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Overview: present status

- D

—>@ —@®

Physical quark masses M_= 200 MeV
E.g.:Wang, Leinweber, Liu, Liu, Sun, Thomas, Wu, Xing, Yu, Bulava, Hanlon, Horz, Morningstar, Nicholson, Romero-Lopez
2502.03700 Skinner,Varnas,Walker-Loud, 2208.03867

Almost “FLAG-ready”, i.e. fully controlled

Abbott et al. [RBC-UKQCD collaboration], 2004.09440

———————
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A resonance

Bulava, Hanlon, Horz, Morningstar, Nicholson, Romero-Lopez, Skinner,Varnas,Walker-Loud, 2208.03867

M_~ 200 MeV
My ~ 950 MeV
a = 0.063 fm
L>x T =64>x128
Clover fermions (CLS)

S.Sharpe,
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Overview: present frontier

M_= 200 MeV

PhySICaI quark Masses Padmanath, Prelovsek, 2202.10110

Dawid, Draper, Hanlon, Horz, Morningstar, Romero-Lopez,
SRS, Skinner; 2502.14348 & 2502.17976

T — T — T — .

Di-neutron bound state! Is H dibaryon bound!?

Dawid, Romero-Lopez, SRS, 2409.17059

S.Sharpe, " Scattering ampm &s'from LQED™CSU, 10/14/25 ﬁ5 45


https://arxiv.org/abs/2502.14348
https://arxiv.org/abs/2202.10110
https://arxiv.org/abs/2409.17059

Overview: “near” future

Formalism: Hansen, Romero-Lopez, SRS, 2003.10974 Ro per resonance

First LQCD results and alternative formalism: F lism: L - ¢ SRS ,

Yan, Mai, Garofalo, MeiBner, Liu, Liu, Urbach, 2407.16659 ormafism: Hansen, Romero-L-opez, 5>, ... In prep.
L — —————— P — T ——

Formalism: Hansen, Romero-Lopez, SRS, 2101.10246
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Outline

Motivation
The fundamental issue
Summary of formalism

Applications of three-particle formalism

*  Three-particle amplitudes involving pions & kaons at physical quark masses

DDur scattering, relevant for TC+C

New issue: unexpected subthreshold singularities

Outlook
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Motivation
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Underlying motivations

* Determine properties of strong interaction resonances from QCD

E.g. exotics such as T..(3875)" — DD* — DDn

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 9 /45



Mass [MeV/c?]

Cornucopia of exotics
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Date of arXiv submission
[l. Danilkin, talk at INT workshop, March 23]
+ data from Babar, Belle, COMPASS, ...
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Underlying motivations

* Determine properties of strong interaction resonances from QCD

- E.g.exotics such as T..(3875)" - DD* — DDx

* Determine three particle “forces” for 3n, 3r, 3K, ...

* Needed to understand neutron star EoS, properties of large nuclei, ...

* Calculate weak decay amplitudes within the Standard Model, in order
to search for new physics

 E.g K — 27 (essentially done), K — 37 (method known), & D — 77—, K"K~
(open question)

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 11 /45



The fundamental issue
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On the one hand...

* LQCD determines energies and properties of finite-volume eigenstates

* Obtained by fits to (numerically-evaluated) Euclidean correlation functions:

., 2
3, ,—IPX = D —E z.
J d*xe” ¥ (Q] 05,1, %)0] (0)| Q) Z 0lc] (0)|3z, P,n),| e B (1> 0)
L /‘ - 7
P =217/ s, ~ 3n7t Tower of finite-volume states Energies of said states

: N i +
Assuming L* box with PBC Lives on timeslice with quantum numbers of 377,
with momentum P, and living

in irreps of cubic group

A
—<- u
U
L <d__ >34
O3, \ - 03%
d U
< -
v T
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On the one hand...

