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We use lattice QCD calculations of the finite-volume spectra of systems of two and three mesons to
determine, for the first time, three-particle scattering amplitudes with physical quark masses. Our
results are for combinations of ⇡+ and K+, at a lattice spacing a = 0.063 fm, and in the isospin-
symmetric limit. We also obtain accurate results for maximal-isospin two-meson amplitudes, with
those for ⇡+K+ and 2K+ being the first determinations at the physical point. Dense lattice spectra
are obtained using the stochastic Laplacian-Heaviside method, and the analysis leading to scattering
amplitudes is done using the relativistic finite-volume formalism. Results are compared to chiral
perturbation theory and to phenomenological fits to experimental data, finding good agreement.

Introduction.—Predicting the properties and interac-
tions of hadrons directly from Quantum Chromodynam-
ics (QCD) is a formidable challenge with far-reaching
implications—from the emergence of nuclear forces and
the existence of exotic hadrons to precision tests of
the Standard Model through hadronic decays. Al-
though quark models [1] and effective field theory ap-
proaches [2, 3] have provided significant insights, first-
principles lattice QCD (LQCD) calculations have ma-
tured to the point that many questions about hadron
dynamics can be addressed quantitatively [4–10].

Existing LQCD calculations of multihadron processes
have predominantly focused on two-particle decay chan-
nels and often used quark masses heavier than their
physical values. By reducing the quark masses and
incorporating decay modes involving more than two
hadrons, it is possible to explore well-known three-pion
resonances such as the !(782) and a1(1260), exotic
tetraquarks such as Tcc ! DD⇡, the enigmatic Roper
resonance, N(1440) ! N⇡ + N⇡⇡, and even three-
nucleon forces. The successful development of three-body
tools for LQCD calculations [11–45] has transformed
these aspirations into a practical reality [46–63].

Three-body calculations from LQCD have addressed
increasingly complicated systems over the last decade.
We highlight three milestones from this active field.
First, the determination and analysis of a large num-
ber of 2⇡+ and 3⇡+ levels at M⇡ ⇡ 200 MeV, showing
the capabilities of LQCD techniques [51, 52, 54]. Sec-
ond, the calculation by the HadSpec collaboration of
the 3⇡+

! 3⇡+ scattering amplitude with JP = 0�

at M⇡ = 391 MeV [56], providing the first end-to-end
application of the three-particle formalism. Third, the
first constraints on the properties of three-particle reso-
nances, specifically the width and mass of the !(782) [63].
In this Letter, we present the results of a further bench-
mark calculation, namely that of three-meson scattering
amplitudes at physical quark masses. Furthermore, in

addition to the dominant JP = 0� amplitudes, we also
determine for the first time those with JP = 1+ and 2�.

Although our ultimate goal are three-particle reso-
nances, we first consider nonresonant systems in order
to work at physical quark masses, and examine all three-
particle combinations of ⇡+ and K+. The absence of res-
onances in these maximal-isospin systems simplifies the
LQCD calculations (no quark annihilation contractions)
and the finite-volume analysis (finite-volume spectrum
close to the non-interacting case), and enables compar-
isons with chiral perturbation theory (ChPT).

A byproduct of three-body calculations is that they
constrain the two-body amplitudes contributing via pair-
wise rescattering processes. Consequently, we accurately
determine the two-particle amplitudes in maximal isospin
channels—2⇡+, ⇡+K+, and 2K+—the latter two com-
puted for the first time with physical quark masses.
When possible, we compare these two-meson amplitudes
with phenomenological analyses of experimental data.

This Letter is released in parallel with a long article, in
which all details of the calculations are presented. Here
we present the highlights and a sketch of the methods.

Scattering amplitudes from lattice QCD.—LQCD cal-
culations are carried out in Euclidean spacetime and in
finite volumes. This complicates the extraction of scat-
tering amplitudes, which are real-time infinite-volume
observables. The finite-volume formalism provides the
necessary connection, converting one set of physical
quantities—finite volume energy levels—into another—
the desired scattering amplitudes [64].

