {1,2,--- ,n}. In the conditional KDE, P(I = i) = W;(x;h,) that depends on z (and the smoothing
bandwidth hy).

6.2.7 Holder class and higher-order kernels (Optional)

For any number 8, let |3] be the largest integer that is straightly less than g; for instance, |1.7] = 1,
|2.3] =2, and |2] = 1. Let f™ be the m-the derivative of f. A function f is called in the 3-Hélder class if

|f(LﬁJ)(x) _ f(LBJ)(y)| < Llz — y|BfLﬁJ
for all z,y € R. It is easy to see that 1-Holder class is the collection of Lipschitz functions. And for any
integer m, m-Holder class is a larger class than the bounded m-th order derivative class, i.e, the Holder
continuity is weaker than the existence of derivative. Specifically, f belongs to 1-Holder class means that

f is a Lipschitz function; f belongs to 2-Holder class means that the gradient f’ is a Lipschitz function; f
belongs to 3-Holder class means that the Hessian f” is a Lipschitz function.

Using the bias analysis, one can show that when p is in 2-Holder class, the bias
bias(p,(x0)) = O(h?).

I would recommend the following book as a starting point if you are interested in this topic:

Tsybakov, Alexandre B. Introduction to Nonparametric Estimation. Springer, 2009.

Lemma 6.3 Under assumption (K1-3). If p belongs to 5-Holder for g € (0,2], then
bias(p,(z0)) = O(h?).

If g > 2,
bias(p,(z0)) = O(h?).

Proof:

Case of 3 € (0,1]. In this case, the S-Holder refers to

[p(21) = pla2)] < fo1 — 22|,
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By a standard analysis on the bias, we have

r — X

5 (ool — ) = | [ (2520 ) pa)de = plao

= /K(u)p(mo + uh)du — p(xg)du

= /K(u)(p(aso + uh) — p(xo))du
< [ K)o+ ub)  plao)] du
< /K(u)\u|’8duhﬂ
= O(hP).

Case of 8 € (1,2]. For this case, the -Holder refers to

P/ (21) = p'(w2)] < |y — 22|

Following the derivation in the previous proof, we additionally use the Taylor remainder theorem and obtain

[ (20)] — p(ao)]| = / K () (plao + uh) — p(o))du

= / K (u) /y y:Huhp’(y)dydu

=T

y=x+uh

- | K@ / T ) @)y + [r@ [y

=x y=x

y=xz+uh
< / K (u) / 1P'(y) — ¢ (2)|dydu + / K (u)y (x)uhdu

=z

=hp'(z) [ K(u)du=0
y=z+uh
< /K(u)/ luh|?~dydu
y=x

e /K(u)u\u|ﬁ_1du — o).

Case of 3 > 2. Since B-Holder implies 2-Holder, so the rate is O(h?).
|

You may be wondering why we do not go for 8 > 2 using a similar trick as 8 € (1,2]. The primary reason
is that our kernel function cannot remove higher-order errors. To see this, consider § € (2, 3], which implies

P (21) — p"(w2)| < |w1 — 22|72
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A similar decomposition shows that

E[5n ()] — p(o)] = / K () (p(zzo + uh) — plo)) du

y=z+uh
= /K(u)(uh -p'(x) + uh/ P (y)dy)du

=T

y=x+uh
= /K(u)uh/ " (y)dydu
y

(Taylor’s remainder theorem)

(note: [ K(u)uh -p'(z)du = 0)

=x

y=z+uh y=z+uh
= /K(u)uh/ (p"(y) — dydu+/K uh/ x)dydu| .
y

=x

While the first term can be bounded at rate O(h?), the second term

/K h/y Huh x)dydu = h*p" (x )/uZK(u)du # 0.

T
So the bias is kept at rate O(h?).

Higher-order kernels. To resolve this issue, people introduced the idea of higher-order kernels. A kernel
function is called L-th order kernel if it satisfies the following condition:

/ K(2)a'ds = 0

forall { = 1,2,---,L — 1 and fK(ac)a:Ldac < 00. So the conventional kernel function (symmetric) is a
2nd-order kernel function . You can see that if we use a 3rd-order kernel function, we will be able to obtain

[E[pn (20)] = p(xo)| = O(h7)

for 8 € (2,3]. The above derivation can be easily generalized to higher value of 8 with a suitable value of L.
So we have the following result.

Lemma 6.4 Under assumption (K1-3) and suppose we use an L-th order kernel. If p belongs to B-Hdolder
then
bias(p, (z9)) = O(R™™ALY),

While the higher-order kernel provides a better convergence rate of the bias, it has a severe problem. For
any 3rd-order or above kernels, we must have

/u2K(u)du =0.

