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Outline of Lectures

2. Continuum ChPT continued: Power counting; adding sources; illustrative results;
SU(2) ChPT with a heavy strange quark; finite volume effects
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Outline of lecture 2

B Power counting & sources in ChPT (carried over from lecture 1)
B Examples of results from continuum ChPT
® Focus on those with lattice applications
® SU(2) vs SU(3) ChPT in the presence of kaons
® ChPT at finite volume
® “pregime” (large M L)

® “€regime” (small My L)
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Exercises for lectures 1 & 2

Available on the course web page as a separate file

1. Calculate the next-to-leading order (NLO) expression for M2 in SU(3)

xPT in the 1sospin limit (m, = mg = m¢). Include both analytic and
non-analytic (chiral logarithmic) contributions.

. Show that, in the chiral limit (M — 0), the amplitude for “pion”
scattering 1in SU(3) 1s given by

A(mamy, — mcma) = # fabefede(t — ) + face fode(s — u) + fade foce(s — t)] .

Here a,b,... label the flavor of the pion: = = ¥ #,T,, with T, the
SU(3) generators satisfying

1

tr(T,T3) = 5505, [Ta, To) = i fap T .

. The Cayley-Hamilton theorem mmplies that a 3 X 3 matrix A satisfies
A% — A%rA + A% [tr(A)? — tr(A%)] = 1det(A).

Use this to show that 37, , tr(L,L,L,L,) 1s not an independent term
in £ for SU(3).

. Using the 2 x 2 version of the Cayley-Hamilton theorem, or otherwise,
show how several terms in the SU(3) NLO chiral Lagrangian presented
mn the lectures collapse into single terms in the SU(2) version.

. The general form of the NLO mesonic chiral Lagrangian £ is missing
one term. Find it and give a field redefinition that removes this term

at NLO.

1. Determine the form of the mass terms n AC;?), 1.e. the second-order

part of the heavy-kaon SU(2) chiral Lagrangian (see slide 35 of lecture
2). You will need to decorate the quark mass matrix with appropriate
factors of ¢ and ¢ in order to convert it to an object that transforms
explicitly with the SU(2)y matrx V.

. Calculate the next-to-leading order (NLO) expression for fx using

heavy-kaon SU(2) yPT in the i1sospin lmit (m, = mg = myg). Include
both analytic and non-analytic (chiral logarithmic) contributions. (You
will need to use the set-up described on slide 36 of lecture 2 to define
the axial current.)
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Recap

Y = exp(2in/f) T =nT*

I T
> — UxUL, St UrXS'UL,
T — T——
(2) f? 1\ _ f’Bo i
@ = L (aﬂzauz ) - tr(M[St + X))
4 2
= tr(9,70,7) + 2By tr(Mnr*°)
! 0 2Bo M O(7"
3f2tr([7r l‘ﬂ-][ﬂ- liﬂ-]) 3f2 tI‘( T )+ (7‘( )
T T —
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Power-counting in ChPT (M=0)

' How can a non-renormalizable theory be predictive?

w2 (0m)?
£2

E("‘) ~ Lc;z,’cr(/:fu-[fu)‘2 +---~Lgp, [

£®  ~ fPr(LuLy) ~ (0m)2 +

(om)*  w?(om)?
e

= L¢p, are unknown dimensionless Gasser-Leutwyler coeffs

1 Consider mm scattering (with, say, dim. reg. to avoid power divergences):

2 2
2) . p 4) . -
3 . >{ ~ ) . >%<pp< ~ LerL (’;—2)
2\ 2 In( 2 2
oot RV DG K~ (%) e

1 Straightforward power-counting exercise (counting factors of f) = have
expansion In pr“’/f2 up to logs

> LO: £E_fge (“trivial” to calculate)
> NLO: £Efge - E(IQ—)loop (“easy” to calculate)
> NNLO: £7), + £V, + 25, (hard but done)

= For M # 0, pr“)/f2 — (P2 or 'm%GB)/f2
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Power-counting in ChPT (M=0)

2 2
2) . P 4) 2
(e > ~B e < ~la (%)
(2) ) 2 21 2 2
L K KA <G K~ (5) s

=1 Theory is predictive up to truncation errors:

> E.g. at LO, A(mm — 7mm) predicted in terms of f(= fx), up to errors of
relative size p?/f?2

= Only a finite number of diagrams and LECs at each order, so can always
make predictions

= Non-analytic behavior (“chiral logs”) does not involve new LECs

~ Determined by unitarity (2 particle cut)

= Loops renormalize LECs: L — Lo (i)
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True expansion parameter?