In a finite volume with periodic boundary conditions,
stationary energies deviate from the non-interacting case
due to multihadron interactions. Intuitively, particles in
a large but finite box are mostly separate, but undergo
pairwise and triplet scatterings that shift the energy away
from its free value. Although all partial waves contribute
to this shift, higher waves are suppressed in a threshold
expansion, leading to a solvable inverse problem.
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Three PGBs at maximal isospin
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3π+, 3K+, π+π+K+, K+K+π+

• Benchmark system, with simple repulsive dynamics
• First calculation at physical quark masses

• Study , including subchannels with 

• Compare to expectations from ChPT

• Use CLS ensembles (  improved Wilson) + GEVP
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Fits to spectra
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(L/a)3 ⇥ (Lt/a) M⇡ [MeV] MK [MeV] M⇡L Ncfg

E250 96
3 ⇥ 192 130 500 4.05 505

D200 64
3 ⇥ 128 200 480 4.20 2000

N200 48
3 ⇥ 128 280 460 4.42 1712

N203 48
3 ⇥ 128 340 440 5.41 771

TABLE I. Key parameters for ensembles used in this work.
Ncfg is the number of gauge configurations.

Energies are extracted from Euclidean correlation
functions using a large set of operators with the system’s
quantum numbers. The resulting matrix of correlation
functions is analyzed as a generalized eigenvalue prob-
lem [65]. Energies are obtained from the Euclidean-time
dependence of the generalized eigenvalues.

The first step in the finite-volume formalism employs
two- and three-particle quantization conditions (QC2 and
QC3). They describe all power-law 1/Ln finite volume
effects, and are valid only up to corrections suppressed
by exp(�M⇡L). They are expressed as

det
�n

h
Fn

�
E⇤

n,P , L
��1

+ Kn(E
⇤
n)
i
= 0 , (1)

with n = 2 (n = 3) corresponding to QC2 (QC3). These
QCs depend on the total center of mass (c.m.) energy
E⇤

n of the n-body system, the total momentum P , and
the box size L. Each solution to the QCs corresponds to
a finite-volume energy level. In the QC2, K2 is the two-
particle K matrix, an infinite-volume quantity that is re-
lated to the two-particle scattering amplitude, M2. F2 is
a known finite-volume geometric function. In the QC3,
K3 is a three-particle K matrix describing short-range
three-body interactions, and F3 is a known matrix that
incorporates kinematic effects and two-particle interac-
tions via K2. The determinant is taken over indices, �n,
that characterize the n-body state at fixed energy: two-
body partial waves for the QC2, and pair partial waves
as well as the finite-volume momentum, p, and flavor of
the third, “spectator”, particle for the QC3. The matri-
ces in the QCs are finite, because we keep only two-body
interactions up to a highest partial wave, `  `max, and,
in the QC3, a cutoff in spectator momentum, p  pmax.
The latter condition defines a scheme for K3, which is an
unphysical intermediate object.

In order to constrain K2 and K3, simple parametriza-
tions of their kinematic dependence must be assumed.
K2 is parametrized as an expansion about threshold, us-
ing the standard effective-range expansion (2K+) or a
form incorporating the Adler zero (2⇡+ and ⇡+K+) [66].
These forms are truncated, and in practice involve 2 � 4
parameters. Partial waves beyond ` > 2 are assumed to
vanish. Similarly, K3 is parametrized by a generalized
threshold expansion, using a truncation consistent with
that of K2 [25], and also includes 2 � 4 parameters.

For the systems studied here, the QCs are valid below
the first inelastic threshold, i.e. the c.m. energy at which
more than two (for the QC2) or three (for the QC3) par-

channels # levels # parameters �2/DOF

2⇡/3⇡ 34 + 32 6 1.14
2⇡/⇡K/2⇡K 24 + 25 + 23 9 1.23
2K/⇡K/2K⇡ 25 + 40 + 50 10 1.95

2K/3K 40 + 53 6 1.49

TABLE II. Examples of fits. Particle charges are omitted.

ticles can be on shell. For 2⇡+ and 3⇡+ the first inelastic
threshold corresponds to adding two pions due to G par-
ity. For all other systems with at least one kaon, the
inelastic threshold is obtained by adding a pion. We re-
strict our fits to the regions of validity, although we find
that the QCs work well for some range above.

The second step in the finite-volume formalism involves
using the K matrices as input into integral equations
whose solutions are the various three-particle amplitudes,
M3 [16, 34]. These equations produce amplitudes that
automatically satisfy unitarity [26, 67]. They are solved
as in Refs. [68–71], with results discussed below.