This means that the kernel function must be negative somewhere. Therefore, the resulting KDE p,, (z) is not
guaranteed to be a non-negative, so p,,(z) may NOT be a valid PDF.

6.3 k-nearest neighbor

k-nearest neighbor (k-NN) is a cool and powerful idea for nonparametric estimation. Today we will talk
about its application in density estimation. In the future, we will learn how to use it for regression analysis
and classification.
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Let X1, -+ ,X, ~ p be our random sample. Assume each observation has d different variables; namely,
X; € R?. For a given point x, we first rank every observation based on its distance to z. Let Ry () denotes
the distance from x to its k-th nearest neighbor point.

For a given point x, the kNN density estimator estimates the density by

. k 1 k 1
Pian(@) = n V- Ri(z) n Volume of a d-dimensional ball with radius being Ry (z)’
where V; = F(": fl) is the volume of a unit d-dimensional ball and I'(z) is the Gamma function.
2

Here are the results when d = 1,2, and 3 —

« d=1,Vi =2 fin(x) = £ gl

© d=2,Vi =7 Pinn(®) = & iy

kE__ 3
n AR (z)°

e d=3,V = %77: ﬁknn(x) =
What is the intuition of a kNN density estimator? By the definition of Ry(z), the ball centered at x with
radius Ry (z)

Bz, Ri(x)) = {y : v =yl < Ri(2)}
satisfies the fact that

S _ %ZI(& € B(z, Ry(x))).

i=1

Namely, ratio of observations within B(z, Ri(x)) is k/n.

Recall from the relation between EDF and CDF, the quantity

%ZI(Xi € B(z, Ri(x)))

can be viewed as an estimator of the quantity

P(X; € Bz, Ri(x))) ~ /B ey

When n is large and k is relatively small compared to n, Rj(x) will be small because the ratio % is small.
Thus, the density p(y) within the region B(z, Ri(z)) will not change too much. Namely, p(y) ~ p(zx) for
every y € B(x, Rg(x)). Note that p(z) is the center of the ball B(z, Ri(x)).

Therefore,

P(X: € B(x, Ri(2))) ~ /

p(y)dy ~ p(z) / dy = p() - Vi R (a).
B(z,Ri(x))

B(z, R (z))
This quantity will be the target of the estimator X " | I(X; € B(xz, Ri(z))), which equals to £. As a
result, we can say that

k
n

)

p(@) V- Ri(a) = PO € Bl (@) ~ 10X € Bla, Fa(w)
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which leads to
k 1

p(x) - Vi Ri(z) = S = p(z) ~ EVde(x)
This motivates us to use

. k 1

pknn(x) = Em
as a density estimator.

Example. We consider a simple example in d = 1. Assume our data is X = {1,2,6,11,13,14,20,33}. What
is the kNN density estimator at © = 5 with k = 2?7 First, we calculate R(5). The distance from = = 5 to
each data point in X is

{4,3,1,6,8,9,15, 28}.

Thus, Re(5) = 3 and

Sn()= 2L 1
Planl®) = Q9 Ry(5) ~ 24°
What will the density estimator be when we choose k = 57 In this case, R5(5) = 8 so
5 1 5
Dy nn 9) = o = —.
D) = 555 "o

Now we see that different value of k gives a different density estimate even at the same x. How do we choose
k? Well, just as the smoothing bandwidth in the KDE, it is a very difficult problem in practice. However,
we can do some theoretical analysis to get a rough idea about how k should be changing with respect to the
sample size n.

6.3.1 Asymptotic theory

The asymptotic analysis of a k-NN estimator is quiet complicated so here I only stated its result in d = 1.
The bias of the k-NN estimator is

bias(on (1)) = Elon(@)) ~ (0 = 50 (£) 4,8 4 ((S) . 1) ,

p(z) \n k

where b; and by are two constants. The variance of the k-NN estimator is

Var(pinn (2)) = vo - pQ}S;x) o (’D 7

where vg is a constant. The quantity k is something we can choose. We need k — oo when n — oo to make
sure both bias and variance converge to 0. However, how k diverges affects the quality of estimation. When
k is large, the variance is small while the bias is large. When k is small, the variance is large and the bias
tends to be small but it could also be large (the second component in the bias will be large). These results
are from

Mack, Y. P., and Murray Rosenblatt. “Multivariate k-nearest neighbor density estimates.” Jour-
nal of Multivariate Analysis 9.1 (1979): 1-15.

To balance the bias and variance, we consider the mean square error, which is at the rate

MSE (i (2)) = O (fj +3):
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This motivates us to choose
4
k=Cp-ns

for some constant Cy. This leads to the optimal convergence rate
A _4
MSE (Dknn opt (7)) = O(n" %)
for a k-NN density estimator.