* LQCD determines energies and properties of finite-volume eigenstates

* Obtained by fits to (humerically-evaluated) Euclidean correlation functions:

2
(0] 031[(0) |3z, P,n); e bt (> 0)

J d*x e7 P Q] 03,(7, X)o] (0)| Q) Z
L n

» E are physical quantities!
e Can determine 5-10 levels for each choice of quantum numbers (?, irrep, ...)
* Can now begin to calculate with physical quark masses
* Results come with statistical & systematic errors (e.g. need a — 0)

* Today, | assume that the physical £, are provided by LQCD simulations

S. Sharpe, "'Scattering amplitudes from LQCD,” CSU, 10/14/25 14. /45
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...while on the other

* We want infinite-volume scattering amplitudes, e.g.

My~ +

In state Out state

* How do we relate these! A finite-volume QFT problem.

! /_\
> D
Ba(L) ) '
Ei(L) l M n—1m
Eo(L)
Discrete energy Scattering
spectrum amplitudes

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25



A related question:

e LQCD can also calculate matrix elements between finite-volume states

(] o3,(7 F)[J dx (0, DK (5, P)|Q)y & Y e 5 (37, P’ | Hy(0) | K, )i

/ - \ ,’
7> 0 7, <0 \

A physical quantity if £, = E,

* How are these related to decay amplitudes!?

d(K — 31) = (3| H(0) | K)

S. Sharpe, "'Scattering amplitudes from LQCD,” CSU, 10/14/25 16 /45



Sumwary of formaliswm
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2-particle formalism

[Luscher, 1986-91 + many subsequent works]

. Scattering
Two-particle Quantizakion K—yviakrix ampti&ude

s[aec&ru,m condition: QC2 Um&ariﬁj

Lakion |
— E, det[/Cy + Fy '] =0 . .- el M 9
E3 Im
_—  E 1
" Paramebrize: L—ipZ,
K2260+61k2—|—... *2
M 4
e QC2 valid up to corrections x exp(—M_L) P = g TE

* QC2 valid up to inelastic threshold

e Matrix indices are CM-frame ¢, m

« K, is an infinite-volume quantity; diagonal in £, m
 F dependson E, P, L; mixes £, m

* In practical applications, must truncate in

L ————— e

S. Sharpe, "'Scattering amplitudes from LQCD,” CSU, 10/14/25 18 /45



3-particle formalism
[Hansen & SRS, 2014 & 2015 + many subsequent works]

two=-particle

sgea&rum
E; Quantizakion ¢ QMF-*LL&udes
conditions
By g o det[l + Fy ] =0 k 2 Unitarity M 9

spectrum Integral M
— E, equ&&iahs 3
— K (Infinite

Ei volume)
: . [Briceno et al., PRD 2018]
— E Parametrize: [Hansen et al., PRL 2021]
Ko =co+crk®+ ... [Jackura et al., PRD 2021]
e om? [Dawid et al., 2303.04394]
s = K3 + Koy (55 ) +

[Blanton, Romero-Lopez, SRS, JHEP 2019]

S. Sharpe, "'Scattering amplitudes from LQCD,” CSU, 10/14/25 19 /45



QC3

gfns F5' + Hyps) =0

QC3 valid up to corrections x exp(—M_L)

QC3 valid up to first inelastic threshold, e.g. E* = SM_ for 3 pion system

Matrix indices are spectator finite-volume momentum k, and pair CM-frame £, m

Formalism includes smooth cutoff in k; must truncate “by hand”

Fo=— | _p : F
YT 2wl |3 U, +F+G

in ¢

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25
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Relating J 4¢3 to A 5

M= lim §{ D04 M4, | =D + My

® ) contains all divergent contributions to /%3, but depends on cutoff function H(l_c))

g = 5{% GﬂzGﬂz +}

N

® ./ 4 1 is divergence-free, equals F# 4 5 at leading order, and is also cutoff-dependent

77\
/%dfﬁ:%dfﬁ&{ {@L(& ¥ {%F@ +}

® “Decorations” ensure that ., is unitary

® Methods for solving integral equations, and analytically continuing to complex
momenta, are now well established [Briceno, Dawid, Hansen, Islam, Jackura, 2020-23]

* In practice, project on definite overall J*

S. Sharpe, "'Scattering amplitudes from LQCD,” CSU, 10/14/25 21/45



Status: formalism

3 identical spinless particles [Hansen & SRS 14,15 (RFT); Hammer, Pang, Rusetsky 17 (NREFT);
Mai, Doring 17 (FVU)]

« Applications: 377, 3K, as well as ¢* theory

Mixing of two- and three-particle channels for identical spinless particles [Bricero,
Hansen, SRS 17]

3 degenerate but distinguishable spinless particles, e.g 37 with isospin 0, |, 2, 3 [Hansen,
Romero-Lépez, SRS 20]; I = 1 case in FVU approach [Mai et al., 21]

» Potential applications: @(782), a,(1260), h,(1170), #(1300), ...

