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Clover fermions (CLS)

Mπ ≈ 200 MeV
MN ≈ 950 MeV
a = 0.063 fm
L3 × T = 643 × 128

 Bulava, Hanlon, Hörz, Morningstar, Nicholson, Romero-López, Skinner, Varnas, Walker-Loud, 2208.03867
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Overview: present frontier
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Overview: long-term dreams
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Outline

• Motivations

• The fundamental issue & its resolution

• Recent applications of three-particle formalism
• Three-particle amplitudes involving pions & kaons at physical quark masses

•  scattering, relevant for the 

• Progress on  — towards the Roper resonance

• Dreaming of three neutrons

• Summary & Outlook

DDπ T+
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Nππ
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Underlying motivations

10

• Determine properties of strong interaction resonances from QCD

• E.g. exotics such as 

• Long-standing puzzles, e.g. Roper 

Tcc(3875)+ → DD* → DDπ

N(1440) → Nπ + Nππ
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Underlying motivations

• Calculate weak decay amplitudes within the Standard Model, in order 
to search for new physics

• E.g.  (essentially done),  (method known), &  
(open question)

K → 2π K → 3π D → π+π−, K+K−
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Cornucopia of exotics
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New states

K-matrix

N/D

2

+ data from Babar, Belle, COMPASS, …
[I. Danilkin, talk at INT workshop, March 23]

BESIII, …
Data from Babar, Belle, BESIII, COMPASS, LHCb
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The fundamental issue & 
its resolution
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On the one hand…
• LQCD determines energies and properties of finite-volume eigenstates

• Obtained by fits to (numerically-evaluated) Euclidean correlation functions:

∫L
d3x e−i ⃗P ⋅ ⃗x

L⟨Ω |σ3π(τ, ⃗x)σ†
3π(0) |Ω⟩L ∝ ∑

n
L⟨0 |σ†

3π(0) |3π, ⃗P , n⟩L

2
e−Enτ; (τ > 0)

Assuming  box with PBC

⃗P = 2π ⃗n /L
L3 Lives on timeslice

σ3π ∼ 3π+ Tower of finite-volume states 
with quantum numbers of , 
with momentum , and living 

in irreps of cubic group

3π+

⃗P

Energies of said states

τ

L σ†
3πσ3π

u u

u

d

d

d
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On the one hand…
• LQCD determines energies and properties of finite-volume eigenstates

• Obtained by fits to (numerically-evaluated) Euclidean correlation functions:

∫L
d3x e−i ⃗P ⋅ ⃗x

L⟨Ω |σ3π(τ, ⃗x)σ†
3π(0) |Ω⟩L ∝ ∑

n
L⟨0 |σ†

3π(0) |3π, ⃗P , n⟩L

2
e−Enτ; (τ > 0)

•  are physical quantities!

• Can determine 5-10 levels for each choice of quantum numbers ( , irrep, …)

• Can now begin to calculate with physical quark masses

• Results come with statistical & systematic errors (e.g. need )

• Today, I assume that the physical  are provided by LQCD simulations

En
⃗P

a → 0

En
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…while on the other
• We want infinite-volume scattering amplitudes, e.g.

ℳ3 ∼
In state Out state
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…while on the other
• We want infinite-volume scattering amplitudes, e.g.

ℳ3 ∼
In state Out state

iMn!m

Discrete energy 
spectrum

Scattering 
amplitudes

E0(L)

E1(L)

E2(L)
?

• How do we relate these? A finite-volume QFT problem.
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A related question:
• LQCD can also calculate matrix elements between finite-volume states

L⟨Ω |σ3π(τf , ⃗P )[∫L
d3xℋW(0, ⃗x)]K†(τi, ⃗P ) |Ω⟩L ∝ ∑

n′￼,n

cn′￼,ne−Enτf
L⟨3π, ⃗P , n′￼|ℋW(0) |K, n⟩LeEK′￼nτi

τf > 0

A physical quantity if En′￼= En

τi < 0
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A related question:
• LQCD can also calculate matrix elements between finite-volume states

L⟨Ω |σ3π(τf , ⃗P )[∫L
d3xℋW(0, ⃗x)]K†(τi, ⃗P ) |Ω⟩L ∝ ∑

n′￼,n

cn′￼,ne−Enτf
L⟨3π, ⃗P , n′￼|ℋW(0) |K, n⟩LeEK′￼nτi

τf > 0

A physical quantity if En′￼= En

• How are these related to decay amplitudes?

τi < 0

𝒜(K → 3π) = out⟨3π |ℋW(0) |K⟩
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2-particle formalism
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Two-particle  
spectrum 

E0

E2

E3

E1

E4

Quantization 
condition: QC2

Fit

K-matrix
Unitarity  
relation

Scattering  
amplitude

ℳ2 = 𝒦2
1

1 − iρ𝒦2

[Lüscher, 1986-91 + many subsequent works]

Analytic 
Continuation

Resonance poles,
Bound states

Known kinematical 
“Lüscher zeta” 

function Phase space
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Analytic 
Continuation

Resonance poles,
Bound states

• QC2 valid up to corrections  

• QC2 valid up to inelastic threshold

• Errors from truncation in 

• Usual statistical & systematic errors

∝ exp(−MπL)

ℓ

• Parametrize 

• Model average over 
“reasonable” forms

• Uncertainties increase 
as move into complex 
plane

𝒦2
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3-particle formalism

18

E0

E2

E3

E1

E4

two-particle  
spectrum 

Three-particle 
spectrum 

Quantization 
conditions  
(RFT form)

K-matrices

Fit

Scattering  
amplitudes

Integral 
equations 
(Infinite 
volume)

Unitarity  
relations

E0

E1

E2

E3

[Hansen & SRS, 2014 & 2015 + many subsequent works]

• Using more data than QC2, but fitting much more 
challenging

• More quantities to parametrize, with limited 
phenomenological knowledge for 

• Solving integral equations involves new challenges

𝒦df,3
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• QC3 valid up to corrections  

• QC3 valid up to first inelastic threshold, e.g.  for 3 pion system

• Matrix indices are spectator finite-volume momentum , and pair CM-frame 

• RFT formalism includes smooth cutoff in ; must truncate “by hand” in 

∝ exp(−MπL)

E* = 5Mπ

k ℓ, m

k ℓ

QC3

19

det
kℓm

[F−1
3 + 𝒦df,3] = 0

F3 =
1

2ωL3 [ F
3

− F
1

1/𝒦2,L + F + G
F]

p
k

�
k k
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Relating  to 𝒦df,3 ℳ3
ℳ3 = lim

L→∞
𝒮 {𝒟(u,u)

L + ℳ(u,u)
df,3,L} = 𝒟 + ℳdf,3

ℳ2
ℳ2

ℳ2
ℳ2

ℳ2+ +…G∞
𝒟 = 𝒮{ }

•  contains all divergent contributions to , but depends on cutoff function 𝒟 ℳ3 H( ⃗k)

•  is divergence-free, equals  at leading order, and is also cutoff-dependentℳdf,3 𝒦df,3

ℳ2

ℳdf,3 = 𝒦df,3 + 𝒮{ 𝒦df,3
ℳ2 ρ 𝒦df,3

ρ ℳ2+ +…}
• “Decorations” ensure that  is unitaryℳ3

G∞G∞
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Status: formalism

K+π+

K+
ϕ

π+

π0

π−

 [Hansen, Romero-López, SRS (RFT) 20; 
Mai, Alexandru, Brett, Culver, Döring, Lee, Sadasivan (FVU) 21; Feng, Gil, Döring, 
Molina, Mai, Shastry, Szczepaniak (FVU) 24; Yan, Mai, Garofalo, Meißner, Liu, Liu, 

Urbach (FVU) 24; Yan, Mai, Garofalo, Feng, Döring, Liu, Liu, Meißner, Urbach (FVU) 25]

π+ π0

π−

K+

π+

[Hansen & SRS 14,15 (RFT); Hammer, Pang, Rusetsky 17 (NREFT); Mai, Döring 17 (FVU)]

[Many subsequent refinements & tests]
K+

K+

K+

K−

π+

D0

D+
s

[Blanton, Sharpe (RFT) 
20, 21;

Feng et al. (FVU) 24]

n
n

n [Draper, Hansen, Romero-López, SRS 23]

π−

D0

D+
D0

π0

D0

T+
cc [Hansen, Romero-López, SRS 24]

K+

π+
b1(1235) π0

η
π0

[Draper, SRS 24]

n [Hansen, Romero-López, 
SRS 25]

π+

π+π+

ϕ

ϕ

ϕ

ϕ

[Briceño, Hansen, SRS 17]

π0

π+ π+
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Status: solving integral equations

ϕ

π+

K+

π+
K+

K+

π+

[Hansen, Briceño, Edwards, Thomas, Wilson (RFT) 20]

[Dawid, Draper, Hanlon, Hörz, Morningstar, Romero-López, SRS, Skinner,  25]

π−

D0

D+
D0

π0

D0

T+
cc [Dawid, Romero-López, SRS 24, 25]

π+

π+π+

ϕ

ϕ

ϕ

ϕ ϕ [Jackura, Briceño, Dawid, Islam, McCarty, 20;
Dawid, Islam, Briceño (RFT) 23;

Dawid, Islam, Briceño, Jackura (RFT) 23]
ϕϕϕ

[Mai, Alexandru, Brett, Culver, Döring, Lee, Sadasivan (IVU) 21; 

Jackura, Briceño, 23; Briceño, Costa, Jackura (RFT) 24; Jackura,Chambers, 
Briceño (RFT) 25; Briceño, Hansen, Jackura, Edwards, Thomas (RFT) 25;

Yan, Mai, Garofalo, Feng, Meißner, Liu, Liu, Urbach (IVU) 24;

Yan, Mai, Garofalo, Feng, Döring, Liu, Liu, Meißner, Urbach (IVU) 25]

π+ π0

π− π0

π+ π+
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Recent applications of 
three-particle formalism

23
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QCD predictions for physical multimeson scattering amplitudes
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(Dated: February 21, 2025)

We use lattice QCD calculations of the finite-volume spectra of systems of two and three mesons to
determine, for the first time, three-particle scattering amplitudes with physical quark masses. Our
results are for combinations of ⇡+ and K+, at a lattice spacing a = 0.063 fm, and in the isospin-
symmetric limit. We also obtain accurate results for maximal-isospin two-meson amplitudes, with
those for ⇡+K+ and 2K+ being the first determinations at the physical point. Dense lattice spectra
are obtained using the stochastic Laplacian-Heaviside method, and the analysis leading to scattering
amplitudes is done using the relativistic finite-volume formalism. Results are compared to chiral
perturbation theory and to phenomenological fits to experimental data, finding good agreement.