Remark.

e When we consider a d-dimensional data, the bias will be of the rate

bias (ian (2)) = O ((:)d + /i)

Var(fian(z)) = O (,1) -

This shows a very different phenomenon compared to the KDE. In KDE, the rate of variance depends
on the dimension whereas the bias remains the same. In kNN, the rate of variance stays the same
rate but the rate of bias changes with respect to the dimension. One intuition is that no matter
what dimension is, the ball B(z, Ri(x)) always contain k observations. Thus, the variability of a kNN
estimator is caused by k points, which is independent of the dimension. On the other hand, in KDE,
the same h in different dimensions will cover different number of observations so the variability changes
with respect to the dimension.

and the variance is still at rate

e The kNN approach has an advantage that it can be computed very efficiently using kd-tree algorithm?.
This is a particularly useful feature when we have a huge amount of data and when the dimension of
the data is large. However, a downside of the kNN is that the density often has a ‘heavy-tail’, which
implies it may not work well when |z| is very large. Moreover, when d = 1, the density estimator
Dknn () is not even a density function (the integral is infinite!).

If you are interested in the theory of k-NN, I would recommend the following book:
Devroye, Luc, Laszlé6 Gyorfi, and Gébor Lugosi. A probabilistic theory of pattern recognition.

Vol. 31. Springer Science & Business Media, 2013.

6.4 Basis approach

In this section, we assume that the PDF p(x) is supported on [0, 1]. Namely, p(z) > 0 only in [0,1]. When
the PDF p(x) is smooth (in general, we need p to be squared integrable, i.e., fol p(x)?dr < 00), we can
use an orthonormal basis to approximate this function. This approach has several other names: the basis
estimator, projection estimator, and an orthogonal series estimator.

Let {¢1(x), p2(x), -+, dm(x), -} be a set of basis functions. Then we have

pl) =D 0,65(a).

4https://en.wikipedia.org/wiki/K-d_tree
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The quantity 6; is the coefficient of each basis. In signal process, these quantities are refereed to as the
signal.

The collection {¢1(x), pa(x), -+, dm(x), -} is called a basis if its elements have the following property:

e Unit 1: X
/ o5 (x)de =1 (6.12)
0

for every j=1,---.

e Orthonormal: )
| s@ontayiz =0 (6.13)

forevery j £k=1,---.
Here are some concrete examples of the basis:

e Cosine basis:

p1(x) =1, ¢j(x) = V2cos(n(j — 1)x),5 =2,3,---,
e Trigonometric basis:

pr(x) =1, ¢oj(x) = V2cos(2mjz), bojr1(x) = V2sin(2mjz),j = 1,2,

Often the basis is something we can choose so it is known to us. What is unknown to use is the coefficients
01,05, ,. Thus, the goal is to estimate these coefficients using the random sample X1, .-, X,,.

How do we estimate these parameters? We start with some simple analysis. For any basis ¢;(z), consider
the following integral:

E(6;(X1)) = / 6;(2)dP ()
1
- / 65 (2)p(x)dz
0
1 oo
- [ 6@ tuanlaldo
0 k=1

o0 1
S 6, / 6:(2) b (z)dr
k=1 0

=0 except k =7

> 0k (k =)
k=1
—9,

Namely, the expectation of ¢;(X7) is exactly the coefficient ;. This motivates us to use the sample average
as an estimator:

—~ 1 <&
0j=— > 6i(X0).
i=1
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By construction, this estimator is unbiased, i.e., E(é\j) — 6; = 0. The variance of this estimator is

Var(8)) = ~Var(¢;(X1))

_ % (E(¢2(X1)) — E2(¢;(X1)))
= L@ (X)) - 6)
o}

where sz = IE(d)?(Xl)) - 9]2.

In practice, we cannot use all the basis because there will be infinite number of them being calculated. So
we will use only M basis as our estimator. Namely, our estimator is

Po(@) = 0;0;(x). (6.14)

Later in the asymptotic analysis, we will show that we should not choose M to be too large because of the
bias-variance tradeoff.

