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1.1 Introduction and motivation

• LHC will explore Higgs sector soon.

→ Theoretical predictions on Higgs properties are of particular interest now.

• Available theo. Higgs mass bounds depend strongly on perturbation theory.

→ Concerns that at least lower bound, based on vacuum instability, is fake

(Kuti, Holland)

• Non-perturbative determination of Higgs mass bounds desired.

→ Study pure Top-Higgs sector with Higgs-Yukawa models.

• Earlier Higgs-Yukawa models explicitly broke chiral symmetry.

⊲ In continuum limit chiral symmetry restauration and lifting of fermion

doublers could not be achieved simultaneously.

Study Higgs-Yukawa model with built-in chiral symmetry.
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1.2 The model
• A chirally invariant Higgs-Yukawa model can be constructed

using theNeuberger overlapoperatorD(N) (Lüscher).

• The model, we consider, is discretized on afour-dimensionallattice

with L sites per dimension (volumeV = L4).

• It contains one four-component, realHiggs fieldΦ,

andNf fermion doubletsψ(i), butno gauge fields:

Z =

Z

DΦ

Nf
Y

i=1

h

Dψ(i)Dψ̄(i)
i

exp
“

−Skin
F − SY − SΦ

”

with kinetic fermion actionSkin
F , Yukawa coupling termSY ,

and Higgs actionSΦ.

The phase structure of a chirally invariant Higgs-Yukawa model – p.4/26



1.2 The model
• A chirally invariant Higgs-Yukawa model can be constructed

using theNeuberger overlapoperatorD(N) (Lüscher).

• The model, we consider, is discretized on afour-dimensionallattice

with L sites per dimension (volumeV = L4).

• It contains one four-component, realHiggs fieldΦ,

andNf fermion doubletsψ(i), butno gauge fields:

Z =

Z

DΦ

Nf
Y

i=1

h

Dψ(i)Dψ̄(i)
i

exp
“

−Skin
F − SY − SΦ

”

with kinetic fermion actionSkin
F , Yukawa coupling termSY ,

and Higgs actionSΦ.
• Kinetic fermion action:

Skin
F =

Nf
X

i=1

ψ̄(i)D(N)ψ(i)
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1.3 The model
• TheYukawa coupling termis given as

SY = yN

Nf
X

i=1

ψ̄(i)B ·

»1−
1

2ρ
D(N)

–

ψ(i)

Bx,y = 1x,y
(1 − γ5)

2
φx + 1x,y

(1 + γ5)

2
φ†x

where the Higgs fieldΦx is written as quaternionφx acting on flavor index

φx = Φ0
x1− i(Φ1

xτ1 + Φ2
xτ2 + Φ3

xτ3), τi : Pauli-matrices.
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1.3 The model
• TheYukawa coupling termis given as

SY = yN

Nf
X

i=1

ψ̄(i)B ·

»1−
1

2ρ
D(N)

–

ψ(i)

Bx,y = 1x,y
(1 − γ5)

2
φx + 1x,y

(1 + γ5)

2
φ†x

where the Higgs fieldΦx is written as quaternionφx acting on flavor index

φx = Φ0
x1− i(Φ1

xτ1 + Φ2
xτ2 + Φ3

xτ3), τi : Pauli-matrices.

• The Higgs actionSΦ in lattice notation is

SΦ = −κN

X

x,µ

Φ†
x

ˆ

Φx+µ̂ + Φx−µ̂

˜

+
X

x

Φ†
xΦx + λN

X

x

“

Φ†
xΦx −Nf

”2

related to usual notation by transforming couplings(κN , λN ) ↔ (κ, λ).
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2.1 Phase structure at smallyN

• We consider thelimit Nf → ∞ where the couplings scale according to

yN =
ỹN
p

Nf

, ỹN = const λN = λ̃N
Nf

, λ̃N = const κN = κ̃N , κ̃N = const

• The effective action

Seff [Φ] = SΦ[Φ] −Nf · log
h

det
“

yNBD(N) − 2ρD(N) − 2ρB
”i

can be evaluated at least for theconstantandstaggeredmodes ofΦ.