Introduction.—Predicting the properties and interac-
tions of hadrons directly from Quantum Chromodynam-
ics (QCD) is a formidable challenge with far-reaching
implications—from the emergence of nuclear forces and
the existence of exotic hadrons to precision tests of
the Standard Model through hadronic decays. Al-
though quark models [1] and effective field theory ap-
proaches [2, 3] have provided significant insights, first-
principles lattice QCD (LQCD) calculations have ma-
tured to the point that many questions about hadron
dynamics can be addressed quantitatively [4–10].

Existing LQCD calculations of multihadron processes
have predominantly focused on two-particle decay chan-
nels and often used quark masses heavier than their
physical values. By reducing the quark masses and
incorporating decay modes involving more than two
hadrons, it is possible to explore well-known three-pion
resonances such as the !(782) and a1(1260), exotic
tetraquarks such as Tcc ! DD⇡, the enigmatic Roper
resonance, N(1440) ! N⇡ + N⇡⇡, and even three-
nucleon forces. The successful development of three-body
tools for LQCD calculations [11–45] has transformed
these aspirations into a practical reality [46–63].

Three-body calculations from LQCD have addressed
increasingly complicated systems over the last decade.
We highlight three milestones from this active field.
First, the determination and analysis of a large num-
ber of 2⇡+ and 3⇡+ levels at M⇡ ⇡ 200 MeV, showing
the capabilities of LQCD techniques [51, 52, 54]. Sec-
ond, the calculation by the HadSpec collaboration of
the 3⇡+

! 3⇡+ scattering amplitude with JP = 0�

at M⇡ = 391 MeV [56], providing the first end-to-end
application of the three-particle formalism. Third, the
first constraints on the properties of three-particle reso-
nances, specifically the width and mass of the !(782) [63].
In this Letter, we present the results of a further bench-
mark calculation, namely that of three-meson scattering
amplitudes at physical quark masses. Furthermore, in

addition to the dominant JP = 0� amplitudes, we also
determine for the first time those with JP = 1+ and 2�.

Although our ultimate goal are three-particle reso-
nances, we first consider nonresonant systems in order
to work at physical quark masses, and examine all three-
particle combinations of ⇡+ and K+. The absence of res-
onances in these maximal-isospin systems simplifies the
LQCD calculations (no quark annihilation contractions)
and the finite-volume analysis (finite-volume spectrum
close to the non-interacting case), and enables compar-
isons with chiral perturbation theory (ChPT).

A byproduct of three-body calculations is that they
constrain the two-body amplitudes contributing via pair-
wise rescattering processes. Consequently, we accurately
determine the two-particle amplitudes in maximal isospin
channels—2⇡+, ⇡+K+, and 2K+—the latter two com-
puted for the first time with physical quark masses.
When possible, we compare these two-meson amplitudes
with phenomenological analyses of experimental data.

This Letter is released in parallel with a long article, in
which all details of the calculations are presented. Here
we present the highlights and a sketch of the methods.

Scattering amplitudes from lattice QCD.—LQCD cal-
culations are carried out in Euclidean spacetime and in
finite volumes. This complicates the extraction of scat-
tering amplitudes, which are real-time infinite-volume
observables. The finite-volume formalism provides the
necessary connection, converting one set of physical
quantities—finite volume energy levels—into another—
the desired scattering amplitudes [64].

In a finite volume with periodic boundary conditions,
stationary energies deviate from the non-interacting case
due to multihadron interactions. Intuitively, particles in
a large but finite box are mostly separate, but undergo
pairwise and triplet scatterings that shift the energy away
from its free value. Although all partial waves contribute
to this shift, higher waves are suppressed in a threshold
expansion, leading to a solvable inverse problem.
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Three PGBs at maximal isospin

25

3π+, 3K+, π+π+K+, K+K+π+

• Benchmark system, with simple repulsive dynamics
• First calculation at physical quark masses

• Study , including subchannels with 

• Compare to expectations from ChPT

• Use CLS ensembles (  improved Wilson) + GEVP

JP = 0−,1+,2− ℓ = 0,1,2

𝒪(a)

[Blanton, SRS, et al., 
PRL 2020 & JHEP 2021]
[Draper, SRS, et al., 
JHEP 2023] 

New work
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• Compare to expectations from ChPT

• Use CLS ensembles (  improved Wilson) + GEVP

JP = 0−,1+,2− ℓ = 0,1,2

𝒪(a)

[Blanton, SRS, et al., 
PRL 2020 & JHEP 2021]
[Draper, SRS, et al., 
JHEP 2023] 

New work
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Example of spectrum
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Example of spectrum
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Fits to spectra
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2

(L/a)3 ⇥ (Lt/a) M⇡ [MeV] MK [MeV] M⇡L Ncfg

E250 96
3 ⇥ 192 130 500 4.05 505

D200 64
3 ⇥ 128 200 480 4.20 2000

N200 48
3 ⇥ 128 280 460 4.42 1712

N203 48
3 ⇥ 128 340 440 5.41 771

TABLE I. Key parameters for ensembles used in this work.
Ncfg is the number of gauge configurations.

Energies are extracted from Euclidean correlation
functions using a large set of operators with the system’s
quantum numbers. The resulting matrix of correlation
functions is analyzed as a generalized eigenvalue prob-
lem [65]. Energies are obtained from the Euclidean-time
dependence of the generalized eigenvalues.

The first step in the finite-volume formalism employs
two- and three-particle quantization conditions (QC2 and
QC3). They describe all power-law 1/Ln finite volume
effects, and are valid only up to corrections suppressed
by exp(�M⇡L). They are expressed as

det
�n

h
Fn

�
E⇤

n,P , L
��1

+ Kn(E
⇤
n)
i
= 0 , (1)

with n = 2 (n = 3) corresponding to QC2 (QC3). These
QCs depend on the total center of mass (c.m.) energy
E⇤

n of the n-body system, the total momentum P , and
the box size L. Each solution to the QCs corresponds to
a finite-volume energy level. In the QC2, K2 is the two-
particle K matrix, an infinite-volume quantity that is re-
lated to the two-particle scattering amplitude, M2. F2 is
a known finite-volume geometric function. In the QC3,
K3 is a three-particle K matrix describing short-range
three-body interactions, and F3 is a known matrix that
incorporates kinematic effects and two-particle interac-
tions via K2. The determinant is taken over indices, �n,
that characterize the n-body state at fixed energy: two-
body partial waves for the QC2, and pair partial waves
as well as the finite-volume momentum, p, and flavor of
the third, “spectator”, particle for the QC3. The matri-
ces in the QCs are finite, because we keep only two-body
interactions up to a highest partial wave, `  `max, and,
in the QC3, a cutoff in spectator momentum, p  pmax.
The latter condition defines a scheme for K3, which is an
unphysical intermediate object.

In order to constrain K2 and K3, simple parametriza-
tions of their kinematic dependence must be assumed.
K2 is parametrized as an expansion about threshold, us-
ing the standard effective-range expansion (2K+) or a
form incorporating the Adler zero (2⇡+ and ⇡+K+) [66].
These forms are truncated, and in practice involve 2 � 4
parameters. Partial waves beyond ` > 2 are assumed to
vanish. Similarly, K3 is parametrized by a generalized
threshold expansion, using a truncation consistent with
that of K2 [25], and also includes 2 � 4 parameters.

For the systems studied here, the QCs are valid below
the first inelastic threshold, i.e. the c.m. energy at which
more than two (for the QC2) or three (for the QC3) par-

channels # levels # parameters �2/DOF

2⇡/3⇡ 34 + 32 6 1.14
2⇡/⇡K/2⇡K 24 + 25 + 23 9 1.23
2K/⇡K/2K⇡ 25 + 40 + 50 10 1.95

2K/3K 40 + 53 6 1.49

TABLE II. Examples of fits. Particle charges are omitted.

ticles can be on shell. For 2⇡+ and 3⇡+ the first inelastic
threshold corresponds to adding two pions due to G par-
ity. For all other systems with at least one kaon, the
inelastic threshold is obtained by adding a pion. We re-
strict our fits to the regions of validity, although we find
that the QCs work well for some range above.

The second step in the finite-volume formalism involves
using the K matrices as input into integral equations
whose solutions are the various three-particle amplitudes,
M3 [16, 34]. These equations produce amplitudes that
automatically satisfy unitarity [26, 67]. They are solved
as in Refs. [68–71], with results discussed below.

LQCD details.—We use the Nf = 2 + 1 CLS LQCD
ensembles [74] listed in Table I, with nonperturbatively
O(a)-improved Wilson fermions and the tree-level O(a2)-
improved Lüscher-Weisz gauge action. These have a fixed
lattice spacing, a ' 0.063 fm, isospin symmetry (mu =
md ⌘ m`), and lie on trajectory with constant 2m`+ms.
The main results of this work use the E250 ensemble,
which has approximately physical pion and kaon masses.
We neglect the slight mistuning of the quark masses and
treat them as physical. All ensembles have M⇡L > 4,
leading to small exponentially-suppressed effects.