LQCD details.—We use the Nf = 2 + 1 CLS LQCD
ensembles [74] listed in Table I, with nonperturbatively
O(a)-improved Wilson fermions and the tree-level O(a2)-
improved Lüscher-Weisz gauge action. These have a fixed
lattice spacing, a ' 0.063 fm, isospin symmetry (mu =
md ⌘ m`), and lie on trajectory with constant 2m`+ms.
The main results of this work use the E250 ensemble,
which has approximately physical pion and kaon masses.
We neglect the slight mistuning of the quark masses and
treat them as physical. All ensembles have M⇡L > 4,
leading to small exponentially-suppressed effects.

Energy levels are obtained for 2⇡+, ⇡+K+, 2K+, 3⇡+,
2⇡+K+, 2K+⇡+, and 3K+ channels, using several fitting
approaches and two independent analyses. Correlated er-
rors are obtained using the jackknife method. The levels
are fit using the QC2 and QC3 to determine the K-matrix
parameters. Details of our most extensive fits are given
in Table II, all of which have a �2 per degree of freedom
(DOF) lower than 2.

Two-meson phase shifts.—Our most accurate results
are for the two-particle phase shifts. These are obtained
from combined correlated fits to two- and three-particle
spectra, leading to smaller errors than fits to the two-
particle spectra alone. Both 2K+ and ⇡+K+ have been
explored directly at the physical point for the first time,
while the 2⇡+ system was previously explored in Ref. [55].

In Fig. 1, we show the resulting phase shifts for the
lowest two partial waves. To illustrate the range of en-
ergy levels that contribute, we display the results that
would be obtained were one to keep only the dominant
partial wave contributing to each energy level. In this ap-
proximation, there is a one-to-one relation between each
energy and the phase shift. The curves are not fits to
these points, but include much more information.

As can be seen, we obtain results with small errors
for the s-wave phase shifts, while those for the higher
waves are consistent with zero within small errors, with

Parameters in  and : use threshold expansions𝒦2 𝒦3

E0

E2

E3

E1

E4

E0

E1

E2

E3

two-meson  
spectrum 

Three-meson 
spectrum 

Quantization 
conditions

K-matrices

Fit
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FIG. 1. LQCD results for physical two-meson scattering phase shifts as a function of scattering momentum, k, in the lowest
two partial waves for each system. Errors are statistical. Dispersive results [72, 73] are also shown. The vertical dashed lines
indicate the inelastic threshold, above which the analysis breaks down. The “data points” are explained in the text.

some indication for a repulsive interaction in the 2K+

case. For 2⇡+ and ⇡+K+, we can compare our results to
those obtained using dispersive fits to the experimental
data [72, 73]. We find results that are consistent within
errors, and note that our errors are comparable in size.
For the 2K+ channel, there is no “experimental” result
available, so our result is a first-principles prediction.

FIG. 2. Kinematic configuration used in this work.

Three-meson amplitudes.—Having constrained K2 and
K3 from LQCD energies, we solve the integral equations
to obtain elastic three-meson scattering amplitudes. We
decompose the three-meson amplitude in partial waves

M3({p}; {k}) =
X

J

M
J
3 ({p}; {k}) , (2)

where {k} and {p} represent the set of three initial and
final momenta, respectively. We study fixed-J ampli-
tudes, M

J
3 , which depend on eight independent vari-

ables after considering Poincaré invariance. To obtain
a two-dimensional representation, we impose additional

FIG. 3. Squared magnitude of the 2K+⇡+ amplitude for
angular momentum J = 0, 1, 2 as a function of three kinematic
variables. From top to bottom: E dependence for ✓22 = 0 and
↵ = 120

�; ↵ dependence for E = 2(MK + M⇡) and ✓22 = 0;
✓22 dependence for E = 2(MK +M⇡) and ↵ = 120

�.

constraints by fixing certain relative orientations among
the momenta—a process we refer to as “choosing a kine-
matic configuration.”