3 nondegenerate spinless particles [Blanton, SRS 20]

« Potential applications: D D%z~
2 identical +1| different spinless particles [Blanton, SRS 21]
 Applications: zt7 K, K*K*n™
3 identical spin-"2 particles [Draper, Hansen, Romero-Lépez, SRS 23]
» Potential applications: 3n, 3p, 3A
DD for all isospins (also BBz, KKnx) [Draper, Hansen, Romero-Lépez, SRS 23]
» Potential applications: 7,,. = D*D incorporating LH cut
Multiple three-particle channels: 777w + KK [Draper & SRS 24]
» Potential applications: b;(1235),7(1295)

Nrrr at maximal isospin [Hansen, Romero-Lopez, SRS 23]

* Step on the way to Roper: N(1440) - Nn + Nrn

S. Sharpe, ""Scattering amplitudes from LQCD,” CSU, 10/14/25 22 /45



A resonance

Bulava, Hanlon, Horz, Morningstar, Nicholson, Romero-Lopez, Skinner,Varnas, Walker-Loud, 2208.03867

L2
g
M~ 200 MeV
My, =~ 950 MeV
a = 0.063 fm O]
L’xT=64%x128 - -
Clover fermions (CLYS) - = -

0.0 0.5 1.0 1.5 2.0 2.5

0 M,

Paramekbrize
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Application of 3-particle
formalism:

QCD predictions for physical multimeson scattering amplitudes

Sebastian M. Dawid,! Zachary T. Draper,! Andrew D. Hanlon,? Ben Hoérz,® Colin
Morningstar,* Fernando Romero-Loépez,”> % Stephen R. Sharpe,! and Sarah Skinner?

[2502.14348 (PRL) & 2502.17976 (PRD)]

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 24 /45



- Three PGBs at maximal isospin

O -0
37T+, 3K+, 7Z'+]Z'+K+, KTK ™

® Benchmark system, with simple repulsive dynamics
® First calculation at physical quark masses
e Study JP=0",17,2", including subchannels with £ = 0,1,2

e Compare to expectations from ChPT

e Use CLS ensembles (O(a) improved Wilson) + GEVP

(L/a,)3 X (T/a) MW[MGV] MK[MGV] chg MﬂL [Blanton, SRS, et al.,
N203 483 % 128 340 440 771 5.41 PRL 2020 & JHEP 2021]
5 [Draper, SRS, et al.,
N200 48°% % 128 280 460 1712 4.42 JHEP 2023]
D200 64° x 128 200 480 2000 4.20
E250 96° x 192 130 500 505 | 4.05
a~ 0.063 fm

tr my = 2myq + ms >~ const

S.Sharpe, " Scattering amplitudes from LQCD,” CSU, 10/14/25 25/45



E*/M,

4.51

4.0

3.01

2.57

2.01

Example of spectrum

() [}
i e i t t s = QC (fitted)
QC (not fitted)
* = . ¢ Lattice QCD
L o
------------ - RN T T T T A
- I os 3
=n = o= -
=8 L1 =m $n
] *
=u (]
=
- ¢m L1 ]
=8 \
>n - k| |
- -n Noninteracting
on Energy
<8
E 2|
II
Bl e e e ———————————————— ———— e - —————— 27T
3 J N = N
NN N A A N AN A AN SN NI NN OO NSNS
TR RTRYTH T RTRY XY YRR RN