Energy levels are obtained for 2⇡+, ⇡+K+, 2K+, 3⇡+,
2⇡+K+, 2K+⇡+, and 3K+ channels, using several fitting
approaches and two independent analyses. Correlated er-
rors are obtained using the jackknife method. The levels
are fit using the QC2 and QC3 to determine the K-matrix
parameters. Details of our most extensive fits are given
in Table II, all of which have a �2 per degree of freedom
(DOF) lower than 2.

Two-meson phase shifts.—Our most accurate results
are for the two-particle phase shifts. These are obtained
from combined correlated fits to two- and three-particle
spectra, leading to smaller errors than fits to the two-
particle spectra alone. Both 2K+ and ⇡+K+ have been
explored directly at the physical point for the first time,
while the 2⇡+ system was previously explored in Ref. [55].

In Fig. 1, we show the resulting phase shifts for the
lowest two partial waves. To illustrate the range of en-
ergy levels that contribute, we display the results that
would be obtained were one to keep only the dominant
partial wave contributing to each energy level. In this ap-
proximation, there is a one-to-one relation between each
energy and the phase shift. The curves are not fits to
these points, but include much more information.

As can be seen, we obtain results with small errors
for the s-wave phase shifts, while those for the higher
waves are consistent with zero within small errors, with

Parameters in  and : use threshold expansions𝒦2 𝒦3

E0

E2

E3

E1

E4

E0
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two-meson  
spectrum 
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Quantization 
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2-particle interactions
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FIG. 1. LQCD results for physical two-meson scattering phase shifts as a function of scattering momentum, k, in the lowest
two partial waves for each system. Errors are statistical. Dispersive results [72, 73] are also shown. The vertical dashed lines
indicate the inelastic threshold, above which the analysis breaks down. The “data points” are explained in the text.

some indication for a repulsive interaction in the 2K+

case. For 2⇡+ and ⇡+K+, we can compare our results to
those obtained using dispersive fits to the experimental
data [72, 73]. We find results that are consistent within
errors, and note that our errors are comparable in size.
For the 2K+ channel, there is no “experimental” result
available, so our result is a first-principles prediction.

FIG. 2. Kinematic configuration used in this work.

Three-meson amplitudes.—Having constrained K2 and
K3 from LQCD energies, we solve the integral equations
to obtain elastic three-meson scattering amplitudes. We
decompose the three-meson amplitude in partial waves

M3({p}; {k}) =
X

J

M
J
3 ({p}; {k}) , (2)

where {k} and {p} represent the set of three initial and
final momenta, respectively. We study fixed-J ampli-
tudes, M

J
3 , which depend on eight independent vari-

ables after considering Poincaré invariance. To obtain
a two-dimensional representation, we impose additional

FIG. 3. Squared magnitude of the 2K+⇡+ amplitude for
angular momentum J = 0, 1, 2 as a function of three kinematic
variables. From top to bottom: E dependence for ✓22 = 0 and
↵ = 120

�; ↵ dependence for E = 2(MK + M⇡) and ✓22 = 0;
✓22 dependence for E = 2(MK +M⇡) and ↵ = 120

�.

constraints by fixing certain relative orientations among
the momenta—a process we refer to as “choosing a kine-
matic configuration.”

We show our chosen kinematic configuration in Fig. 2.
Both the incoming and outgoing momenta lie in the same
plane. Each momentum lies along the bisector of a tri-
angle: an equilateral triangle for the incoming momenta,

E250: ~physical quark masses

Inelastic thresholds
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Scattering lengths
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Comparing  to ChPT𝒦df,3in Ref. [101] (and generalized to all isospins in Ref. [112])
using the NLO ChPT three-pion scattering amplitudes from
Refs. [113,114]. Very large NLO corrections were observed
in the quantities that are nonzero at LO, namely K0 and K1

in Eq. (44). Thus the disagreement of lattice results with LO
ChPTwas understood, while, at the same time, the range of
pion masses for which ChPT is convergent was seen to be
small, barely extending to the physical quark mass.
It is thus of considerable interest to confirm this picture

by determiningK0 andK1 at the physical point, as we have

done in this work. Given the expected chiral behavior
[Eq. (57)], however, we expect that Kdf;3 will be small and
difficult to extract with statistical significance. This is
indeed the case, as seen above. Nevertheless, we can test
whether the results we obtain are consistent, within errors,
with the expected chiral behavior. The results of this test are
shown in Fig. 20, where we see that indeed consistency is
observed.
The other coefficient that we determine, KB, begins at

NLO in ChPT, with a result determined in Ref. [101].

FIG. 19. Results for the d-wave scattering lengths for the two-pion (a) and two-kaon (b) systems. The results are fit to a linear
dependence on the quantity plotted on the x axis, with the intercept fixed to zero in the case of pions, as discussed in the text. The
physical point is indicated as a vertical line.

FIG. 20. Results for the coefficients K0 (a) and K1 (b) term in the threshold expansion of the three-pion Kdf;3. Orange circles are the
results of this work, using fits that include s and d waves, and KB (see Table III and Ref. [55]). The results of Ref. [51] are shown as red
squares (and come from a fit that include only s waves). LO [48] and NLO [101] predictions from ChPT are also shown. The error band
arises from uncertainties in LECs. Note that the horizontal axis is proportional to M4

π .

SEBASTIAN M. DAWID et al. PHYS. REV. D 112, 014505 (2025)

014505-28

• Parametrize  in a threshold expansion, keeping first two terms

• From fits to spectra, we find non vanishing results for these terms at heavier quark masses

• Compare to NLO Chiral Perturbation theory calculation of  for 
[Baeza-Ballesteros, Bijnens, Husek, Romero-López, SRS, Sjö, 2303.13206 (JHEP) & 2401.14293 (JHEP) ]

𝒦df,3

𝒦df,3 3π → 3π

Large NLO corrections in ChPT resolve LO inconsistency
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Physical 3-particle amplitudes
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Comparison with ChPT
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Reaction plane

π+

π+
π+

Equilateral kinematic configuration

JP = 0− 36

(a) 3⇡ amplitude (b) ⇡⇡K amplitude

(c) KK⇡ amplitude (d) 3K amplitude

FIG. 28. Absolute value squared of the J
P = 0� three-meson amplitudes in the equilateral configuration for four pion masses,

as a function of the energy relative to threshold. In the 3⇡ case, the result is compared to the NLO ChPT prediction.

ing detailed results for the partial-wave projections of the
building blocks. In Sec. VI, we show results for the result-
ing amplitudes with several choices of kinematic configu-
rations and overall angular momentum, and comment on
their features. We also display the chiral dependence of
these amplitudes. For the case of 3⇡

+, we compare the
full amplitude to ChPT and find an increasingly good
agreement with decreasing pion mass.

Some systematic uncertainties remain unquantified.
First, although exponentially suppressed finite-volume
effects are expected to be small due to M⇡L > 4, they
are certainly present at the percent level. They could
be further quantified by working on additional, larger
volumes. Second, chiral fits are performed using NLO
ChPT expressions, which neglects higher-order contribu-
tions, which is a concern for the ensembles with larger
pion masses. Third, our calculations are conducted at a
single lattice spacing. Using Wilson Chiral Perturbation
Theory, we estimate discretization errors to be small, but
a detailed study of these effects will require additional
lattice spacings. Finally, our physical-point simulation
has slightly detuned light-quark masses, and does not
include isospin breaking. Despite these limitations, the
small statistical uncertainties highlight the strong con-
straining power of our results.

This work has successfully demonstrated the feasibil-

ity of studying physical three-meson systems at maximal
isospin. Building on this milestone, future efforts will fo-
cus on exploring the properties of three-meson resonances
at the physical point.
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Abstract: We develop a comprehensive framework for extracting the pole position and
properties of the doubly-charmed tetraquark T+

cc(3875) from lattice QCD data using the
relativistic three-particle formalism. This approach incorporates the effect of the one-pion
exchange diagram in DDπ and DD∗ scattering, making it applicable at energies coinciding
with the left-hand cut in the partial-wave projected DD∗ amplitude. We present an example
application of this framework to existing lattice QCD data at mπ = 280MeV. We solve
the integral equations describing the DDπ reaction, use LSZ reduction to determine the
corresponding DD∗ amplitude, and find the values of the infinite-volume two- and three-body
K matrices that lead to agreement with lattice DD∗ phase shifts within their uncertainties.
Using these K matrices in the three-particle quantization condition, we describe the finite-
volume DD∗ spectrum and find good agreement with the lattice QCD energies. Our results
suggest that, at this pion mass, the tetraquark appears as a pair of subthreshold complex poles
whose precise location strongly depends on the value of the DDπ three-particle K matrix.
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Abstract: We generalize the relativistic field-theoretic three-particle finite-volume scattering
formalism to describe generic DDπ systems in the charm C = 2 sector. This includes the
isospin-0 channel, in which the recently discovered doubly-charmed tetraquark Tcc(3875)+ is
expected to manifest as a pole in the DDπ → DDπ scattering amplitude. The formalism
presented here can also be applied to lattice QCD settings in which the D∗ is bound and,
in particular, remains valid below the left-hand cut in DD∗ scattering, thus resolving an
issue in previous analyses of lattice-determined finite-volume energies.
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Abstract: We perform a detailed comparison between three formalisms used in recent
studies of DD→ scattering at heavier-than-physical pion masses, which aim to understand the
properties of the doubly-charmed tetraquark, T+

cc (3875). These methods are the three-particle
relativistic field theory (RFT) formalism, the two-body Lippmann-Schwinger (LS) equation
with chiral effective field theory potentials, and the two-particle relativistic framework
proposed by Baião Raposo and Hansen (BRH approach). In a simplified single-channel
setting, we derive the conditions under which the infinite-volume integral equations from the
RFT and BRH approaches reduce to the LS form. We present numerical examples showing
that differences between these methods can be largely removed by adjusting short-range
couplings. We also address a number of technical issues in the RFT approach.
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Doubly-charmed tetraquark
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Adapted from: Fernando Romero-López
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 For physical quark masses is a three-body resonance

need three-body formalism!
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and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 
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Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q