We show our chosen kinematic configuration in Fig. 2.
Both the incoming and outgoing momenta lie in the same
plane. Each momentum lies along the bisector of a tri-
angle: an equilateral triangle for the incoming momenta,

E250: ~physical quark masses

Inelastic thresholds
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Comparing  to ChPT𝒦df,3in Ref. [101] (and generalized to all isospins in Ref. [112])
using the NLO ChPT three-pion scattering amplitudes from
Refs. [113,114]. Very large NLO corrections were observed
in the quantities that are nonzero at LO, namely K0 and K1

in Eq. (44). Thus the disagreement of lattice results with LO
ChPTwas understood, while, at the same time, the range of
pion masses for which ChPT is convergent was seen to be
small, barely extending to the physical quark mass.
It is thus of considerable interest to confirm this picture

by determiningK0 andK1 at the physical point, as we have

done in this work. Given the expected chiral behavior
[Eq. (57)], however, we expect that Kdf;3 will be small and
difficult to extract with statistical significance. This is
indeed the case, as seen above. Nevertheless, we can test
whether the results we obtain are consistent, within errors,
with the expected chiral behavior. The results of this test are
shown in Fig. 20, where we see that indeed consistency is
observed.
The other coefficient that we determine, KB, begins at

NLO in ChPT, with a result determined in Ref. [101].

FIG. 19. Results for the d-wave scattering lengths for the two-pion (a) and two-kaon (b) systems. The results are fit to a linear
dependence on the quantity plotted on the x axis, with the intercept fixed to zero in the case of pions, as discussed in the text. The
physical point is indicated as a vertical line.

FIG. 20. Results for the coefficients K0 (a) and K1 (b) term in the threshold expansion of the three-pion Kdf;3. Orange circles are the
results of this work, using fits that include s and d waves, and KB (see Table III and Ref. [55]). The results of Ref. [51] are shown as red
squares (and come from a fit that include only s waves). LO [48] and NLO [101] predictions from ChPT are also shown. The error band
arises from uncertainties in LECs. Note that the horizontal axis is proportional to M4

π .

SEBASTIAN M. DAWID et al. PHYS. REV. D 112, 014505 (2025)

014505-28

• Parametrize  in a threshold expansion, keeping first two terms

• From fits to spectra, we find non vanishing results for these terms at heavier quark masses

• Compare to NLO Chiral Perturbation theory calculation of  for 
[Baeza-Ballesteros, Bijnens, Husek, Romero-López, SRS, Sjö, 2303.13206 (JHEP) & 2401.14293 (JHEP) ]

𝒦df,3

𝒦df,3 3π → 3π

Large NLO corrections in ChPT resolve LO inconsistency
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Physical 3-particle amplitudes
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Comparison with ChPT
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Reaction plane

π+

π+
π+

Equilateral kinematic configuration

JP = 0− 36

(a) 3⇡ amplitude (b) ⇡⇡K amplitude

(c) KK⇡ amplitude (d) 3K amplitude

FIG. 28. Absolute value squared of the J
P = 0� three-meson amplitudes in the equilateral configuration for four pion masses,

as a function of the energy relative to threshold. In the 3⇡ case, the result is compared to the NLO ChPT prediction.

ing detailed results for the partial-wave projections of the
building blocks. In Sec. VI, we show results for the result-
ing amplitudes with several choices of kinematic configu-
rations and overall angular momentum, and comment on
their features. We also display the chiral dependence of
these amplitudes. For the case of 3⇡

+, we compare the
full amplitude to ChPT and find an increasingly good
agreement with decreasing pion mass.

Some systematic uncertainties remain unquantified.
First, although exponentially suppressed finite-volume
effects are expected to be small due to M⇡L > 4, they
are certainly present at the percent level. They could
be further quantified by working on additional, larger
volumes. Second, chiral fits are performed using NLO
ChPT expressions, which neglects higher-order contribu-
tions, which is a concern for the ensembles with larger
pion masses. Third, our calculations are conducted at a
single lattice spacing. Using Wilson Chiral Perturbation
Theory, we estimate discretization errors to be small, but
a detailed study of these effects will require additional
lattice spacings. Finally, our physical-point simulation
has slightly detuned light-quark masses, and does not
include isospin breaking. Despite these limitations, the
small statistical uncertainties highlight the strong con-
straining power of our results.