E250: nt ™
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Fits to spectra

. . K-makrices
Quankizakion

condikions

det[ICo + Fy '] =0 IC
\ . m '& - 2

Three-meson ™
pac&rum

channels # levels  # parameters y*/DOF
21 /37 34 + 32 6 1.14
2w /7K /27 K 24 + 25 4 23 9 1.23
2K/mK/2Km 25+ 40 + 50 10 1.95
2K /3K 40 4 53 § 1.49

/

Parameters in %, and & ;: use threshold expansions

S.Sharpe, " Scattering amplitudes from LQCD,” CSU, 10/14/25
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2-particle interactions

E250: ~physical quark masses

O 1 I I

\ Tt =0 K*K* (=0 * T K =0

\ | | |

0¢[°] =~ | | * i :

—10- — | i

— LQCD \— dispersive E — LQCD l || — LQCD L dispersivei

02 m™ L l=2 mtK*T (=1

55[0] i i iR :,

0.0 = :}:‘: """"""""""""""" |

02 s s
0 1 2 3 40

(k/M;)*

2 .
/M, ) /

i ;
‘y

Inelastic thresholds
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Scattering lengths

S S --- LO ChPT
041 T — T — NLO ChPT
0.3-
> ~<’
o= -E ,,,,,,,,, 7
3 8 e y-/dof =12.4/(11 —2)
2 0.2 w ///: ,,,,,
e It PP
e
/””: ”””” § Mﬂ-ajgﬂ-
P . S KK
0.1 = 0 Mgal
== K
A M.a]
0.0 \
0 2 4 6 8 10 12

® Simultaneous chiral fit to 7z, 7K, KK scattering lengths

® Fit involves two LECs, one of which is determined with 2% stat. Errors
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Comparing & 43 to ChPT

 Parametrize & 4 5 in a threshold expansion, keeping first two terms

* From fits to spectra, we find non vanishing results for these terms at heavier quark masses

« Compare to NLO Chiral Perturbation theory calculation of & 45 for 37 — 3x
[Baeza-Ballesteros, Bijnens, Husek, Romero-Lopez, SRS, Sjo, 2303.13206 (JHEP) & 2401.14293 (JHEP) ]

--- LO ChPT This work --- LO ChPT This work
NLO ChPT O ETMC 1- NLO ChPT O ETMC
11 v J/, ’
’Cgﬂ' /// ICZfW 0- 21
10° 10° T
// ’ _1 4
0f o
_ 9]
1 . . . . 3 . . . .
0 50 100 150 0 50 100 150
(M) Fr)* (M) Fr)*

Large NLO corrections in ChPT resolve LO inconsistency
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Physical 3-particle amplitudes

M?*| Amplitude|?

Reaction plane

P

;%\ Pion interactions

are chirally suppressed

0 — KKK KK
— T =TT

C\]_ 108‘
S 107
S
= 106 —

10°-

10* , ,

0.0 0.5 1.0
(E - Ethl“)/MTF
Divergent P —
at threshold

1.5
%3 —_ 9 + ’%df:%

, G Q:
O T
‘%df3_‘%df3+(§)
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O|2

J
T

M| M;

Comparison with ChPT

E:3\/m2—|—p2

/

4 . 2 —_
M| Amplitude| JP =0
NLO ChPT Equilateral kinematic configuration
- LQCD Reaction plane
s é:gb'M """""""""""" /7[-'—
eV T
--------------------------------------- ][+/\7[+
1.5 2.(

Observe expected breakdown as M_or p_ increase

S.Sharpe, " Scattering amplitudes from LQCD,” CSU, 10/14/25
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Application of 3-particle
formalisw:

Incorporating DD~ effects and left-hand cuts in lattice

QCD studies of the T.(3875)" [2401.06609
JHEP]
Maxwell T. Hansen,” Fernando Romero-Lépez©® and Stephen R. Sharpe©°¢
0 — T
Finite- and infinite-volume study of DD scattering [2409.17059
JHEP]
Sebastian M. Dawid ©2,* Fernando Romero-Lépez ¢ and Stephen R. Sharpe ¢
— *
Comparison of integral equations used to study 7'} for a
stable D* [2505.05466
JHEP]

Sebastian M. Dawid 2, Fernando Romero-Lépez®® and Stephen R. Sharpe®¢

T — E—

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 35 /45
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Doubly-charmed tetraquark

Experiment 2 For physical quark masses is a three-body resonance
@
| - Energz & @V need three-body formalism!
| 1 @ 2@
DDx DD%*

LQCD calculations with
heavier-than-physical quarks

T:?
| Ener \ : |
‘ I I 5y .k@#.

suitable for the two-body finite-volume formalism?