• For the Higgs field we take amagnetization(m) and astaggered

magnetization(s) into account by the ansatz

Φ(x) = Φ̂ ·
q

Nf ·

0

B

@
m+ s · (−1)

3
P

µ=0

xµ

1

C

A

whereΦ̂ ∈ IR4, |Φ̂| = 1 is a constant unit vector andm, s ∈ IR.
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2.2 Effective Potential
• At tree-level one finally finds for theeffective potentialV (m, s)

V (m, s)

L4Nf

= m2 + s2 − 8κ̃N

„

m2 − s2
«

+ λ̃N

„

m4 + s4 + 6m2s2 − 2
`

m2 + s2
´

«

−
1

L4

X

p∈P

log

2

4

 

˛

˛ν+(p)
˛

˛

˛

˛ν+(℘)
˛

˛+
ỹ2N

4ρ2

`

m2 − s2
´ ˛

˛ν+(p) − 2ρ
˛

˛

˛

˛ν+(℘) − 2ρ
˛

˛

!2

+ m2 ỹ
2
N

4ρ2

„

˛

˛ν+(p) − 2ρ
˛

˛ ·
˛

˛ν+(℘)
˛

˛−
˛

˛ν+(℘) − 2ρ
˛

˛ ·
˛

˛ν+(p)
˛

˛

«2
3

5

2

with
p = (p0, p1, p2, p3) ∈ P : allowed lattice momenta

ν(p) : eigenvalues of Neuberger Dirac operatorD̂(N)

℘µ = pµ + π

• Thephase diagramcan be explored by numerically searching for the

absolute minimaof the effective action with respect tom ands.
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2.3 Analytical phase diagrams
In general, four different phases can be obtained in this ansatz:

• SYM: m = 0, s = 0

• FM: m 6= 0, s = 0

• AFM: m = 0, s 6= 0

• FI: m 6= 0, s 6= 0

λ̃N = 0.1 λ̃N = 0.3

κ̃N

ỹN

SYM FM

AFM FI�

κ̃N

ỹN

SYM FM

AFM FI�
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2.4 MC-simulations: Definitions
• We have implemented an HMC-algorithm forevenvalues ofNf
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2.4 MC-simulations: Definitions
• We have implemented an HMC-algorithm forevenvalues ofNf

• As observables we consider the (staggered)magnetizationm (s)

m =

"

3
X

i=0

˛

˛

˛

˛

1

L4

X

n

Φi
n

˛

˛

˛

˛

2
#

1

2

, s =

"

3
X

i=0

˛

˛

˛

˛

1

L4

X

n

(−1)

P

µ
nµ

· Φi
n

˛

˛

˛

˛

2
#

1

2

and the corresponding (staggered)susceptibilityχm (χs)

χm = L4 ·
ˆ

〈m2〉 − 〈m〉2
˜

, χs = L4 ·
ˆ

〈s2〉 − 〈s〉2
˜

,

where〈...〉 denotes the average over the generatedΦ-field configurations.
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˛

˛

˛

˛

2
#

1

2

, s =
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˛

˛

˛

˛

1

L4

X

n
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nµ

· Φi
n

˛

˛

˛

˛

2
#

1

2

and the corresponding (staggered)susceptibilityχm (χs)

χm = L4 ·
ˆ

〈m2〉 − 〈m〉2
˜

, χs = L4 ·
ˆ

〈s2〉 − 〈s〉2
˜

,

where〈...〉 denotes the average over the generatedΦ-field configurations.

• Determine phase transition point by fit ofχm,s to finite-size-scalingansatz

χm,s = Am,s
1 ·

(

1

L−2/ν +Am,s
2,3 (κN − κm,s

crit )
2

)γ/2

,

with fitting parametersκm,s
crit , A

m,s
1 , Am,s

2 , Am,s
3 .
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2.5 Phase structure overview
• Numerically we find the expected phases at the predicted locations.

• Qualitatively, the phase diagram is in very good agreement with the

largeNf analysis.

λ̃N = 0.1,Nf = 10

L = 6
L = 8

AFMAFM

FMSYM

ỹN

κ̃
N

1086420

0.2

0.1

0

-0.1

-0.2

-0.3
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2.6 Finite Size Effects
• Phase transition linesstrongly shiftedby finite size effects.

• Weisolate finite size effectsfrom 1/Nf -corrections by choiceNf = 50.

• We compareL = 4 andL = 8 results withanalytical finite sizeexpectations

λ̃N = 0.1,Nf = 50

L=8
L=4

FM

SYM

ỹN

κ
m c
ri

t

3.532.521.510.50

0.1

0.05

0

-0.05

-0.1
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2.71/Nf corrections
• We demonstrate strength of1/Nf -corrections by determining phase

transition pointsκm,s
crit for several values ofNf .

• To isolate1/Nf -corrections from finite size effects we compare with

analytical, finite size expectations.