This work has successfully demonstrated the feasibil-

ity of studying physical three-meson systems at maximal
isospin. Building on this milestone, future efforts will fo-
cus on exploring the properties of three-meson resonances
at the physical point.
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application of this framework to existing lattice QCD data at mπ = 280MeV. We solve
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Using these K matrices in the three-particle quantization condition, we describe the finite-
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Abstract: We generalize the relativistic field-theoretic three-particle finite-volume scattering
formalism to describe generic DDπ systems in the charm C = 2 sector. This includes the
isospin-0 channel, in which the recently discovered doubly-charmed tetraquark Tcc(3875)+ is
expected to manifest as a pole in the DDπ → DDπ scattering amplitude. The formalism
presented here can also be applied to lattice QCD settings in which the D∗ is bound and,
in particular, remains valid below the left-hand cut in DD∗ scattering, thus resolving an
issue in previous analyses of lattice-determined finite-volume energies.
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Abstract: We perform a detailed comparison between three formalisms used in recent
studies of DD→ scattering at heavier-than-physical pion masses, which aim to understand the
properties of the doubly-charmed tetraquark, T+

cc (3875). These methods are the three-particle
relativistic field theory (RFT) formalism, the two-body Lippmann-Schwinger (LS) equation
with chiral effective field theory potentials, and the two-particle relativistic framework
proposed by Baião Raposo and Hansen (BRH approach). In a simplified single-channel
setting, we derive the conditions under which the infinite-volume integral equations from the
RFT and BRH approaches reduce to the LS form. We present numerical examples showing
that differences between these methods can be largely removed by adjusting short-range
couplings. We also address a number of technical issues in the RFT approach.
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and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 
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Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q

1

q

2

) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q

1

q

2

q

3

q

4

 and pentaquark q
1

q

2

q

3

q

4

q

5

 candi-
dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q

1

Q

2

q

1

q

2

, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+

cc

, relative to the D*+D0 mass threshold

δm ≡ m

T

+
cc

− (m
D

∗+ +m

D

0

) (1)

lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D

∗+ 
and m

D

0

 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 

Observation of an exotic narrow doubly charmed 
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q

1

q

2

) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q
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 candi-
dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q

1

Q

2

q

1

q

2

, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+

cc

, relative to the D*+D0 mass threshold

δm ≡ m

T

+
cc

− (m
D

∗+ +m

D

0) (1)

lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D

∗+ 
and m

D

0 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 
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and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 
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Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q

1

q

2

) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q

1

q
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q

3

q

4

 and pentaquark q
1

q

2

q

3

q

4

q

5

 candi-
dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q

1

Q

2

q

1

q

2

, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+

cc

, relative to the D*+D0 mass threshold

δm ≡ m

T

+
cc

− (m
D

∗+ +m

D

0

) (1)

lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D

∗+ 
and m

D

0

 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 

Observation of an exotic narrow doubly charmed 
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LHCb Collaboration*
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
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and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
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states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
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same pp interaction point. Both D0 mesons are reconstructed in the 
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used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
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didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
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binations is calculated with the mass of each D0 meson constrained 
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• Several LQCD studies using QC2 in  channel

• Use heavier-than-physical quarks
• Find signature of virtual bound state
• But QC2 fails at left-hand cut, below which 

phase shift becomes complex

Tcc

 scatteringDD*

17

[Padmanath, Prelovsek, arXiv:2202.10110]

[Chen et al., 2206.06185] 
[Lyu et al. (HALQCD), 2302.04505] 
[Padmanath & Prelovsek, 2202.10110] 

D

D

D*

D*
π 1

u − M2
π

[Whyte, Thomas, Wilson, 2405.15741] 

[Several talks at Lattice 2025]

Left-hand cut

• Several solutions to failure have been proposed, by generalizing the QC2

[Du et al (2408.09375); Abolnikov et al. (2407.04649), Bubna et al. (2402.12985); 

 Meng et al. (2312.01930); Raposo, Hansen (2311.18793); Raposo, Hansen, Briceño, Jackura (2502.19375)]

Mπ ≈ 280 MeV
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3-body solution

18

[Hansen, Romero-López, SRS, 2401.06609, JHEP]

• Left-hand cut is a three-body effect
D

D

D*
π

D*
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3-body solution

18

• Use  QC3, but include  as a bound state in -wave  channelDDπ D* p Dπ

[Hansen, Romero-López, SRS, 2401.06609, JHEP]

D

D

πD
π
D

π

• Left-hand cut is a three-body effect
D

D

D*
π

D*
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3-body solution

18

• Use  QC3, but include  as a bound state in -wave  channelDDπ D* p Dπ

[Hansen, Romero-López, SRS, 2401.06609, JHEP]

D

D

πD
π
D

π

• Left-hand cut is a three-body effect
D

D

D*
π

D*

D*

D*

D

D

D*
π

D*

• Finite-volume effects from -channel pion exchange naturally incorporatedu
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• Another advantage of QC3 approach:

• Works for all choices of quark masses, including physical case of unbound 

• Successfully implemented in [Dawid, Romero-López, SRS, 2409.17059, JHEP & 2505.05466, 
JHEP; plus work in progress]

D*

3-body solution

18

• Use  QC3, but include  as a bound state in -wave  channelDDπ D* p Dπ

[Hansen, Romero-López, SRS, 2401.06609, JHEP]
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πD
π
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π

• Left-hand cut is a three-body effect
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D*

D*
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D*
π

D*

• Finite-volume effects from -channel pion exchange naturally incorporatedu



/29S. Sharpe, “Scattering Amplitudes from LQCD”, Lecture 3, 11/2026,  NYCU, Taiwan 19

• Use two CLS ensembles with same pion mass but different volume

Configs
175
301

MD[MeV]

1880

(MD* − MD)[MeV]

130

Physical values: 1870 140-145

<latexit sha1_base64="2HMORBEpNBN6k3V5mJSiuDygWSY="></latexit>

L/a T/a m⇡L m⇡[MeV] a[fm] NLapH

X252 36 128 3.4 280 0.064 48
X253 40 128 3.7 280 0.064 64 130

1880

135

• Use frames  and irreps coupling dominantly to 

• Use distillation, with multiple operators, and GEVP

• Simplest fit uses two-parameter effective range expansion in s- and p-wave , and two-
parameter threshold expansion for 

• All results are PRELIMINARY

(0,0,0), (0,0,1), (1,1,0), (1,1,1) JP = 1+, 0−

Dπ
𝒦df,3

Simulation details
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 spectraDDπ

20

QC3 
valid

Dominant 
JP 1+ 0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0−0−1+

Keep   levels in fit, together with   levels15 + 15 DDπ 16 + 16 Dπ

PRELIMINARY PRELIMINARY
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 spectraDDπ

20

QC3 
valid

Dominant 
JP 1+ 0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0−0−1+

Keep   levels in fit, together with   levels15 + 15 DDπ 16 + 16 Dπ

DDπ
DDπ

3-particle effects 
crucial for some 

levels

PRELIMINARY PRELIMINARY
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Global Fit (  levels)DDπ

21

PRELIMINARY

Combined fit to 62 levels with 6 params: χ2/dof = 88.5/56 = 1.58
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Global Fit (  levels)Dπ

22

PRELIMINARY

QC2 
valid

Combined fit to 62 levels with 6 params: χ2/dof = 88.5/56 = 1.58



S. Sharpe, “Scattering Amplitudes from LQCD”, Lecture 3, 11/2026,  NYCU, Taiwan /29

 amplitudeDD*

23

• Given  and , solve integral equations to obtain  amplitude using LSZ𝒦2 𝒦df,3 DD*

“s wave”

“d wave”

Mixing angle

• Both s & d waves combine with spin of  to give 

• Use Blatt-Biedenharn parametrization of K matrix

D* JP = 1+

PRELIMINARY

PRELIMINARYPRELIMINARY

PRELIMINARY
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Dreaming of 3 neutrons
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Abstract: We generalize the relativistic field-theoretic (RFT) three-particle finite-volume
formalism to systems of three identical, massive, spin-1/2 fermions, such as three neutrons.
This allows, in principle, for the determination of the three-neutron interaction from
the finite-volume spectrum of three-neutron states, which can be obtained from lattice
QCD calculations.

Keywords: Hadronic Spectroscopy, Structure and Interactions, Lattice QCD, Algorithms
and Theoretical Developments

ArXiv ePrint: 2303.10219

Open Access, c⃝ The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP07(2023)226

[2303.10219, JHEP]
October 27, 2025 Prepared for submission to JHEP

Implementation of the three-neutron quantization
condition

Wilder Schaafa and Stephen R. Sharpea

a
Physics Department, University of Washington, Seattle, WA 98195-1560, USA

E-mail: wschaaf@uw.edu, srsharpe@uw.edu

Abstract:

We describe in detail the implementation of the relativistic three-neutron finite-volume
quantization condition derived in Ref. [1]. In particular, we show how the complications
due to Wigner rotations acting on spins are included, and present concrete formulas for the
case when the angular momenta within pairs is restricted to be less than 2. We describe
the symmetries of the matrices appearing in the quantization condition, and decompose
solutions into irreducible representations of the appropriate doubled finite-volume symme-
try groups. We present an implementation of the three-particle K matrix, keeping the two
lowest-order terms in the threshold expansion. We provide numerical predictions for the
finite-volume spectrum for a setup with nearly physical parameters, including two-particle
interactions that are based on experimental results. This exploratory study shows the
how lattice QCD calculations of the three-neutron spectrum with su�cient precision can
provide detailed information on both two- and three-particle interactions.