LEC's run with pu:
> dLgr/dIn(p) ~ 1/(47)* = Ler(2n) — Lan (i) =~ 1/(47)?
So guess ( “naive dimensional analysis” ):
> Ler(p~m,)~ 1/(4r)?
Works well phenomenologically: —1 < Lz (47)* < +1
Implies expansion parameter is p° /A7, with A, = 47 f

For M #0, p/A2 — (p” or mAgp)/A2
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]

Technical aside: adding sources

Matrix elements of V,, A,, S and P are phenomenologically interesting

Incorporate in QCD using external sources (hermitian matrices)

Lacp = Qp(iD—+*1u)QL+Qr(iID—vru)Qr—Q(s+ip)Qr—Qr(s—ip)QL

= Switched to Minkowski space for the moment
> 8, p not new—rewriting of spurions M = s +ip, MT =s —ip
= Obtain correlation functions in QCD by functional derivatives of
Zqco (lu, T, 8,p)
Basic assumption of XPT: Zoco (I, 7, 8,p) = Zy (L, 7w, 8, p) for
p,mpcr << A, up to truncation errors

Functional derivatives of Z, give XPT result for correlation functions

) )
e.g. — - InZ, ~ (T'[L*(x)P(y
él’-"(:l") ép(y) . l:?”:p:O,S:f\f < [ ( ) ( )]>

= fr o (O]Lylm)
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Technical aside: adding sources

1 How determine Z, (I, 74, 8,p)?
> Generalize spurion trick to local SU(3);, x SU(3)p symmetry
> Lqcp invariant if [, 7, transform as gauge fields:
ly — UplyUl +iUL8,U], vy — Upry U, + iUR8, U,

> s,p transform as before: e.g. (s +ip) — UL (s +ip)U],

1 Zgcp invariant (up to anomalies) = Z, invariant (up to anomalies)
0 = L, invariant [Gasser-Leutwyler]
> Can be accomplished using covariant derivatives: 9, — D,
e.g. DY = 08,5 —il,¥ +i%r, — U, (D,S)U!

= Normalization of [, r,, terms fixed

Vv

Remainder of enumeration as before (except D, M now allowed)
= Convenient to introduce y = 2By(s + ip) = 2BgM

o In general v is a matrix source

o But also use notation y, = 2Bgm,
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LO chiral Lagrangian including sources

=1 At LO (back to Euclidean space):
£2 = f;t.r (D#,ED#ZT) - fIQt.r(xET +2x)
= Using 6/0l,(x)|i=r=p—0,s—nr can “match” currents with QCD:
QT Q1 ~ (if*/2)tr(T T8, 2" = —(f/2)0u7® + . ..

= at LO, f = fr =~ 93 MeV
> Using §/6s(x)|i=r=p—=0,s=nr can relate condensate to By:
QQ =~ —(f*Bo/2)tr(% + X7) = =Ny f*Bo + O(7*)
= at LO, (gq) = —f*By [Gell-Mann-Oakes-Renner]

o Only using lattice can one determine By
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NLO chiral Lagrangian

=1 At NLO have 10 LECs and 2 “high-energy coefficients”:
% = —Litr(D,ED,X")?2 — Lytr(D, XD, X" )tr(D,XD,XT)
+L3tr(D,XD,XTD,XD,%T)
+Lytr(D, 2D, S)tr(x T2 + 2Tx) + Ly tr(D, 27D, 2 [xTE + ZTy))
—Le[tr(x 2 + =) ° — L7 [tr(x 12 — tx)]? — L tr(x =X + p.c.)
+Lg itr(Luy Du XDy YT + p.c) + Lio tr(Luw X Ry 1)
+Hi tr(Lpy Ly + p.c.) + Ha tr(xTx)

=1 L, are “Gasser-Leutwyler coefficients”
= Fundamental parameters of QCD, akin to hadron mass ratios
= A subset can be determined experimentally to good accuracy

= A different subset is straightforward to determine on the lattice

=1 Hj 5 give contact terms in correlation functions
O Ly, =0l — 0,0, +i[l,, 0]

=1 At NNLO there are 90 LECs and 4 HECs! [Bijnens et al]
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Ex. 1: Charged pion mass at NLO

> LO: 771123GB,0 = (Xq1 + Xq2)/2 = 2Bo(mq1 +mg2)/2

> NLO-tree:
IS4) 7712

5'77?,123GB ~ o XL f — X(1671”2L) PGB 0

= NLO-loop:
I® . i
Sm2 o X 1 PGB0 | ™PGB.O
GRS fZle ZamZoy TXTAZ M\ T aT

{ )

3Lnx — L
m2. = Xy 1+ —[ 2Lg — Ls)x¢+ (2Le — La)(2x¢ + xs)] + ——— f
valence sea T y—
\ logs /
2 2 22 2
mz ms my my
L‘JT A2 111 <7> s Ln —_ A2 ln. ( #2
B Chiral logs predicted in terms of A, =4nf
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Chiral Lagrangian at NLO

