Genetic Covariance of Trait Values for Relatives



Coefficients of Coancestry

-

o We previously showed that for a pair of individuals that the kinship

coefficient (or coefficient of coancestry) 6 can be written in terms of
Jacquard’s 9 condensed coefficients of identity where

0:A1+§(A3+A5+A7)+ZA8
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Coefficients of Coancestry

Consider an outbred population. For outbred populations we have
that Aq to Ag are 0.

it is convenient to let ky, k1 and kg represent the probability that a
pair of outbred individuals sharing 2, 1, or 0 alleles IBD, respectively,
in lieu of A7, Ag, and Ao.

For outbred populations the kinship coefficient for a pair of individuals
can be written as

1 1
0=—-k+ -k
5 2+4 1

Note that the kinship coefficient is based on the probability of sharing
0, 1, or 2 alleles IBD. However, at a locus, a pair of individuals
actually share either zero, one, or two alleles ibd at a locus.
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Coefficients of Coancestry L

o Let ky, ki, and k5 be the actual value at the locus.

o Exactly one of these three quantities is one (for that ibd state being
true) and the other two are zero (for those ibd states being false).
o Calculate the following
> Elki]
» Varlk!]
> E[ki k7] for i #
» Covlki, k;] for i #j
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Variance of actual Coancestry

o We have the following:
> E[k'] = k;
> Var[k,] = k,(]. — k,)
» E[kiki]=0fori#j
» Covlki, k] = —kik; for i #j



Variance of actual Coancestry

@ Now, the actual coancestry at a locus for two

noninbred individuals is
* 1 * 1 *
o Calculate Var(6*)



Variance of actual Coancestry

. 1 , 1

Var(6*) = 2 Var(k3)+ 16 Var(k{)+ ZCov(kf,kz*)
1 1 1
—ko(1—k —ki(1—ky)— —kok
4 2( 2)+16 1( 1) 42"

o First cousins have ko, =0, ki = .25 and kg = .75. Calculate the

expected value, variance, and standard deviation of actual coancestry
for this relative pair type at a locus.

@ What is the variance of actual coancestry for parent-offspring?



Variance of actual Coancestry

1 1 1
V. V= Zko(1—k —ki(1—k1)— = kok
ar(6") 42( 2)+16 1( 1) 2k
o First cousins have k» =0, k; = % and kg = %, so 6 = 1—16 = .0625.
@ The variance of actual coancestry is (1—16) (%) (%) = ﬁ
o The standard deviation is 1%3 =.10825
o For parent-offspring, the variance of actual coancestry is 0.



Genetic Covariance for Two Outbred Relatives )

o We will now focus on obtaining the genetic covariance of trait values

for two outbred relatives
o Consider a quantitative trait that is influence by a single locus.

o As before, we denote the genetic value for genotype A;A; as

Gjj = U + o + o + &

where
He =) ) pipiGj=G.
i
o =Y piGj—tc=G.—G.
J

6j = Gjj— Mg — 0 — 0j = Gjj — Gj. — Gj + G,
@ These imply that }; pijo; =0 and }; p;j§;; =0

[m} = =



Genetic Covariance for Two Outbred Relatives )

o Consider two individuals X and Y. We will calculate the covariance
of the genetic values for X and Y.

o Let X7 and X5 be the two alleles at the locus for individual X, and let
Y1 and Y5> be the two alleles for individual Y
o We have the following:

Cov(Gx,xy, Gyyv,) =

Cov (/’LG + o, + ax, + 5X1X2 yUG + Uy, + Ay, + 5Y1 Yz)

= COV(OCX1 , (Xyl) + COV(OCX1 , (Xy2) + COV(OCX1 , 5y1 y2)
+COV((XX2 , Otyl) -+ COV(OCX2 , OCy2) + COV(OC)(2 , 5y1 y2)
+Cov(8x,x,5 ;) + Cov(8x, x,, 0y, ) + Cov(8x, x,, 6, v,)
= 4COV(O£X1./ Qy, ) + 2COV(OCX1 , 5y1 y2) + 2COV(5X1X2 , OCyl)
+ COV(6X1X2 ) 6Yl Y2)

Since in outbred populations the two alleles within an individual are
independent and identically distributed (iid). o

o - -



Genetic Covariance for Two Outbred Relatives )

o Now let’s first focus on the terms involving the covariance of the
additive and dominance effects: 2Cov(ox,,0yv,y,) and
2COV(5X1X27(XYI)

o Let's consider the covariance when X and Y are the monozygotic
twins, or the genetic equivalence of X = Y. What do we know about
COV((XXl ) 6X1X2)

COV(aX175X1X2) - E(axl 5X1X2) - E((XX1)E(5X1X2)
- E(aX16X1X2) -0

=2 ) pipj0id; =) pioi} pid; = pici(0) =0
Iy 1 J i

o We actually already know this to be true since the additive effects
and the dominance effects are uncorrelated!
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Genetic Covariance for Two Outbred Relatives )

o It follows that for any pair of individuals X and Y, who obviously
must have IBD sharing that is less than or equal to monozygotic
twins, that the additive and dominance effects must also have a
covariance of 0.