2 D* is stable for slightly heavier-than-physical quarks

Adapted from: Fernando Romero-Lopez

S.Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 36 /45



DD* scattering

® Several LQCD studies using QC2 in ch channel [Padmanath, Prelovsek, arXiv:2202.10110]

[Chen et al., 2206.06185] Left-hand cut M_= 280 MeV
[Lyu et al. (HALQCD), 2302.04505]
[Padmanath & Prelovsek, 2202.10110] 0.2+
[Whyte, Thomas, Wilson, 2405.15741]

o
=

* Use heavier-than-physical quarks
* Find signature of virtual bound state

e But QC2 fails at left-hand cut, below which
phase shift becomes complex

= —— N =32 |
—— NL=24

o
o

p cot(6o)/Epp*

_0.1 T T T T
D D>I< —0.008 -0.004 0.000 0.004 0.008 0.012

—® | (p/Epp+)?

® Several solutions to failure have been proposed, by generalizing the QC2

[Du et al (2408.09375), Abolnikov et al. (2407.04649), Bubna et al. (2402.12985),
Meng et al. (2312.01930), Raposo, Hansen (2311.18793, Raposo, Hansen, Bricefio, Jackura (2502.19375)]

S.Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 37 /45



3-body solution

[Hansen, Romero-Lopez, SRS, 2401.06609, |HEP]

® Use QC3, but include D* as a bound state in p-wave Dx channel

® Finite-volume effects from u-channel pion exchange naturally incorporated

K
D, D
7
K :
D i D

® |mportant advantage of QC3 approach:

® Works for all choices of quark masses, including physical case of unbound D*

S.Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 38/45



Application to LQCD data

[Dawid, Romero-Lopez, SRS, 2409.17059, JHEP]
® Proof of concept study to (limited) existing LQCD data with bound D*
* Choose p-wave D scattering amplitude to obtain D*, for given choice of gy«
* Choose reasonable s-wave D and DD amplitudes
» Eyeball fit to results of [Padmanath, Prelovsek, arXiv:2202.10110] requires inclusion of F i
 Solve integral equations, analytically continue to D* pole, use LSZ to obtain ./Z(DD%*)

 Result shows appropriate behavior at and below left-hand cut

0.8 :
th : Real e mm _—
06 || Lime ==-9700 — 9709 9705 ® Virtual bound-state pole moves into
3 : |
< complex plane!
S 0.4-
Q ® | ooking forward: complete analysis
£ 029 requires more extensive LQCD
S
= 40 spectra
DD* |thr DD'N’thr
—0.2 — | | | ® DD, Dr, DDrx & DD* levels
2.05 2.07 2.09 2.11 2.13 2.15
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Unexpected subthreshold
singularities

Finite-volume formalism for N7 at maximal isospin

[2509.24778]

Maxwell T. Hansen® , Fernando Romero-Lépez® , and Stephen R. Sharpe®

T — T ——
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Parameter space in QC3

Matrix indices are:

QC3 for N det (1 + de)g(E*)ﬁg(E, P, L)) — 0 channel, spectator momentum,

iptmms pair angular momentum,
lab frame nucleon spin

e A key quantity in derivation is B;, 3 — 3 Bethe-Salpeter kernel (3 Particle Irreducible)

® Must be nonsingular in range of kinematic parameters 3 3

e Otherwise introduce uncontrolled L™" finite-volume effects )

® Parameter space (for pion spectator)

® Energy E, momentum P

spectator
momentum p
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Subthreshold singularities