ỹN = 1.0, λ̃N = 0.1 ỹN = 2.0, λ̃N = 0.1

L=6
L=8

1/Nf

κ
m c
ri

t
a
n
d
κ

s c
ri

t

0.50.40.30.20.10

0.2

0.15

0.1

0.05

0

-0.05

-0.1

-0.15

-0.2

L=6
L=8

1/Nf

κ
m c
ri

t
a
n
d
κ

s c
ri

t

0.50.40.30.20.10

0.2

0.15

0.1

0.05

0

-0.05

-0.1

-0.15

-0.2
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3.1 Phase structure at largeyN

• Idea:Divide outyNB(D(N) − 2ρ) anddevelop logarithm into power series

Seff [Φ] = SΦ −Nf · log
h

det
“

yNBD(N) − 2ρD(N) − 2ρB
”i

1
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3.1 Phase structure at largeyN

• Idea:Divide outyNB(D(N) − 2ρ) anddevelop logarithm into power series

Seff [Φ] = SΦ −Nf · log
h

det
“

yNBD(N) − 2ρD(N) − 2ρB
”i

→ SΦ −Nf · log

»

det

„1−
2ρ

yN

D(N)
h

D(N) − 2ρ
i−1

B−1

«–

→ SΦ −Nf

X

x

log(|Φx|
8) −Nf

(4ρ)2

y2
N

X

x,y

Φ†
xKx,yΦy

|Φx|2 · |Φy|2

where the coupling matrixKx,y is explicitly known.
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3.1 Phase structure at largeyN

• Idea:Divide outyNB(D(N) − 2ρ) anddevelop logarithm into power series

Seff [Φ] = SΦ −Nf · log
h

det
“

yNBD(N) − 2ρD(N) − 2ρB
”i

→ SΦ −Nf · log

»

det

„1−
2ρ

yN

D(N)
h

D(N) − 2ρ
i−1

B−1

«–

→ SΦ −Nf

X

x

log(|Φx|
8) −Nf

(4ρ)2

y2
N

X

x,y

Φ†
xKx,yΦy

|Φx|2 · |Φy|2

where the coupling matrixKx,y is explicitly known.

• In largeNf -limit amplitude|Φx| becomes fixed.

The model becomes anO(4)-symmetric sigma-model

leading to theexistence of a symmetric phase

at strong Yukawa couplings.
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3.1 Phase structure at largeyN

• Idea:Divide outyNB(D(N) − 2ρ) anddevelop logarithm into power series

Seff [Φ] = SΦ −Nf · log
h

det
“

yNBD(N) − 2ρD(N) − 2ρB
”i

→ SΦ −Nf · log

»

det

„1−
2ρ

yN

D(N)
h

D(N) − 2ρ
i−1

B−1

«–

→ SΦ −Nf

X

x

log(|Φx|
8) −Nf

(4ρ)2

y2
N

X

x,y

Φ†
xKx,yΦy

|Φx|2 · |Φy|2

where the coupling matrixKx,y is explicitly known.

• Caution:D(N) − 2ρ haszero modes: More careful calculation yields

Seff [Φ] → SΦ −Nf

X

x

log(|Φx|
8) −Nf

(4ρ)2

y2N

X

x,y

Φ†
xKx,yΦy

|Φx|2 · |Φy|2

− Nf · log det∗
`

B−1
´

−Nf · log det∗
„1+

2ρ

yN

F [Φ]

«

where det∗ is thedeterminant over zero-modes(120 modes)

andF [Φ] can be explicitly given.
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3.2 Analytical Phase Diagrams
• Neglecting the finite-volume terms, the phase structure canbe derived in the

largeNf -limit applying the ansatz

yN = ỹN , ỹN = const, λN =
λ̃N

Nf

, λ̃N = const, κN =
κ̃N

Nf

, κ̃N = const,

λ̃N = 0.1 λ̃N = 1.0

10 20 30 40 50
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

κ̃N

ỹN

SYM

FM

AFM
10 20 30 40 50

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

κ̃N

ỹN

SYM

FM

AFM

The phase structure of a chirally invariant Higgs-Yukawa model – p.14/26



3.3 MC-results: Magnetizations
• We show the (staggered) magnetization for varyingκN at λ̃N = 0.1,

ỹN = 30 for different lattice sizes.

• Strong finite volume effectsprevent emergence of the symmetric phaseon

too small lattices and causeasymmetryin m ands.

V = 44 V = 84 V = 164

〈s〉
〈m〉

κN

M
a
g
n
et

iz
a
ti
o
n
s
〈m

〉,
〈s
〉

0.10.050-0.05-0.1

3

2.5

2

1.5

1

0.5

0

〈s〉
〈m〉

κN

M
a
g
n
et

iz
a
ti
o
n
s
〈m

〉,
〈s
〉

0.10.050-0.05-0.1

3

2.5

2

1.5

1

0.5

0

〈s〉
〈m〉

κN

M
a
g
n
et

iz
a
ti
o
n
s
〈m

〉,
〈s
〉

0.10.050-0.05-0.1

3

2.5

2

1.5

1

0.5

0

The phase structure of a chirally invariant Higgs-Yukawa model – p.15/26



3.3 MC-results: Magnetizations
• We show the (staggered) magnetization for varyingκN at λ̃N = 0.1,

ỹN = 30 for different lattice sizes.

• Strong finite volume effectsprevent emergence of the symmetric phaseon

too small lattices and causeasymmetryin m ands.