[2512.24508, JHEP]
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Spectrum in realistic setup

25

Figure 3. As for figure 2, but for the n2
P = 1 frame. Numerical values of the energies are given

in Table 8. [To do: Update levels, change E to E/MN . Dashed horizontal line at 3.15 to show
inelastic threshold.]

Figure 4. As for figure 2, but for the n2
P = 3 frame. Numerical values of the energies are given in

Table 9. [To do: Make figure.]

In almost all cases the number of levels in each irrep is the same as that for the free
levels shown in Table 4. This is as expected in a nonresonant system with no bound states.
Levels are both lowered and raised by the two-particle interactions, which is also expected
given that there is a mix of attractive and repulsive channels. There is clearly a significant
amount of information contained in the splittings between the levels. However, it must
also be noted that the splittings between adjacent levels are typically 5≠25 MeV, and thus
will be challenging to determine in simulations. The decomposition into irreps will be an
essential tool in helping separate the levels.

The exception to the equality of free and interacting levels occurs in n2
P

= 3 frame.
Here, in the F1 and F2 irreps, there are two more solutions in the presence of interactions
than in the free case, with one of these having an unphysical residue. As discussed in
Refs. [8, 11], the requirement that diagonal elements of a finite-volume correlator matrix
have poles with a positive residue translates into the requirement that the eigenvalues of
K

≠1
2,L

+ F + G cross zero in a specific direction (in our case, from positive to negative with

– 26 –

• Physical masses, : 

•
L ≈ 4.3 fm

MNL = 20, Mπ = 0.15MN ⇒ MπL = 3
Levels in  frameP = 2π

L (0,0,1)

 inelastic threshold3n + π

No interactions Realistic  in lowest four 
channels ( )

𝒦2
ℓ = 0,1

10 MeV
E

MN
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Spectrum in realistic setup
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Add leading-order  in threshold expansion
Keep one term (out of two) with coefficient 
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physical-unphysicalpair,and
then

by
a

further
physicalcrossing.

Such
unphysicalcrossings

have
been

seen
previously

in
R

efs.[22,49].
T

hey
typically

occur
in

conjunction
w

ith
an

“extra”
solution

w
ith

physicalresidue,sim
ilar

to
the

central
pair

in
figure

4.
H

ere
“extra”

m
eans

that
it

is
in

addition
to

the
expected

num
ber

of
solutions

based
on

the
counting

ofnoninteracting
levels.

T
hey

have
been

found
to

occur
w

hen
interactions

are
strong,as

is
the

case
here

in
severalofthe

tw
o-particle

channels.
In

addition,they
have

been
found

to
disappear

as
L

increases,e.g.
by

the
central“bum

p”
in

the
blue

points
in

figure
4

dropping
below

the
x-axis.

T
he

m
ost

likely
interpretation

of
these

solutions
is

that
they

are
due

to
the

exponentially-suppressed
e!ects

that
are

not
incorporated

into
the

quantization
condition

being
enhanced

by
the

com
bination

of
the

sm
all

value
of

M
ω L

and
a

larger
coe”

cient
due

to
strong

interactions.
A

lternative
hypotheses

are
that

the
choices

of
K

2
and

K
df

,3
are

unphysical,or
that

the
truncation

in
ω

leads
to

unphysicalsolutions.
To

test
the

interpretation
that

the
unphysicalsolutions

are
due

to
enhanced

exponen-
tially

suppressed
e!ects,w

e
have

m
ade

severalfurthercalculationsofthe
n

2P
=

3
spectrum

.
First,w

e
have

increased
L

by
a

factor
of4/3,so

that
M

ω L
=

4.
T

he
resulting

behavior
of

the
m

inim
aleigenvalue

is
show

n
by

the
red

points
in

figure
4,and

the
energies

are
listed

in
the

right-hand
part

ofTable
18.