1

q

2

) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q

1

q

2

q

3

q

4

 and pentaquark q
1

q

2

q

3

q

4

q

5

 candi-
dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q

1

Q

2

q

1

q

2

, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+

cc

, relative to the D*+D0 mass threshold

δm ≡ m

T

+
cc

− (m
D

∗+ +m

D

0

) (1)

lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D

∗+ 
and m

D

0

 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
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ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q
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limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+
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Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+
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 state or its binding 
energy73,85–87. The observation of the Ξ++
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 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+
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 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+
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 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log
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, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 
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and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 

3.87 3.88 3.89 3.9

0

10

20

30

40

50

60

70

3.874 3.876
0
5

10
15
20
25
30
35
40

Y
ie

ld
/(

50
0 

ke
V

 c
–2

)

LHCb
9 fb–1

Data
T + → D0D0π+

Background
Total
D*+D0 threshold
D*0D+ threshold

(GeV c–2)

mD 0D 0π +

mD 0D 0π +

(GeV c–2)

Y
ie

ld
/(

20
0 

ke
V

 c
–2
)

cc

Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
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) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
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thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q
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, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
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taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ
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 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
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 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+
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 state or its binding 
energy73,85–87. The observation of the Ξ++
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 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+
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 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
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The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 
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• Several LQCD studies using QC2 in  channel

• Use heavier-than-physical quarks
• Find signature of virtual bound state
• But QC2 fails at left-hand cut, below which 

phase shift becomes complex

Tcc

 scatteringDD*

36

[Padmanath, Prelovsek, arXiv:2202.10110]

[Chen et al., 2206.06185] 
[Lyu et al. (HALQCD), 2302.04505] 
[Padmanath & Prelovsek, 2202.10110] 

D

D

D*

D*
π 1

u − M2
π

[Whyte, Thomas, Wilson, 2405.15741] 

[Several talks at Lattice 2025]

Left-hand cut

• Several solutions to failure have been proposed, by generalizing the QC2

[Du et al (2408.09375); Abolnikov et al. (2407.04649), Bubna et al. (2402.12985); 

 Meng et al. (2312.01930); Raposo, Hansen (2311.18793); Raposo, Hansen, Briceño, Jackura (2502.19375)]

Mπ ≈ 280 MeV



/48S. Sharpe, ``3-particle scattering amplitudes from LQCD,”  KEK, 2/20/26

3-body solution

37

[Hansen, Romero-López, SRS, 2401.06609, JHEP]

• Left-hand cut is a three-body effect
D

D

D*
π

D*
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3-body solution

37

• Use  QC3, but include  as a bound state in -wave  channelDDπ D* p Dπ

[Hansen, Romero-López, SRS, 2401.06609, JHEP]
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πD
π
D

π

• Left-hand cut is a three-body effect
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D*
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37

• Use  QC3, but include  as a bound state in -wave  channelDDπ D* p Dπ
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• Left-hand cut is a three-body effect
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D

D

D*
π
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• Finite-volume effects from -channel pion exchange naturally incorporatedu
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• Another advantage of QC3 approach:

• Works for all choices of quark masses, including physical case of unbound 

• Successfully implemented in [Dawid, Romero-López, SRS, 2409.17059, JHEP & 2505.05466, 
JHEP; plus work in progress (talk by André Baião Raposo)]

D*

3-body solution

37

• Use  QC3, but include  as a bound state in -wave  channelDDπ D* p Dπ

[Hansen, Romero-López, SRS, 2401.06609, JHEP]
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Application to LQCD data

38

[Dawid, Romero-López, SRS, 2409.17059, JHEP]

• Proof of concept study to (limited) existing LQCD data with bound 

• Choose -wave  scattering amplitude to obtain , for given choice of 

• Choose reasonable -wave  and  amplitudes

• Eyeball fit to results of [Padmanath, Prelovsek, arXiv:2202.10110] requires inclusion of 

• Solve integral equations, analytically continue to  pole, use LSZ to obtain 

• Result shows appropriate behavior at and below left-hand cut

D*

p Dπ D* gD*Dπ

s Dπ DD

𝒦df,3

D* ℳ(DD*)
J
H
E
P
0
1
(
2
0
2
5
)
0
6
0

Figure 6. Results for qb cot δα, obtained from the solution with a nonzero three-body K matrix,
m2

D KE
3 = 1.9 · 105, the same value as used in figure 5. Notation as in figure 4. The lower panel zooms

in near the left-hand cut. Gray, solid lines are ±|qb/mD|.

They show the alpha and beta eigenvalues of the Blatt-Biedenharn KDD∗ matrix, and the
mixing angle, respectively — see eq. (2.57).

We first note that, above the DD∗ threshold, cot δα (figure 6) is almost identical to
the truncated model’s cot δJ=1 (figure 5). This can be understood by the fact that the
mixing angle ϵ ≈ −π/64 for E > EDD∗ , nearly decoupling the 3S1 and 3D1 sectors of the
K matrix. Furthermore, we find that the β eigenvalue, shown in figure 7, is an order of
magnitude smaller than the α eigenvalue.

Below the DD∗ threshold, however, the situation is quite different. The mixing angle
rises rapidly and the behavior of cot δα differs markedly from that of cot δJ=1 in the truncated

– 28 –

• Virtual bound-state pole moves into 
complex plane!

• Looking forward: complete analysis 
requires more extensive LQCD 
spectra

•  &  levelsDD, Dπ, DDπ DD*
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Abstract: We extend the relativistic field theoretic finite-volume formalism to Nωω scat-
tering states at maximal isospin, I = 5/2. As in previous work using the relativistic field
theory approach, we work to all orders in a generic low-energy e!ective theory, and de-
termine the quantization condition that relates finite-volume energies to intermediate K
matrices, and the integral equations connecting the latter to the physical scattering am-
plitudes. We discuss the parametrization of the K matrices, and explain in detail the new
features that arise in implementing the quantization condition due to the spin of the nu-
cleon in combination with the use of non-degenerate particles. As a concrete example, we
provide a sample numerical application including the ! resonance in the Nω subchannel.
The extension to the I = 3/2 and 1/2 channels is more involved, due to mixing with
Nω states, and we do not provide a complete formalism for these cases. We explain why
Nω states cannot be included by treating the nucleon as a pole in p-wave Nω scattering,
an approach that has been successful in studying DD→ scattering using the three-particle
DDω formalism. We additionally provide results for all isospins under the assumption
of no two-to-three mixing, thereby laying the groundwork for a follow-up paper in which
all Nωω → Nω systems are fully treated. Finally, we study the singularities in Nωω

amplitudes arising from Nωωω intermediate states, and find that our subthreshold cuto!
functions must be modified to avoid such singularities.

ar
X

iv
:2

50
9.

24
77

8v
2 

 [h
ep

-la
t] 

 6
 O

ct
 2

02
5

[2509.24778 (to appear in JHEP)

Towards a formalism for the Roper



S. Sharpe, ``3-particle scattering amplitudes from LQCD,”  KEK, 2/20/26 /48

A failed hope for studying N(1440)

40

• Need a formalism that accommodates 

• Can one include  as a pole in -wave  scattering, and use the  formalism?

• No! Nucleon pole lies below the singularity due to -channel nucleon exchange

Nπ + Nππ
N p Nπ Nππ

u
present in all waves, which begins at ωNω = M2

N
→ M2

ω . Note that single-pion exchange
is forbidden by G parity, given our assumption of exact isospin symmetry. Higher-order
exchanges lead to additional singularities, but these lie even further below threshold.

N

⇡

⇡

N
(a)

N

⇡

N

⇡
(b)

N N

⇡ ⇡
(c)

Figure 1: Processes leading to left-hand singularities in the Nε amplitude: (a) u-channel
nucleon exchange; (b) s-channel nucleon pole; (c) t-channel two-pion exchange. Nucleon
lines are solid, while pion lines are dashed. Vertical dotted lines indicate the cuts leading
to the singularities.

The key issue is that the branch point of the u-channel left-hand cut lies closer to
threshold than the nucleon pole. Thus, in order to reach the nucleon pole, as is required
in the LSZ method, we must incorporate the cut into the formalism. We cannot simply
circumvent the branch point, e.g. by defining a contour from threshold to the nucleon pole
in the complex plane, as the nonanalyticity leads to power-law finite-volume e!ects (for
ωNω < M2

N
+ 2M2

ω) that we must incorporate. Instead, we must explicitly include the
corresponding diagram in the derivation. To do so in the Nεε system, however, one must
consider intermediate four-particle Nεεε states, as shown in figure 2. Thus, we conclude
that the LSZ method fails for describing Nε ↑ Nεε transitions.

N

⇡

⇡

⇡

N

⇡

Figure 2: Nεε diagram showing the need for a four-particle intermediate state (shown by
the dotted vertical line) to account for the u-channel left-hand cut in an Nε subchannel.
Notation as in figure 1.

To avoid the problem we must use a cuto! function that vanishes at or above the
position of the u-channel left-hand branch point, as we have done in section 2.1 above, and
in the numerical studies of the following section. Thus the s-channel nucleon pole is hidden,
and the alternative 2 ↑ 3 method is not available. Instead, the explicit inclusion of the
Nε intermediate state is required, using a generalization of the methodology of ref. [49].