6.4.1 Asymptotic theory

To analyze the quality of our estimator, we use the mean integrated squared error (MISE). Namely, we want
to analyze

1 1
MISE(Gi30) = E( | (Boar(2) ~ p(e))*ds) = [ [bias? (Br.a1(2) + Var(poae(a)] d
0 0
Theorem 6.5 Suppose that we are using a cosine basis and p(x) satisfies

1
/ p" (x)[dx < Lo. (6.15)
0

Then
/01 bias® (P, u(2))dz = O(M ™), /Var(ﬁmM(x))dx -0 <M) .

n

Proof: Analysis of Bias. Because each Ej is an unbiased estimator of §;, we have

M . M N M
E(Pn,m () = E(Z 0;9(x)) = ZE(QJ)%‘ (z) = Z9J¢j($)-

Thus, the bias at point x is

M o] o]
bias(pn,m (2)) = E(Dn,m(2)) — p(z) = Zeﬂﬁj (z) — Z9j¢j($) =— ) 0;0().

j=M+1
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Thus, the integrated squared bias is

/ " bias? (5o as (1)) = / - eow) @

j=M+1

/0 i 0;¢;(x) ( i qubk(a:)) dz

j=M+1 k=M+1

> Zm/% Jou(

F=M+1k=M+1

(6.16)

=I(j=k)

> e

j=M+1

Namely, the bias is determined by the signal strength of the ignored basis, which makes sense because the
bias should be reflecting the fact that we are not using all the basis and if there are some important basis
(the ones with large |6;|) being ignored, the bias ought to be large.

We know that in KDE and kNN, the bias is often associated with the smoothness of the density function.
How does the smoothness comes into play in this case? It turns out that if the density is smooth, the

remaining signals Yoo J=M41 (9] will also be small. To see this, we consider a very simple model by assuming

equation (6.15). This assumption implies that the overall curvature of the density function is bounded.
Using the fact that for cosine basis function ¢;(z),

¢(x) = —V2r(j — V) sin(n(j - 1)z),

¢ (x) = —V2r%(j — 1) cos(n(j — V)z) = —n2(j — 1)%¢p;(z).

Thus, equation (6.15) implies

1
Lo> / b (2)2dz
0

-/ 1|§ej¢;'(x>|2dx

-/ 1 éw?(j — 1)20;0,(2)ds

:/0 Zw2j_1 0,6, ( (Zw 1)2061(x ))
:W4Z G —1)2(k—1) Mk/ ¢ () ¢k (x)dx

J=1k=1

=1(j=F)
o0
A3y
Jj=1
Namely, equation (6.15) implies

L
. 402 0

I

Jj=1
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To bound the truncation bias Y- =M1 9], we can simply upper bound it with

= = -1
> oe- Y ol
1)

j=M+1 j=M+1
oo
=17
< e 0;
j=M+1

—M4i 71492

(6.17) Lo 1
S AN

Thus,

i 07 = O(M™H). (6.18)

J=M+1

Equation (6.18) and (6.16) together imply that the bias is at rate
1
/ bias (B (2))dz = O(M~).
0

Analysis of Variance. Now we turn to the analysis of variance.

1 1 Mo
/OVar(ﬁn,M(x))dx:/O Var ;qubj(x) dx

Jj=1 jAk=1
M R M 1
= Var(f;) / ¢} (z)dr+ Y Cov(f;,0k) | ¢j(x)k(x)da
Jj=1 Jj#k=1
=1 =0

Putting both bias and variance together, we obtain the rate of the MISE

NISE(G, )= [ (s G () + Vo) e = 0 (1) + 0 (A1),

Thus, the optimal choice is M = M* = Cyn'/® for some positive constant C'). And this leads to
MISE(ﬁn,M*) = O(n74/5)7
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which is the same rate as the KDE and kNN.

Remark.

e (Sobolev space) Again, we see that the bias is dependent on the smoothness of the density function.
Here, as long as the density function has an overall curvature (second derivative) being bounded, we
have an optimal MISE at the rate of O(n’4/ 5). In fact, if the density function has stronger smoothness,
such as the overall third derivatives being bounded, we will have an even faster convergence rate
O(n=%/T). Now for any positive integer 3 and a positive number L > 0, we define

ws.0) = {p: [ 190w)Par <2 < oo

be a collection of smooth density functions. Then the bias between a basis estimator and any density

p € W(B,L) is at the rate O(M~2#) and the optimal convergence rate is O(n_%). The collection
W (B, L) is a space of functions and is known as the Sobolev Space.

e (Tuning parameter) The number of basis M in a basis estimator, the number of neighborhood k in
the kNN approach, and the smoothing bandwidth A in the KDE all play a very similar role in bias-
variance tradeoff. These quantities are called tuning parameters in statistics and machine learning.
Just like what we have seen in the analysis of the KDE, choosing these parameters is often a very
difficult task because the optimal choice depends on the actual density function, which is unknown to
us. A principle approach to choosing the tuning parameters is based on minimizing an error estimator.
For instance, in the basis estimator, we try to find an estimator for the MISE, 1\@(@”\4) When we
change value of M, this error estimator will also change. We then choose M by minimizing the error,
ie.,

M = argmian\ﬁﬁJ(ﬁmM).

Then we pick M* basis and construct our estimator.
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