V = 44 V = 84 V = 164

〈s〉
〈m〉

κN

M
a
g
n
et

iz
a
ti
o
n
s
〈m

〉,
〈s
〉

0.10.050-0.05-0.1

3

2.5

2

1.5

1

0.5

0

〈s〉
〈m〉

κN

M
a
g
n
et

iz
a
ti
o
n
s
〈m

〉,
〈s
〉

0.10.050-0.05-0.1

3

2.5

2

1.5

1

0.5

0

〈s〉
〈m〉

κN

M
a
g
n
et

iz
a
ti
o
n
s
〈m

〉,
〈s
〉

0.10.050-0.05-0.1

3

2.5

2

1.5

1

0.5

0

• Strongest finite-volume contribution islog det∗
(

B−1
)

.

It can be written in terms ofm ands, explaining the observations

−Nf log det∗
(

B−1
)

= Const− 8Nf log |m| + 64Nf log
∣

∣m2 − s2
∣

∣
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3.4 MC-results: Susceptibilities
• We show the magnetic susceptibilities for varyingκN at λ̃N = 0.1,

ỹN = 30 for different lattice sizes.

• On small lattices (V = 44) the maximum is atκN = 0, caused by the

finite-volume effects.

• On larger lattices (V = 84) a second peakdevelops atκN = 0.04, which

describes the location of thephysicalphase transition
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3.5 Phase Diagram
• We compare numerical and analytical results for the SYM-FM transition line.

• Good agreement is found even atNf = 2.

• The SYM-AFM phase transition line was numerically too demanding for our

HMC-algorithm.

λ̃N = 0.1,Nf = 2

L = 8

AFM

SYM

FM

ỹN

κ̃
N

3530252015105

0.2

0.1

0

-0.1

-0.2

-0.3

-0.4
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Summary and Outlook

• LargeNf analysis gives good understanding of qualitative phase structure.

• Finite size effects can be quantitatively described in largeNf -limit.

• A symmetric phase exists also at strong Yukawa coupling.

• First results on upper Higgs mass bound will become available soon.
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2.8 Evidence for FI-phase
• Also numerical evidence for the predicted FI-phase with

〈m〉 > 0 and〈s〉 > 0

deeplyinside the anti-ferromagnetic phasecan be found.

• The plots were made for̃λN = 0.1,Nf = 10, L = 6.
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4.1 Towards Upper Mass Bounds:
• VERY PRELIMINARY

• To access physical settingNf = 1, we implemented aPHMC-algorithm.

• We fixed physical scale by phenomenological valuevev = 246 GeV

• We searched for the physical region in the phase diagram by

fixing the top quark masstomtop = 175 GeV.

• To obtain upper mass bound, we went tostrong quartic couplingsλN .

• As a first step, we simulated the model on a163 × 32 lattice close to the

phase transition in the FM-phase.

• To account for the3 Goldstone-modeswe split the 4-component

Higgs field into its radialφ and tangential components~π.
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4.2 Goldstone - Propagator:
• Obtain Goldstone renormalization factorZG from inverse propagator of

massless Goldstone-modes

G−1
π (p̂2) =

p̂2

ZG

Goldstone - Propagator

p̂2

G
−

1
π

(p̂
2
)

1614121086420

18

16

14

12

10

8

6

4

2

0

ZG = 0.9683 ± 0.0002
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4.3 Higgs - Propagator:
• Obtain Higgs propagator-massmH,prop from propagator of Higgs-mode

G−1
φ

(p̂2) =
p̂2 +m2

H,prop

ZH

Higgs - Propagator

p̂2

G
−

1
φ

(p̂
2
)

1614121086420

20
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16

14

12

10
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4

2

0

mH,prop = 0.384 ± 0.009
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4.4 Fermion correlator:
• Obtain top quark massmtop from fermion correlator〈ψt1 ψ̄t2〉

Fermion correlator

∆t = |t2 − t1|

〈ψ
t 1
ψ̄

t 2
〉

302520151050

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

mtop = 0.0686 ± 0.0021
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4.5 Higgs correlator:
• Obtain Higgs massmH from Higgs correlator〈φt1φt2〉

Higgs correlator

∆t = |t2 − t1|

〈φ
t 1
φ

t 2
〉

302520151050

0.0006

0.0005

0.0004
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0

-0.0001

mH = 0.286 ± 0.011
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4.5 Summary of results:

Cut-off Λ (2591 ± 58) GeV

Top massmtop (178.8 ± 6.8) GeV

Higgs massmH (741 ± 29) GeV

Higgs prop. massmH,prop (994 ± 22) GeV

Bare Lambdaλ0 4.4

Ren. Lambdaλren 4.53 ± 0.18

Ren. yyren 0.723 ± 0.027
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Finite Size Effects
Magnetizations Susceptibilityχm
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