In fact, there is a further, and arguably more fundamental, problem with applying
the LSZ method to the Nεε system. In the course of the derivation sketched in sec-
tion A, one must assume that the two-particle TOPT Bethe-Salpeter (BS) kernels are
nonsingular in the relevant kinematical region, since any singularities will lead to addi-

– 14 –

4 Impact of Nω → Nωω transitions for nonmaximal isospin

There is considerable interest in extending the formalism just presented to Nωω systems
of nonmaximal isospin, i.e. I = 1/2 and 3/2. This extension requires, however, taking into
account the mixing with Nω states, which has to be addressed both in finite and infinite
volume. A natural approach is to generalize the three-particle formalism to include two-to-
three processes by explicitly incorporating two- and three-hadron states in the quantization
condition. This has been carried out in the simplest setting with identical, spinless particles
in ref. [49]. This extended formalism is, however, quite cumbersome, and furthermore
requires generalization to include nondegenerate particles with spin.

In light of this, we have investigated an alternative way of dealing with 2 → 3 transi-
tions, proposed and implemented in refs. [29, 40, 43, 51, 58, 59, 63]. In this approach, one
of the particles forming the two-hadron state is a two-body bound state that appears as a
subthreshold pole in the scattering amplitude of a two-particle subchannel. The three-body
formalism with such a two-particle amplitude automatically incorporates 2 → 3 interac-
tions. The particle–bound-state amplitude itself can be obtained by performing Lehmann-
Symanzik-Zimmermann (LSZ) reduction on the three-particle amplitude after subthreshold
analytic continuation in the bound-state channel. The method, which we refer to as the
LSZ method, holds both at the level of the finite-volume quantization condition, and for
the integral equations describing infinite-volume scattering.

The LSZ method was first numerically investigated in toy systems of identical scalars [29,
40, 58, 59, 63]. Moreover, it has already been used for the DD→ system at heavier-than-
physical pion masses, for which the D→ is stable [43, 51, 64]. In such system, there are
transitions of the form DDω → DD→, which can be accounted for by considering the D→

meson as a bound-state pole in the Dω scattering amplitude.
The question we consider in this section is whether this alternative approach can

be extended to the Nωω + Nω system. The idea would make use of the fact that the
nucleon is present as a subthreshold pole in the I = 1/2 p-wave Nω amplitude. Since this
amplitude is part of the three-particle Nωω formalism (as described in previous sections),
the Nωω ↑ Nω transitions would be present automatically if we ensured that this pole
was included in the parametrization of the Nω amplitude. Furthermore, we could access
the physical Nωω ↑ Nω, Nω ↑ Nωω, and Nω ↑ Nω amplitudes from solutions to the
integral equations by performing LSZ reduction at the subthreshold pole, as has been done
successfully in refs. [29, 43, 51, 59].

Unfortunately, it turns out that this approach fails for the Nωω system. To explain
the problem, it is useful to recall the leading left-hand singularities in the Nω amplitude,
a clear discussion of which is given in the appendix of ref. [65]. These singularities are
due to the exchanges shown in figure 1. Starting at the threshold value of the Nω squared
invariant mass, εNω = (MN + Mω)2, and moving to lower (subthreshold) values, one first
encounters the left-hand cut due to u-channel nucleon exchange [figure 1(a)], which begins
at εNω = M2

N
+ 2M2

ω and is present in all partial waves. Next there is the s-channel
nucleon pole at εNω = M2

N
[figure 1(b)], present only in the I = 1/2 p wave. Further below

threshold one finds the left-hand cut due to t-channel two-pion exchange [figure 1(c)],
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• Formalism for  alone only valid at maximal isospin, which forbids mixing with  

• Interesting dynamics due to  subchannel

• Provides one 3-particle block of arbitrary isospin  formalism

Nππ Nπ
Δπ

Nπ + Nππ
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Parameter space in QC3

41

• A key quantity in derivation is   Bethe-Salpeter kernel (3 Particle Irreducible)

• Must be nonsingular in range of kinematic parameters

• Otherwise introduce uncontrolled  finite-volume effects

B3, 3 → 3

L−n

Matrix indices are:
channel, spectator momentum, 

pair angular momentum, 
lab frame nucleon spin

dimensional flavor basis,
{

|(ωω)2N→ , |(Nω)3/2ω→

}
. (2.2)

Here, the first two entries in each triplet form the pair, with isospin denoted by the sub-
script. The first element of each pair is the primary member, the significance of which is
discussed in section A.

Our first main result, a relation between the finite-volume spectrum and intermediate K
matrices, takes the standard RFT form [17]. Up to exponentially suppressed finite-volume
e!ects, the quantization condition

det
ipωmms

(
1 + K̂df,3(Eε)F̂3(E,P , L)

)
= 0 , (2.3)

determines the interacting finite-volume energies En(L).
Solutions are valid provide that the corresponding CMF energy, given in terms of the

finite-volume energy E by
Eε =

√
E2 ↑ P 2 , (2.4)

lies within the range
√

M2
N

+ 2M2
ϑ + Mϑ < Eε < MN + 3Mϑ , (2.5)

i.e., above nonanalyticities induced by left-hand cuts, and below the inelastic threshold.
We emphasize that K̂df,3 depends on the CMF energy Eε whereas F̂3 depends separately on
the finite-volume-frame energy E, the total three-momentum in that frame P (an integer
three-vector multiple of 2ω/L), and the box length L. Suppressing these coordinates going
forward, the two key objects are defined as

F̂3 ↓
F̂

3 + F̂
1

1 ↑ M̂2,LĜ
M̂2,LF̂ , M̂2,L ↓

1
[K̂2,L]→1 ↑ F̂

. (2.6)

Each quantity with a caret is a matrix in the tensor-product space labeled by several
indices: the spectator-flavor index i, running over the two choices in eq. (2.2); the spectator
momentum p, running over allowed finite-volume momenta; the spin ε and z-component
m of the pair; and, finally, the z component of the spin of the nucleon, taking values
ms = ±1/2. The set of allowed p is truncated by a cuto! function that is built into the
formalism: see eq. (2.14) and surrounding discussion. The sum over ε is truncated by hand
in a manner to be discussed below (see, in particular, section 2.1). The net result is that, in
practical applications, the matrices are finite dimensional, and numerical implementation
is straightforward.

The derivation sketched in section A yields the following results for the component
matrices of the quantization condition. The F matrix is

F̂ =
(

FN 0
0 Fϑ

)

, (2.7)

– 4 –

QC3 for :Nππ

brute force scan over the eight-dimensional parameter space allowed by our cuto! functions
and kinematics. We find that the singularity does not appear anywhere in this space for
pion masses of interest.

Thus we conclude that tree diagrams do not provide an example of the potential
singularity suggested by section B.1.

B.3 Singularities in loop diagrams

Loop diagrams allow access to a wider range of kinematical configurations. The infrared
singularities of interest can be studied using the Landau equations and their generaliza-
tions [91–93]. This is a large and very active field, and we have found the Mathematica
package SOFIA to be particularly useful [94], as well as the work described in refs. [95–98].

The simplest loop diagram that leads to the singularity postulated in section B.1 is that
of figure 7(a) (and its time-reversed partner). It is immediately apparent that this diagram
has a threshold singularity at M12 = MN +2Mω, corresponding to the blue line in figure 5.
Note that the fact that p3 is complex does not impact the presence of the singularity, since
the third initial-state particle is a spectator to the loop.8 The existence of this diagram
demonstrates that, for a rigorous derivation of the finite-volume quantization condition,
one must modify the cuto! function to avoid the region to the right of the blue line in
figure 5.

10

20

30

1

2

3

(a)

10 1

20 2

330

(b)

Figure 7: Examples of loop contributions to 3PI TOPT Bethe-Salpeter kernel. Notation
as in figure 2. Numbers indicate momentum labels. Time runs from right to left.

Another loop diagram with the same singularity is shown in figure 7(b). This has
two Nωωω cuts, and if one solves the Landau equations using SOFIA for the symmetric
configuration of external momenta in which p→

i
= pi, then there is a singularity at M12 =

MN + 2Mω.
We now consider loop diagrams contributing to Kdf,3. These include all diagrams

contributing to the 3PI Bethe-Salpeter kernel, so that the singularity in M12 from the
diagrams of figure 7 applies to Kdf,3 as well. However, there are also diagrams with three-
particle cuts, in which these cuts are regulated by a PV prescription, so that integrals over
them do not lead to nonanalyticities. Examples of these diagrams are shown in figure 8.

8In the TOPT derivation of the quantization condition, all possible choices of spectator contribute for a
given 3 → 3 Bethe-Salpeter kernel [34], and one of the choices has p1 as the spectator momentum for this
diagram.
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• Parameter space (for pion spectator)

• Energy , momentum E P
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momentum 

π
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 pair  Decomposed into 

Nπ
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1

2
3
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Implementation of the three-neutron quantization
condition
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Abstract:

We describe in detail the implementation of the relativistic three-neutron finite-volume
quantization condition derived in Ref. [1]. In particular, we show how the complications
due to Wigner rotations acting on spins are included, and present concrete formulas for the
case when the angular momenta within pairs is restricted to be less than 2. We describe
the symmetries of the matrices appearing in the quantization condition, and decompose
solutions into irreducible representations of the appropriate doubled finite-volume symme-
try groups. We present an implementation of the three-particle K matrix, keeping the two
lowest-order terms in the threshold expansion. We provide numerical predictions for the
finite-volume spectrum for a setup with nearly physical parameters, including two-particle
interactions that are based on experimental results. This exploratory study shows the
how lattice QCD calculations of the three-neutron spectrum with su�cient precision can
provide detailed information on both two- and three-particle interactions.
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Figure 3. As for figure 2, but for the n2
P = 1 frame. Numerical values of the energies are given

in Table 8. [To do: Update levels, change E to E/MN . Dashed horizontal line at 3.15 to show
inelastic threshold.]

Figure 4. As for figure 2, but for the n2
P = 3 frame. Numerical values of the energies are given in

Table 9. [To do: Make figure.]

