ESS 312 - Transport models controlled by coupled differential equations

(xFor the sinmple 2-box nodel discussed in class,
these are the equations we want to solve. v; and v, are the anpunts of material in

each reservoir. vj o and vy o are the initial amounts at t = 0. Kkiz is the

exchange coefficient for transport fromreservoir 1 to reservoir 2; kpy; is the
coefficient for transport from2 to 1. W want solutions for vi(t) and va(t),
i.e. the amounts of material in each reservoir as a function of tine. x)

DSolve[{vy' [t] = -Kkiz2 * Vi[t] + Koz * V2[t],
Vo' [t] = Kip » vi[t] - ko1 » Vvo[t],
v1[0] = vi o,

V2[0] == vz 0}, {valt], va[t]1}, t]
m Solutions for v, (t) and v, (t)

The solutionsare:

el Kizka) t gy vy g+ Kag Vi, 0+ Kax Vo, 0 - @ (Kiz ke Uk vy
vy (1) = ,
K12 + K21
~kip V0 +e (Reka b ko vy g - Kipvp o - e (TKizrkalt ko v, g
and ... vy (t) =

K12 + k21

whichisabit conplicated. Noneedtoseehowwegot tothis,
or nenorizeit for theexam etc.

Instead, let' sjust |ookat thesolutionsgraphically:
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m Starting from steady state ...

(«Let's set the total anpunt of exchangeable nmaterial v; + vy, = 8,
with vl at 5, and v2 at 3. To keep the system at steady state,
we need exchange coefficients that will nake the
fluxes the sane in both directions. To make this sinple. choose
cofficients kip = 1/5 yr~! and ky; = 1/3 yr-t.  Wth these val ues,
the systemremains in steady state because the fluxes are the
same in both directions: ki X vi0 = 1 and ky; % Vp o = 1,
so the net fluxes back and forth bal ance and the anpunts
remain at their initial (steady-state) val ues. %)

Pl ot [{vi[t] /. {ki2 » 0.2, kpy; -» 0.333333, Vi,0 = 5, V2,0 = 33,
Vo[t] /. {kKiz - 0.2, kp; »0.333333, vi 9 =5, Vvao-3}},
{t, 0, 20}, PlotRange » {0, 8}, Frame -> True, PlotStyle - {Blue, Red}]
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m Starting from different initial conditions ...

npoj= (*Now start with different anpunts in each reservoir: vigo = 2,
V2 o = 6. The total amount of exchangeabl e
material remains the same (viy + v, = 8). Nonethel ess,
both reservoirs end up at the sane steady state values as in the previous run. %)

Plot [{vi[t] /. {kKiz2 > 0.2, kz; - 0.333333, vy,0 »2, Vy0 -6},
Vol[t] /. {k12 - 0.2, kpy; » 0.333333, Vi,0 = 2, V2 o0 = 6}1},
{t, 0, 20}, PlotRange -» {0, 8}, Frame -> True, PlotStyle - {Blue, Red}]
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Wiy? Inthiscasetheinitial fluxes are out
of bal ance: Theinitial fluxfromreservoir 1to?2,
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¢$12 = Kizg * V1,0 = 0.2 » 2 = 0.4, whereastheflux ¢p; fromreservoir 2tol =
ko1 » Vo0 = 0.333 » 6 = 2. Thisinbal anceincreasesthe anount of materi al
inreservoir 1anddecreasestheanount inreservoir 2. Eventuallythe
anount inreservoir 1reaches 5andthe anount inreservoir 2dropsto 3,
at whi ch point the fl uxes cone back i nto bal ance andt he
systemremnai ns i nsteady state.

(#The same thing happens if we atart the other way around, with vy g = 6, Vy 0 = 2. %)
Plot [{vi[t] /. {ki2 > 0.2, kz; - 0.333333, vy, 0 »6, vy~ 2},

Vol[t] /. {k12->0.2, k21—)0333333, V1,0 - 6, V2’0—)2}},
{t, 0, 20}, PlotRange » {0, 8}, Frame -> True, PlotStyle » {Blue, Red}]
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m How fast does the system return to steady state, and why?

(xLook back at the solutions for vi(t) and v, (t),
and notice that the time-dependent part of each equation is etk +ka) t  This jndicates
that after any perturbation to vy and v,, the systemw || return to steady-
state exponentially with a "characteristic tinescale" © = 1/(ki2 + kz1). This is
the time required to reduce the perturbation by a factor of 1/e (~0.368). In
the 3 exanpl es shown above the tinmescale is 1/(0.2 + 0.333) = 1.88 years.

By doubling both exchange coefficients we can preserve the sane steady state
distribution of material between the reservoirs, but the systemw | respond

twice as fast to any inbalance in the fluxes. Wth ki, = 0.4 yrt and ky; =
0.667 yr-1, we have t = 1/(0.4 + 0.667) = 0.94 yr. In the exanple bel ow,
the return to steady state is twice as fast as in the | ast exanple above. x)

Pl ot [{vi[t] /. {ki2 » 0.4, kp; » 0.666667, Vi,0 = 6, V2 0= 2},
Vol[t] /. {k12->0. 4, k21—)0. 666667, Vi,0 - 6, V2 o —)2}},
{t, 0, 20}, PlotRange -» {0, 8}, Frame -> True, PlotStyle - {Blue, Red}]
m Exchange material faster ...
8
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m ... or slower
(xHal ving the original exchange coefficients again preserves the sane steady state
distribution of material, but slows down the response tine of the system x)

Pl ot [{vi[t] /. {k12 -0.1, k21 - 0.1666667, Vio = 6, V2 o - 2},
Vol[t] /. {k12 -0.1, k21 - 0.1666667, Vio = 6, V2 0 = 2}},
{t, 0, 20}, PlotRange -» {0, 8}, Frame -> True, PlotStyle - {Blue, Red}]
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