W
e

indeed
find

that
the

unphysical-physicalpair
dis-

28

-0.03 -0.02 -0.01 0.01 0.02 0.03
E -E0
MN

-1.0

-0.5

0.5

1.0

tanh
cA
5

Figure 6. Dependence of the energies of the 13 G1(1) levels in the second band for n2
P = 1 upon cA,

the coe!cient of KA (with cB = 0). The horizontal axis is (E → E0)/MN , where E0 = 3.1424MN

is the energy of the lowest noninteracting level in this band. The vertical axis is tanh(cA/5).
Parameters are MN L = 20 and Mω/MN = 0.15. Vertical dashed lines are explained in the text.

the coe!cients. Thus we conclude that the bulk of the solutions do lie in this subspace.
This raises the question of what happens to the lowest and highest levels in figure 6.

For example, the lowest (left-most) level has nothing to match onto within the band as
cA ↑ ↓. A similar question applies for both ends of the curves in figure 5. In the
cases we have studied, the answer is that additional solutions appear at large values of
the coe!cients cA,B, and these provide the matching solutions. For example, in the lowest
n2

P
= 1 band, when either cA or cB exceed about 250, and new pair of solutions appears

at higher energy, with the lower of the pair being a physical crossing, while the upper one
is unphysical. The position of the additional physical crossings for cA,B = 1000 is shown
by the dotted horizontal lines in figure 5. As can be seen, these lines lie close to maximum
values of the solution curves as cA,B ↑ →↓. Similarly, considering figure 6, we find for
cA = →100 (but not for cA = →50) that there is an unphysical-physical pair of solutions to
the left of the region shown in the plot, at E→E0 = →0.08MN and →0.072MN , respectively.
The physical crossing plausibly matches onto the asymptote of the lowest level as cA ↑ ↓.
Indeed the energy of this level is rapidly decreasing as cA increases, reaching →0.049 at
cA = 100.

This phenomenon of unphysical solutions appearing at large magnitudes of Kdf,3 ap-
pears to be a fairly generic feature of our results. For example, in the lower band shown
in figure 5, they are present also for cA,B ↭ 250 and cB ↫ 1000. Our interpretation of at
least some of these solutions is that they are associated with unphysical choices for Kdf,3.
We do not expect them all to disappear as MωL is increased because some are needed to
provide the “missing matches” between ci = ±↓ solutions, as described in the examples
above. By contrast, for moderately large values of |cA,B|, such unphysical solutions are
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• Major steps have been taken in the three-particle sector

• Formalism well established & cross checked, and almost complete

• Several pioneering end-to-end applications to three-particle spectra from LQCD

• Path to a calculation of  decay amplitudes is now open

• Near-term steps in implementation

•  for lighter quark masses 

• Extended calculations for 

•  

•  (WZW term)

• Final steps in three-particle formalism

•  [for Roper], , and 

• Very recent review—talk by SRS at Lattice 2025 [2601.04147]

K → 3π

T+
cc → D*D → DDπ

3π(I = 0,1,2)

Nππ ↔ Δπ(I = 5/2)

Kπ ↔ Kππ(I = 3/2), 3π(I = 0) ↔ KK

Nππ + Nπ NNπ + NN NNN(I = 1
2 )
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• Reducing model-dependence in fitting & analytic continuation

• [Salg, Romero-López, Jay,  2506.16161]  propose using Bayesian reconstruction + Nevanlinna interpolation

• Controlling all systematic errors (when will results be FLAG-ready?)

• For which processes is precision important? 

• For three-nucleon interaction even a semiquantitative result would be useful

• Comparing formalisms in detail (e.g. RFT vs FVU)

• Equivalent up to technical details (e.g. smooth vs hard cutoff functions)

• Share data for cross-checking analysis? Bootcamp?

• Moving to more particles (needed, e.g., for  & physical  )

• QC4 (which is not yet known except in threshold expansion) may be practical

• QCN seems impractical—combine QC2-4 with inclusive methods in some yet-to-developed manner?

• “Scattering amplitudes from finite-volume spectral functions” [Bulava & Hansen, 1903.11735]

• Squeeze as much information as we can out of the lattice simulations!

• Combine LQCD results with EFT and amplitude-analysis methods (Exohad collab.)

D → ππ, KK π(1300)

https://arxiv.org/abs/2506.16161
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Thank you! 
Questions?