In almost all cases the number of levels in each irrep is the same as that for the free
levels shown in Table 4. This is as expected in a nonresonant system with no bound states.
Levels are both lowered and raised by the two-particle interactions, which is also expected
given that there is a mix of attractive and repulsive channels. There is clearly a significant
amount of information contained in the splittings between the levels. However, it must
also be noted that the splittings between adjacent levels are typically 5≠25 MeV, and thus
will be challenging to determine in simulations. The decomposition into irreps will be an
essential tool in helping separate the levels.

The exception to the equality of free and interacting levels occurs in n2
P

= 3 frame.
Here, in the F1 and F2 irreps, there are two more solutions in the presence of interactions
than in the free case, with one of these having an unphysical residue. As discussed in
Refs. [8, 11], the requirement that diagonal elements of a finite-volume correlator matrix
have poles with a positive residue translates into the requirement that the eigenvalues of
K

≠1
2,L

+ F + G cross zero in a specific direction (in our case, from positive to negative with

– 26 –

• Physical masses, : 

•
L ≈ 4.3 fm

MNL = 20, Mπ = 0.15MN ⇒ MπL = 3
Levels in  frameP = 2π

L (0,0,1)

 inelastic threshold3n + π

No interactions Realistic  in lowest four 
channels ( )

𝒦2
ℓ = 0,1

10 MeV
E

MN
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Figure 6. Dependence of the energies of the 13 G1(1) levels in the second band for n2
P = 1 upon cA,

the coe!cient of KA (with cB = 0). The horizontal axis is (E → E0)/MN , where E0 = 3.1424MN

is the energy of the lowest noninteracting level in this band. The vertical axis is tanh(cA/5).
Parameters are MN L = 20 and Mω/MN = 0.15. Vertical dashed lines are explained in the text.

the coe!cients. Thus we conclude that the bulk of the solutions do lie in this subspace.
This raises the question of what happens to the lowest and highest levels in figure 6.

For example, the lowest (left-most) level has nothing to match onto within the band as
cA ↑ ↓. A similar question applies for both ends of the curves in figure 5. In the
cases we have studied, the answer is that additional solutions appear at large values of
the coe!cients cA,B, and these provide the matching solutions. For example, in the lowest
n2

P
= 1 band, when either cA or cB exceed about 250, and new pair of solutions appears

at higher energy, with the lower of the pair being a physical crossing, while the upper one
is unphysical. The position of the additional physical crossings for cA,B = 1000 is shown
by the dotted horizontal lines in figure 5. As can be seen, these lines lie close to maximum
values of the solution curves as cA,B ↑ →↓. Similarly, considering figure 6, we find for
cA = →100 (but not for cA = →50) that there is an unphysical-physical pair of solutions to
the left of the region shown in the plot, at E→E0 = →0.08MN and →0.072MN , respectively.
The physical crossing plausibly matches onto the asymptote of the lowest level as cA ↑ ↓.
Indeed the energy of this level is rapidly decreasing as cA increases, reaching →0.049 at
cA = 100.

This phenomenon of unphysical solutions appearing at large magnitudes of Kdf,3 ap-
pears to be a fairly generic feature of our results. For example, in the lower band shown
in figure 5, they are present also for cA,B ↭ 250 and cB ↫ 1000. Our interpretation of at
least some of these solutions is that they are associated with unphysical choices for Kdf,3.
We do not expect them all to disappear as MωL is increased because some are needed to
provide the “missing matches” between ci = ±↓ solutions, as described in the examples
above. By contrast, for moderately large values of |cA,B|, such unphysical solutions are

32

10 MeV
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• Major steps have been taken in the three-particle sector

• Formalism well established & cross checked, and almost complete

• Several pioneering end-to-end applications to three-particle spectra from LQCD

• Path to a calculation of  decay amplitudes is now open

• Near-term steps in implementation

•  for lighter quark masses 

• Extended calculations for 

•  

• Final steps in three-particle formalism

•  (WZW term)

• ,  [for Roper], 

• Very recent review—talk by SRS at Lattice 2025 [2601.04147]

K → 3π

T+
cc → D*D → DDπ

3π(I = 0,1,2)

Nππ ↔ Δπ(I = 5/2)

3π(I = 0) ↔ KK

NNN(I = 1
2 ) Nππ + Nπ NNπ + NN
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• Reducing model-dependence in fitting & analytic continuation

• [Salg, Romero-López, Jay,  2506.16161]  propose using Bayesian reconstruction + Nevanlinna interpolation

• Controlling all systematic errors (when will results be FLAG-ready?)

• For which processes is precision important? 

• For three-nucleon interaction even a semiquantitative result would be useful

• Comparing formalisms in detail (e.g. RFT vs FVU)

• Equivalent up to technical details (e.g. smooth vs hard cutoff functions)

• Share data for cross-checking analysis? Bootcamp?

• Moving to more particles (needed, e.g., for  & physical  )

• QC4 (which is not yet known except in threshold expansion) may be practical

• QCN seems impractical—combine QC2-4 with inclusive methods in some yet-to-developed manner?

• “Scattering amplitudes from finite-volume spectral functions” [Bulava & Hansen, 1903.11735]

• Squeeze as much information as we can out of the lattice simulations!

• Investigate alternative approaches

• “Scattering amplitudes from Euclidean correlators: Haag-Ruelle theory and approximation formulae”, 
[Patella & Tantalo, 2407.02069]

• HALQCD approach? [Doi et al., 1106.2276: 3 nucleon potentials in NR regime]

• Combine LQCD results with EFT and amplitude-analysis methods (Exohad collab.)

D → ππ, KK π(1300)

https://arxiv.org/abs/2506.16161
http://arxiv.org/abs/arXiv:1106.2276
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Thank you! 
Questions?
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D
π
π

ℋW

K+

π+

π+

K+

D ℋW

CP violation in D decays

Challenge: finite-volume mixing with 4π, 6π, ηη, …

π+ π+

π+ π+

η

η

K+

K+

4+-particle formalism not yet developed 
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Some angular dependence

15

Different partial waves (largest is )J = 0

Angle in the triangle:  
equilateral ( ) vs isoscelesπ = α/3

Angle between  
in/out momenta

Sketch of the configuration
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Three-meson spectrum
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Emergence of the ω(1300) Resonance from Lattice QCD
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The mass of the lightest hadron in nature, the pion, is one seventh of that of the nucleon, and
one tenth of the mass of its first excited state, the ω(1300). This enormous energy di!erence opens
an interesting window into the confinement of quarks and the structure of the lightest hadrons.
In this work, we provide the first calculation of resonance parameters of the ω(1300) from lattice
QCD. For this purpose, recently derived state-of-the-art tools are adapted and applied both in the
construction of three-hadron operators and for mapping finite-volume spectra to infinite-volume
amplitudes, subsequently analytically continuing these to complex energies. For our heavy pion
mass ensembles, we find a clear signal of the resonance. Crucial input is provided through Chiral
Perturbation Theory, allowing us to robustly extrapolate to the physical point. Applying model
averaging, we extract a pole position of Mω(1300) = (1169 ± 46) → i (62+168

→62 ) MeV supporting values
from phenomenology.

Introduction – The interaction of quarks and gluons as
fundamental particles of nature is fascinating and con-
tradicting our daily experience: they can be found as in-
dividual particles at large energies but only confined into
so-called hadrons at low energies. The theory describ-
ing this interaction is called quantum chromodynamics
(QCD). Hadrons include pions, protons, neutrons and
states with heavy charm and bottom quarks, with the
latter being investigated, for instance, with the LHCb ex-
periment at the Large Hadron Collider (LHC) or with the
Beijing Spectrometer III (BES III) at the Beijing Elec-
tron–Positron Collider II (BEPC II), see, e.g., Refs. [1–5].

Inspecting the particle data group (PDG) book [6],
one realizes that already at the low end of the hadron
spectrum many states are not well-understood. Take, for
instance, the pion – the lightest hadron with a mass of
one seventh of the proton identified as a Goldstone bo-
son of the spontaneously broken chiral symmetry and,
thus, playing a pivotal role in our understanding of the
quark-gluon interactions. Its first excited state is listed
as ω(1300), first observed by Ananeva and collaborators
in 1981 [7] in di!ractive dissociation on nuclei. It is cur-
rently assumed to have a mass of 1300 ± 100 MeV and a
width of 200→ 600 MeV [6]. However, even the existence
of the ω(1300) as a hadronic resonance might be debat-
able [8]. If it exists, it is about ten times heavier than
the pion, almost mass-degenerate with the other mem-
bers of the first excited pseudoscalar octet, ε(1295) and

CHPT Lattice QCD

 ππ & πππ spectra
fit ⃗l r, cc, . . .

analytic continuation s ∈ C
ρ(770), f0(500), π(1300) pole positions

                                               3-body quantization condition    

                             3-body scattering amplitude 

det[B + C − τ−1EL] = 0
T3 = (B + C ) + ∫ (B + C )τ−1T3

C = cc + cp

s − m 20
+ . . .τmIAM( ⃗l r)

Here’s a set of color codes that would fit the professional and clean aesthetic you’re aiming for:

	 1.	 Primary Color (Soft Blue): #4A90E2 (or RGB: 74, 144, 226)


	 2.	 Secondary Color (Light Gray): #D3D3D3 (or RGB: 211, 211, 211)

	 3.	 Accent Color (Dark Blue): #1D3557 (or RGB: 29, 53, 87)


	 4.	 Accent Color (Dark Green): #2C6B5A (or RGB: 44, 107, 90)

FIG. 1. Workflow of the pole position determination for two-
and three-body systems from LQCD.

K(1460), and as heavy as the excited N(1440) state of
the nucleon, which is only 1.5 times heavier than the pro-
ton. Unraveling this pattern is, therefore, fundamental
to understanding the emergence of the hadron spectrum.
In addition, the ω(1300) is special because its J

PC = 0↑+

quantum numbers allow for a decay to three pions with-
out any centrifugal barrier. This makes it a member of
a small list of resonances with strong three-body interac-
tions, including also the aforementioned N(1440) hosting
ωωN states and ϑ(782), the lowest hadron resonance de-
caying into three particles.