@ So we have
COV(GX1X2? GYl Yz) -

4COV(OCX1 , (Xyl) + 2COV(OCX1 , 6y1 y2) + 2COV(6X1X2 , (Xyl)

+ COV(5X1X2 ) 5Y1 YQ)

= 4-COV(OCX1 , OCyl) + COV(5X1X2, 5y1 y2)

o Now take a moment to calculate 4Cov(ay,, Oy, ). Hint: use the
kinship coefficient 6 for the two individuals for this calculation
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Genetic Covariance for Two Outbred Relatives )
o We have
COV(aX17aY1) - E[axl Olyl] - E[aXI]E[ayll

= E[OCXl(Xyl] -0

o Now

Elox, ay,] = E[ax, ay, | X1and Y; are IBD]P(Xiand Y; are IBD)

+E[ox, ay,|Xiand Yi are not IBD]P(Xiand Y; are not IBD)
= E[0z,]0 +0(1—0)

= 56329
where 62 is the additive variance for the trait since we previously
define 02 = 2Var(o;) =2}, piat?
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Genetic Covariance for Two Outbred Relatives

o So we have

COV( GX1X2 ) Gyl Yz)

= 4COV(OC)(1 , Oéyl) + COV(5X1X2 , 5y1 y2)

4(70-32) + COV(5X1X2=6Y1 Yz) - 29032 + COV(5X1X2=5Y1 Yz)

o Now take a moment to calculate Cov(6x,x,,0yv,v,). Hint: condition
of the probabilities of the pair sharing zero, one, or two alleles IBD,
l.e., /(0,/(1, and k2



o We have

Genetic Covariance for Two Outbred Relatives )

COV(5X1X2 ) 5Y1 Yz) - E[5X1X2 5Y1 Y2] - E[5X1X2] E[5Y1 Yz]

= E[6x,x,0v,v,] — 0
o Now E[0x;x,0v,v,] =

E[0x,x,0v,v,|X and Y share 2 alleles IBD] x

P(X and Y share 2 alleles IBD)
+E[0x,x,0v,v,| X and Y share 1 allele IBD]x
P(X and Y share 1 alleles IBD)
+E[3x,x,0v,v,| X and Y share 0 alleles IBD] x

P(X and Y share 0 alleles IBD)

[m]
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Genetic Covariance for Two Outbred Relatives )
o We have that

E[0x,x,0v,v,|X and Y share 2 alleles IBD] x

P(X and Y share 2 alleles IBD) = E[5)2<1X2]k2
@ We also have that

E[0x,x,0v,v,|X and Y share 1 allele IBD]x

/

= ki) pi Y pibi Y pibji
T 7

1

P(X and Y share 1 alleles IBD) = k; ZZZp,p;pj5il5j/
i

= ki) pi(0)(0)
/
since Y ; pi6jj = 0.



Genetic Covariance for Two Outbred Relatives )

o Finally, we have that

E[0x,x,0v,v,|X and Y share 0 alleles IBD] x

P(X and Y share 0 alleles IBD) = E[0x, x,] E[Ov; v,]ko
=(0)(0)ko =0



Genetic Covariance for Two Outbred Relatives &

@ So, putting the three terms together we have that
Cov(8x,x,:8v1v,) = E[8%,x, k2 + (0) ki +(0) ko = 0k2
where ¢ is the dominance variance for the trait that we previously

define as

o5 = Var(§;) =

E[5U]—ZPU i
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o So we have

Genetic Covariance for Two Outbred Relatives )

COV(GX1X2= GYl Yz) -
= 4-COV(OCX1 , OCyl) + COV(5X1X2, 5y1 y2)

= 20062 + ky03
@ For inbred individuals, obtaining genetic covariance is a bit more

complicated, but one can show that for X and Y inbreed we have

COV(GX1X17 GY1 Y2) =
=2002+ A707
+ D1 (401 + Az + As) + Doy + H* (A1 + Ao — Fx Fy)



Terminology and Expressions for Variance of Trie<®

Components Multi-allelic Bi-allelic
Additive Variance Gi =2Y, pia? Gf\ =2pga?
Dominance Variance 03 = Yy, p,-pj5,-J2- 03 = (2pqd)?
Inbreeding depression H=Y,pidi H=-2qpd
Covariance of ¢;'s and §;;'s D, =Y, pia;0; Dy =2pqgdo(p—q)

Variance of J;'s

Dy =Y pid; — H?

Dy = 4pq(1 — 4pq)d?

o)

|

i
it
N)
0
o)