Parameter space for P = 0, M_/M, = 0.2

Nr pair can be

subthreshold
““‘Y

Other Nx pair et
can exceed
inelastic :
threshold
v

spectator

momentum p
0.0 0.1 0.2 0.3 0.4
p/Mxy
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Sumwmary & outlook
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Summary & Outlook

® Two-particle sector is entering precision phase
* Frontier is two nucleons, and form factors of mesonic resonances
® Major steps have been taken in the three-particle sector
* Formalism well established & cross checked, and almost complete
» Several applications to three-particle spectra from LQCD
* Path to a calculation of K — 37 decay amplitudes is now open

® Next steps in implementation

T — D*D — DD for lighter quark masses
3r(I =2) < pr; 3n(I = 0) & w(782) « KK(I=0) (WZW term)
Nrn < An; Narw+ Nr [Roper]

Improved, model-independent fitting & analytic continuation [Salg, Romero-Lopez, Jay,
2506.16161]

® Next steps in formalism

« NNN(I = %),Nmr + Nr [for Roper] & NNz 4+ NN (all underway)

* Four particles!
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https://arxiv.org/abs/2506.16161

Long-term dream

CP violation in D decays

4+-particle formalism not yet developed
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ExoHad collaboration

ExoHad Collaboration eXOhad.Org People Events Talks Publications ®

EX()HA;)

EXOTIC HADRONS TOPICAL COLLABORATION

The Exo(tic) Had(ron) Collaboration started in
2023 to explore all aspects of exotic hadron
physics, from predictions within lattice QCD,
through reliable extraction of their existence and
properties from experimental data, to
descriptions of their structure within

phenomenological models.
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Thank you!
Questions?
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Backup slides

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25 48 /15



Explicit forms of F & G

® [ & G are known geometrical functions, containing cutoff function H(k)

—~—

pr’m’;kfm = 5pk H(k) Ff’m’;fm(E — Wy P —k,L)

( \ - g -
— 111 d3k VY% (k¥) h(k
Forppm(Es P L) = — | — —PVJ I e K Y 2,(K*) hK)
’ 2 \L3 -

- (2x)’ ) 20 20p_1(E — o — wp_y)

*

. \Y .
Y pk¥) = \/An (q—) Y, (k%)

7' ~ . N . %
G — < k* ) 4ﬂYf/m'(k*)H(p)H(k)Y?m(p*) <p* ) 1 Relativistic form
C'mikem — \ T o

p q;k (P —k—p)?—m? g 2w, L3 introduced in [BHS17]
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Two-particle formalism

[Luscher, 1986-91 + many subsequent works by many authors]

| will follow approach of [Kim, Sachrajda, & SS, 2005], generalized to
use time-ordered PT following [Blanton & SS, 2020]
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Generic relativistic FT (RFT) approach

® Study Minkowski time, finite-volume correlator

C,(E,P) = J d*x =P XQ | T { 02,(X)55 (0) } 1Q),
L

+ For fixed P, poles in C; occur when E = E_

® Analyze in generic EFT for pions, (kaons, ...) working to all orders in (TO)PT

* For simplicity, assume exact isospin symmetry

 Restrict kinematic range to 0 < E* = \/E2 — P? < 4M_ Infinite-volume
vertices
E i E E
1 _) ] 1
R E, P

CL(E, P) — h —I— + + o o o
: m : :
: i : :

No need for ie 1 1 1 1

in finite volume > E—w —w, —FE—-w —w, E—w —w, E—w —w,

Can go on shell Cannot go on shell Can go on shell  Can go on shell
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Generic relativistic FT (RFT) approach

. N EP N/
Ci(E, P)= <+ + +

* Cuts divide into:
+ * Relevant—can go on shell
* Irrelevant—cannot go on shell

* Three-momenta in loops are
summed over finite-volume set
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Use Poisson summation formula

Exp. suppressed if g(l;) is smooth
and g’ ~ g/M_

® Replace loop sums with integrals where summand/integrand is nonsingular

_ _ 2
ML o=(M,L)

® Drop exponentially suppressed terms ( ¢ , etc.) while keeping power-law dependence

&

Infinite-volume
Loop
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Expansion in relevant cuts