Theoretically, however, there is little known about the
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ω Meson from lattice QCD
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Many excited states in the hadron spectrum have large branching ratios to three-hadron final
states. Understanding such particles from first principles QCD requires input from lattice QCD
with one-, two-, and three-meson interpolators as well as a reliable three-body formalism relating
finite-volume spectra at unphysical pion mass values to the scattering amplitudes at the physical
point. In this work, we provide the first-ever calculation of the resonance parameters of the ω
meson from lattice QCD, including an update of the formalism through matching to e!ective field
theories. The main result of this pioneering study, the pole position of the ω meson at

→
sω =

(778.0(11.2) ↑ i 3.0(5)) MeV, agrees reasonably well with experiment. In addition we provide an
estimate of the ω ↑ ε mass di!erence as 29(15) MeV.

Introduction–Quantum Chromodynamics (QCD), the
theory of the strong interactions, not only explains the
binding of quarks and gluons to protons and neutrons,
which represent most of the visible matter around us,
but also the full spectrum of the so-called hadrons. It
consists in general of baryon and meson states, most
of which are actually resonances. The ω(782) meson
plays a special role in this hadron spectrum. First, it
is the lightest hadron that features a strong, isospin
conserving decay into three particles in the final state,
ω → 3ε. Second, within the vector dominance pic-
ture of the photon-nucleon interactions, it dominates the
isoscalar response [1, 2] and combined with the topo-
logical soliton picture of the nucleon, it allows one to
explain the di!erence in the baryonic charge and the
isoscalar electric radius [3, 4]. Third, in the one-boson-
exchange picture of the nucleon-nucleon interaction, it
generates the observed repulsion at distances below 1 fm;
see, e.g., [5, 6]. Fourth, due to strong isospin violation,
it mixes with the ϑ(770) meson leading to marked e!ects
in the pion vector form factor, see, e.g., [7, 8]. Finally,
the ω ↑ ϑ mass splitting is phenomenologically interest-
ing, for instance for the anomalous magnetic moment of
the muon [9–11], or recently also in the context of dark
matter and so-called mirror matter [12, 13]. For all these
reasons, a first-principles calculation of this intriguing
state based on QCD is called for.

The by now standard approach for such a nonpertur-
bative calculation is represented by lattice QCD, where
space-time is discretized, and the Euclidean path inte-

gral is estimated using Markov Chain Monte Carlo meth-
ods. While lattice QCD has already addressed system-
atically the lowest resonances, the f0(500) [14–23] and
the ϑ(770) [24–42], which decay into two pions in the
final state (for a review see [43]), there are only investi-
gations of repulsive three-body systems [44–50], and only
one exploratory lattice investigation of the a1(1260) ax-
ial meson decaying into three pions available so far [51].
In particular, there is no calculation of the complex pole
position of the ω meson available, because it decays pre-
dominantly to three pions in the final state. The reason
is that only in the last decade the required formalism
for such types of lattice computations has become avail-
able, see recent reviews [52, 53]. Using one of the three
state-of-the-art formalisms [54], we report here on the
first lattice calculation of the ω(782) meson, thus filling
in the gap mentioned before by providing the complex
energy, namely the mass and the width of the ω. Owing
to its three-pion decay, where two pions can form a ϑ [55],
the ω cannot be considered in isolation, and we thus rely
on chiral Lagrangians with vector mesons (for a review,
see [56]) in the analysis of the ω self-energy. In particu-
lar, we use e!ective field theory for the extrapolation to
the physical pion mass value.

Lattice computation—The gauge configurations used in
this work were generated by the CLQCD Collaboration
with Nf = 2 + 1 flavors of dynamical quarks using the
tadpole-improved tree-level Symanzik gauge action and
tadpole-improved tree-level Wilson clover fermions [57].
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Natural candidate for QC3?

55

[PDGlive]

Pro: -wave decay to  implies strong 3-particle coupling

Con: Lies well above the inelastic threshold for QC3

•
• QC3 will apply for heavier than physical quark masses

s 3π

M(π(1300)) ≈ 10Mπ ≫ 5Mπ
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Simulation details

56

• Use CLQCD ensembles (tadpole improved Clover), fixed , fm

• Rest-frame only and single irrep

ms a = 0.07746(18)
Table 1: default

ens. size Mfi(MeV) MK(MeV) MfiL # 2fi levels # 3fi levels
F32P30 323 ◊ 96 303 525 3.8 5 3
F48P30 483 ◊ 96 303 524 5.7 7 6
F32P21 323 ◊ 64 211 492 2.7 5 0
F48P21 483 ◊ 96 207 493 3.9 7 3

1

• Large basis of operators:  for three-particle case

• Large set of contractions, e.g.

π, ρπ, σπ, 3π

12

TT TU TT TU

FIG. S4. Topologies of the diagrams for one-three-type contractions.

TT TM TD TU TO TG

TT TM TD TU TO TG

FIG. S5. Topologies of the diagrams for two-three-type contractions.

TD TS TR TZ TB

TW TE TC TYL TYR

FIG. S6. Topologies of the diagrams for three-three-type contractions.
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FIG. S7. E!ective mass of the eigenvalues ωn(t) for the I = 0 εε channel. The pion mass Mω is indicated on the right axis.
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Fits

57

• Best global fit to both masses and volumes

• 9 params (3 for , and 6 for ) to 36 levels, with 

• Final results from model averaging with Akaike information criterion

2π 3π χ2/dof = 1.08
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FIG. 3. Finite-volume spectra for I = 0, 1, 2 ωω and I = 1
ωωω for heavy and light pion mass. Red points represent
the interacting lattice energy levels, the faded ones of which
are not included in the analysis. Solid lines are the non-
interacting elastic levels, and dashed lines depict the inelastic
levels. The orange bands are the solutions from the overall
best fit.

G(→p)ω(p)}, where p ↑ (2ω)/LZ3, while ε, ϑ and G are
placeholders for a two-pion system of isospin I2 = 0, 1, 2,
respectively. Matrices !FV, B and EL only depend
on momenta and masses, representing all possible on-
shell configurations of three pions. They, thus, deter-
mine all power-law like volume dependence of this sys-
tem, but are agnostic to a particular interaction. In con-
trast, the two-/three-body forces (K̃→1

/C) are volume-
independent (O(e→MωL)) and contain the physical infor-
mation about a particular channel [15, 16, 39]. We note
that the roots of ϖ

→1 determine the 2-body energy eigen-
values in the pertinent isospin channel.

In the two-body sector, each finite-volume energy
eigenvalue determines one value of K̃

→1 (neglecting
higher partial waves, below inelastic channels). However,
in a three-particle system, one particle (spectator) can
take certain momentum away, necessitating a detailed
understanding of the functional behavior of C and K

→1.
Little is known about the form of the three-body force
for this system, forcing us to pick a generic form for a

transition ϱ
C
↓ ς in the orbital angular momentum ba-

sis [40]

c
ωε = c

ωε
c +

c
ωε
p

s → m2

0

, ϱ = ς ↑ {εω, ϑω} , (2)

where s is the total three-body energy squared, and only
phenomenologically most relevant channels are turned
on. In contrast to this, for the relevant two-body subsys-
tem, we can take advantage of many existing theoretical
studies and relate its dynamics directly to phase-shifts as

K̃
→1

I2
(ε) = K

→1

I2
(ε) + Re !IV

I2 (ε),

K
→1

I2
(ε) =

{
→

p(ϑ) cot ϖI20
(ϑ)

16ϱ
↑

ϑ
, for I2 = 0, 2,

→
p3

(ϑ) cot ϖ11
(ϑ)

12ϱ
↑

ϑ
, for I2 = 1.

(3)

Here, ε, p, and !IV denote two-body invariant mass
squared, two-body center-of-mass momentum and two-
body self-energy integral, respectively. For explicit (now
standard) formulas see [16, 39]. To parameterize the
phase-shifts, we adopt a well-tested [41–43] modified In-
verse Amplitude Method (mIAM) approach [44] that syn-
thesizes S-matrix theory and Chiral Perturbation The-
ory (CHPT). The amplitude behaves correctly (including
Adler zero) deep below the two-body threshold, which
is needed for the three-body formalism. However, at
some very low ε it is unrealistic, mitigated here by
K

→1

I2
(ε) ↔↓ K

→1

I2
(εMP)e→ϑ+ϑMP , e”ectively turning the

interaction smoothly to zero below the matching point
εMP. The latter together with the largest spectator mo-
mentum |lmax| and the largest self-energy |kmax| repre-
sent all necessary cuto”s of the three-body formalism.
Analysis and results–Particular choices of physical in-

puts and cuto”s define our model space, which we will
explore with di”erent fits to our LQCD data. Specifi-
cally, we consider (a) all possible combinations of terms
in Eq. (2); (b) all two-body energy eigenvalues supple-
mented by either light, heavy or both three-body en-
ergy eigenvalues; (c) 3 ↗ 3 ↗ 3 combinations of cut-
o”s; (d) mIAM4(lr

1
, l

r
2
, l

r
3
, l

r
4
), mIAM3(lr

1
, l

r
2
, l

r
3
, l

r,FLAG

4
)

and mIAM2(lr
1
, l

r
2
, l

r,FLAG

3
, l

r,FLAG

4
) correspondingly to

the FLAG values [45] motivated by experience from a
previous study [41]. Overall, we tested ↘ 2000 dif-

FIG. 4. Quality of the 47 central fit results. The used LQCD
input is marked as 2ω(Mω) and 3ω(Mω), respectively. The
68%, 95%, and 99% confidence intervals around E[ε2] of the
ε2-distribution are shown by the shaded bands, dots mark
our best fits, used to determine the pole positions in Fig. 5.
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Pole positions

58

• Solve IVU (=infinite-volume unitarity) form of integral equations

• Find resonance pole for ! Mπ = 305 MeV

4

ferent scenarios. We found that varying cuto!s from
CT = {1M

2

ω ,
→

3 2ω
aL ,

→
3 · 52 2ω

aL} does not have any signif-
icant impact on our fit/final results. This leaves us with
47 fits with their quality shown in Fig. 4. The quality of
the overall best fit (ω2

/dof = 1.08, see parameter table
in the Supplemental Material [30]) is contrasted with the
available finite-volume spectra in Fig. 3.

We observe that when only light pion mass three-body
input (F32/48P21) is considered, nearly all types of pa-
rameterizations of C lead to excellent fit quality within
the 68% confidence interval of the ω

2 distribution. The
likely reason for this is that there are only very few energy
levels below the relevant threshold (see Fig. 3). Besides
this, we consistently observe that a slightly better ω

2
/dof

is obtained for mIAM3. We, therefore, only use mIAM3
fits in the following to avoid over-counting similar mod-
els.

The parameters obtained in the fit to the finite-volume
spectra are used in an infinite-volume three-body for-
malism (IVU) [16, 38, 39, 46], allowing us to extract
universal parameters of hadron resonances, see Fig. 1
for the general workflow. This requires solving an in-
tegral equation, accomplished e”ciently using the com-
plex contour method, for details and comparisons be-
tween methods, see Refs. [39, 47, 48]. We note that
integrating over the momentum of the spectator up to
a certain cuto! defines the maximal energy range up
to which the amplitude fulfills unitarity, i.e.,

→
smax =√

ε + l2
max

+
√

M2
ω + l2

max
|ε=4M2

ω
. On the other hand,

for a fixed s larger cuto! values can lead to ε ↑ εMP,
rendering the two-body input unrealistic. We observe
that our cuto! choice (CT ) maximizes the range of ap-
plicability of the methodology.

For the fits to light pion mass data only, we ob-
serve that only a few of the fits lead to a ϑ(1300) pole.
The most probable reason for this is that ϑ(1300) is
weakly pion mass dependent with a pole expected at
Mω(1300) ↓ 1300/208 ↭ 6Mω – well outside of the en-
ergy range which can be tackled by current lattice and
finite-volume methods. Luckily, this is not the case for
the heavy pion mass Mω(1300) ↓ 1300/305 ↓ 4.2Mω, such
that all fits in 68%, 95%, and 99% confidence intervals
around the observed ω

2

obs
indeed lead to a ϑ(1300) pole.

Interestingly, these fits include also those with no explicit
pole-term in the parametrization of the three-body force,
thus generating a ϑ(1300) pole dynamically.

Taking into account fits in the 68% confidence interval
around E[ω2] of the ω

2 distribution which include heavy
3-body input (red dots in Fig. 4), we extract pole posi-
tions depicted in Fig. 5, including the pole positions of
the two-pion resonances in the iso-vector/-scalar subsys-
tems. Extrapolating to the physical point is achieved by
setting Mω to its physical value as dictated by CHPT.
In the three-body case, the simplest ansatz (see above)
is to use parameters obtained from fits to the heavy pion
mass data, assuming negligible pion-mass dependence of
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FIG. 5. Pole positions on the second Riemann sheet of the
two- and three-hadron systems with total energy E → C, re-
spectively to ω(770), f0(500), ε(1300) states. Shaded areas
represent results from individual fits in the 68% confidence
interval around the observed ϑ2

obs. Orange crosses depict the
AIC model averaged results. PDG results are provided by the
black crosses for comparison.

all terms in Eq. (2) evaluated in physical/lattice units.
Results of individual fits and a model average of those
using the Akaike Information Criterion [49] are depicted
in Fig. 5. The model average result constitutes our prin-
cipal finding

Mω(1300) = (1169 ± 46) ↔ i(62 ± 169) MeV ,

Mϑ(770) = (727 ± 3) ↔ i(72 ± 1) MeV , (4)

Mf0(500)
= (433 ± 7) ↔ i(250 ± 7) MeV .

Our results for the two-body resonances agree quite well
with the PDG values [6], except for ReMϑ(770). Since our
result for ReMϑ(770) is consistent with previous lattice
studies on this but also other ensembles [16, 41], we at-
tribute this discrepancy to finite lattice spacing e!ects,
discussed in Ref. [50] using the same lattice configura-
tions. The agreement in all other results indicates that
the three-body data actually constrain the two-body sec-
tor, for which larger uncertainties would be expected oth-
erwise.

As for the main goal and novel result of this work –
the prediction of the parameters of the excited state of
the pion from QCD – we observe an agreement with the
PDG values within 1ε uncertainties. We emphasize that
for all extracted pole positions ImMω(1300) < 0, while
the extracted errors are unconstrained due to simplistic
Gaussian statistics employed here.
Conclusion–We have determined the resonance param-

eter of the ϑ(1300) from QCD through a lattice calcula-

Elastic region
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58

• Solve IVU (=infinite-volume unitarity) form of integral equations

• Find resonance pole for ! Mπ = 305 MeV
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ferent scenarios. We found that varying cuto!s from
CT = {1M

2

ω ,
→

3 2ω
aL ,

→
3 · 52 2ω

aL} does not have any signif-
icant impact on our fit/final results. This leaves us with
47 fits with their quality shown in Fig. 4. The quality of
the overall best fit (ω2

/dof = 1.08, see parameter table
in the Supplemental Material [30]) is contrasted with the
available finite-volume spectra in Fig. 3.

We observe that when only light pion mass three-body
input (F32/48P21) is considered, nearly all types of pa-
rameterizations of C lead to excellent fit quality within
the 68% confidence interval of the ω

2 distribution. The
likely reason for this is that there are only very few energy
levels below the relevant threshold (see Fig. 3). Besides
this, we consistently observe that a slightly better ω

2
/dof

is obtained for mIAM3. We, therefore, only use mIAM3
fits in the following to avoid over-counting similar mod-
els.

The parameters obtained in the fit to the finite-volume
spectra are used in an infinite-volume three-body for-
malism (IVU) [16, 38, 39, 46], allowing us to extract
universal parameters of hadron resonances, see Fig. 1
for the general workflow. This requires solving an in-
tegral equation, accomplished e”ciently using the com-
plex contour method, for details and comparisons be-
tween methods, see Refs. [39, 47, 48]. We note that
integrating over the momentum of the spectator up to
a certain cuto! defines the maximal energy range up
to which the amplitude fulfills unitarity, i.e.,

→
smax =√

ε + l2
max

+
√

M2
ω + l2

max
|ε=4M2

ω
. On the other hand,

for a fixed s larger cuto! values can lead to ε ↑ εMP,
rendering the two-body input unrealistic. We observe
that our cuto! choice (CT ) maximizes the range of ap-
plicability of the methodology.

For the fits to light pion mass data only, we ob-
serve that only a few of the fits lead to a ϑ(1300) pole.
The most probable reason for this is that ϑ(1300) is
weakly pion mass dependent with a pole expected at
Mω(1300) ↓ 1300/208 ↭ 6Mω – well outside of the en-
ergy range which can be tackled by current lattice and
finite-volume methods. Luckily, this is not the case for
the heavy pion mass Mω(1300) ↓ 1300/305 ↓ 4.2Mω, such
that all fits in 68%, 95%, and 99% confidence intervals
around the observed ω

2

obs
indeed lead to a ϑ(1300) pole.

Interestingly, these fits include also those with no explicit
pole-term in the parametrization of the three-body force,
thus generating a ϑ(1300) pole dynamically.

Taking into account fits in the 68% confidence interval
around E[ω2] of the ω

2 distribution which include heavy
3-body input (red dots in Fig. 4), we extract pole posi-
tions depicted in Fig. 5, including the pole positions of
the two-pion resonances in the iso-vector/-scalar subsys-
tems. Extrapolating to the physical point is achieved by
setting Mω to its physical value as dictated by CHPT.
In the three-body case, the simplest ansatz (see above)
is to use parameters obtained from fits to the heavy pion
mass data, assuming negligible pion-mass dependence of
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FIG. 5. Pole positions on the second Riemann sheet of the
two- and three-hadron systems with total energy E → C, re-
spectively to ω(770), f0(500), ε(1300) states. Shaded areas
represent results from individual fits in the 68% confidence
interval around the observed ϑ2

obs. Orange crosses depict the
AIC model averaged results. PDG results are provided by the
black crosses for comparison.

all terms in Eq. (2) evaluated in physical/lattice units.
Results of individual fits and a model average of those
using the Akaike Information Criterion [49] are depicted
in Fig. 5. The model average result constitutes our prin-
cipal finding

Mω(1300) = (1169 ± 46) ↔ i(62 ± 169) MeV ,

Mϑ(770) = (727 ± 3) ↔ i(72 ± 1) MeV , (4)

Mf0(500)
= (433 ± 7) ↔ i(250 ± 7) MeV .

Our results for the two-body resonances agree quite well
with the PDG values [6], except for ReMϑ(770). Since our
result for ReMϑ(770) is consistent with previous lattice
studies on this but also other ensembles [16, 41], we at-
tribute this discrepancy to finite lattice spacing e!ects,
discussed in Ref. [50] using the same lattice configura-
tions. The agreement in all other results indicates that
the three-body data actually constrain the two-body sec-
tor, for which larger uncertainties would be expected oth-
erwise.

As for the main goal and novel result of this work –
the prediction of the parameters of the excited state of
the pion from QCD – we observe an agreement with the
PDG values within 1ε uncertainties. We emphasize that
for all extracted pole positions ImMω(1300) < 0, while
the extracted errors are unconstrained due to simplistic
Gaussian statistics employed here.
Conclusion–We have determined the resonance param-

eter of the ϑ(1300) from QCD through a lattice calcula-

• Extrapolate to physical masses using EFT-inspired form

Elastic region