® B, is the TOPT version of a Bethe-Salpeter kernel (2Pl in s-channel)

 A’and A are corresponding “endcaps”
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Dealing with relevant cuts

X
IZf(E?%)l : : (E, P, k)
@ @ L& 240)k0)P—kE—a)k—0)P—kg o

= PV[ &k FE, Pk
JemT

+ Z FO (E*) ool E, P, L) gO(E*) «—

/ /.
£'.m"C.m

® [ is a known, calculable kinematic finite-volume function

— 1
FPV;f’m’;fm(E’ P’L) - 5

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25

1 1 1

2 40)k0)P_k E — a)k — G)P_k

g(E, P, k)

On-shell projected in
pair CM frame, and
decomposed into
harmonics

CM frame relative
momentum

Harmonic polynomial

Y il kVY %, (%) h(K)

20 20p_1(E — o) — wp_y)

J d’k
— PV
- (27)3

UV cutoff
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Key move

On

ollofE

ofl2

On

M
[
+

S. Sharpe, " "Scattering amplitudes from LQCD,” CSU, 10/14/25
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Resummations

=C_(E,P) +A -iF-A+A -iF-iH, - iF-A+A -iF-i#, iF-i%, iF-A+ ..

=C_(E,P) + A-iF- .
1+ %F,-F
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Quantization condition (QC2)

- — 1 _
C,(E,P)=C_(E,P) + A'-iF- LA
L(E, P) = C(E. P) P

-~ N

Has no L-dependent poles

Only source of L-dependent poles

® QC2:finite-volume energies occur when
det(F~!'+.%,) =0

Matrix indices are CM-frame £, m

K 5 is an infinite-volume quantity: diagonal in £, m
» F depends on finite-volume size & geometry, mixes £, m

* In practical applications, must truncate in 7
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Step 2: relating &, to M,

® Consider “finite-volume scattering amplitude”

d%gﬁz :‘Q: + :}ﬁtl!{: +...

 Use similar steps as for C, ;: project on £, m, project on shell, use “key move”

|
| + F%,

® Take L — oo limit, regularizing integrals with i¢ prescription
My~ My, Fpppy = = 8pspymp,  p=—i\/q ?/16aE*

* Leads to standard relation between %, & & ,, showing that J, is the standard,
relativistic two-particle K matrix
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Matrix structure in QC3

e All quantities are infinite-dimensional matrices with indices KZmi describing 3 on-shell particles

[finite volume “spectator” momentum: k = (2z/L)n] x [2-particle CM angular momentum: £, m] x [spectator flavor: i]

®
/. (E—wk,ﬁ—lg) .//?RA
\\4). iﬁ a* — 67 m
i) BOOST .

® For large k (at fixed E, L), the other two particles are below threshold

® Must include such configurations, by analytic continuation, up to a cut-off at
k ~ m [Polejaeva & Rusetsky, " 12]
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Divergence-free K matrix

® Kgi3 has the same symmetries as Ms: relativistic invariance, particle interchange, T-reversal

I

- 7 | - |

- Mz Ko M3, Kt 3 |

& % 12 momentum e % 18 momentum |

N R w

e o NN components | o™ components |

Y Y | e |
s,

: . ® : - |
-10 Poincaré generators | “# -10 Poincaré generators |

8 degrees of freedom }

| 2 degrees of freedom |
s=E™2 + 7 “angles” ~

e Need more parameters to describe %df3 than A&, (will be discussed in lecture 3)

e Why %2 and ‘%dfﬁ appear in QC3, rather than ./ , and %dfﬁ’ will be explained shortly
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Threshold expansion for %dfﬁ

o A& 43 is a real, smooth function which is Lorentz, P and T invariant

« Expand about threshold in powers of A = (s — 9M3)/9M2, = (p; — p])2/9M§,

==

| Depen.d‘on CM é o ?_ ‘
Katz = Icgsf‘j;,? 4 /cg;j;,}A 4 /Cj;gij + KiA 4+ KrAp | +0(A%

— = = ——

* Can separate terms in fit based on dependence on energy and rotational properties

« E.g.only & 5 contributes to nontrivial irreps
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