B Terms contributing to charged pion mass

c@ — L4 (aﬂzaﬂzf) r(M[E + 5))

= t1(0,w0,7) + 2By tr(Mn*)

1 2Bo
3f2tr([7r Ou7|[m, Oum]) — 372 “tr(M=*) + O(x°)

c% = —Litr(D,XD,X")2 — Lotr(D,ED,X")tr(D,ED,XT)
+Ls tr(D,XD,¥"D,¥D,%T)
@1 (DD, E)tr(x TS + BTx) (D#E*Dm[x* 2+ Ztx))
@; r(x 'S+ =Hh)2 — Lr[tr(x = — )] 2 r(x*zx’fz +pec)
+Lg itr(Luy DDy YT + p.c.) + Lio tr(Luv LRy 1)
+Hi tr(Lyy Lyy + p.c.) + Hatr(xTx)
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Lessons for lattice (4)

m

2 _
“+ = Xe

| 8
i

l

[(2Ls — Ls)xe + (2Le — L) (2xe + xs)] + ————
S—
valence s logs

-~

— To distinguish chiral logs from analytic dependence in practice must

Non-analytic terms important

at small masses

ms = 0.08 GeV, f = 0.093 GeV,
Ly =1.45 x 102, Lg = 103,

Lai=Le=0

[Bijnens, hep-ph/0409068|

6.3
6.25¢}
6.2}
6.15¢}

mpi~*2/m 1 at NLO

Must see chiral logs to have convincing results

Using PQ simulations allows separation of ;

constrain NNLO terms (quadratic in mj) to have natural size

m l/m s
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Recent example:[Scholtz et al,, 1301.7557]

B Determining LECs from lattice fits to NLO ChPT including physical point

Only black points
included in fit =
Discretization
errors
m1'|'2/ M|
mi/ms 0.2 0.4
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Another example of chiral logs

K 2 5 1 3
=1+ 5 (Ls —x¢)+ -Lx —~Lg — =L
fﬂ' f2 ( )(XS Xé) 3 ™ A K 3 n
valence —_—
logs
fK/f pi at NLO
1.225
Non-analytic terms important 1.2
at small masses lil;’:
ms = 0.08 GeV, f = 0.085 GeV, 1.125
Ly =145%x10"2, Ly =0 m_1/m_s
1.075
1.05

Some quantities have enhanced chiral logs, e.g. (~r2>7T ~ ln(mi/,u?)
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Status of continuum ChPT for PGBs

SU(2) XPT complete at NNLO, including electroweak interactions
Several predictions despite 53 LECs at NNLO (excluding electroweak)!

Many quantities relevant for lattice simulations, e.g.

Pion scattering amplitude
S amp Extended to many more

lattice-relevant
Semileptonic form factors (K — ) quantities now

Form factors of PGBs (vector and scalar)

B, K — 7

SU(3) XPT (including electroweak) largely extended to NNLO

Convergence?. [Bijnens, hep-ph/0401039,hep-ph/0409068]

ad(rm — mw) = 0.159 4 0.044 + 0.016 = 0.219+7? c.f. 0.220(5) ‘ SU(2) ChPT ‘
N W S
LO NLO NNLO
fi/fr = _1_+0.169+ 0.051 (fit) ‘ SU(3) ChPT ‘
LO NLO NNLO

But for m%,p, NNLO terms larger than NLO ‘ SU(3) ChPT ‘

Overall, SU(2) ChPT converges well at the pion mass, while for SU(3) convergence
is quantity-dependent and involves at best a drop of ~1/4 at each order
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Extension to heavy sources

=1 Heavy-light mesons in 1/mp expansion [Wise, Burdman & Donoghue]

Fp ~ Fpo(l+ m?, —I-m,,.zrln(mﬂ)—l—...)
N N——

analytic chiral log

= Similar expansion to those for PGB properties

> Non-analytic terms involve additional coefficient g, g+

=1 Baryons [Jenkins & Manohar| and Vector mesons [Jenkins et al

My ~ Mg+ m? + g H ms 4+ ma In(my) + mE + ...
—~  —— ——

analytic leading loop subleading loop

> Non-analytic terms involve additional coefficients (e.g. gxnN)
> Expansion in powers of mx /Ay (c.f. (mx/Ay)? for mesons)

= Poorer convergence

S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil

20/49

Friday, March 22, 13



Outline of lecture 2

® SU(2) vs SU(3) ChPT in the presence of kaons
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SU(3) vs SU(2) ChPT

We have developed ChPT assuming 3 light quarks, so the approximate chiral
symmetry is SU(3)L X SU(3)r

However, SU(2)L X SU(2)r is a much better symmetry

® mu/Nocp ~ md/Aacp~ 1/100 << ms/Aqcp ~ 1/4

Thus we have the option of treating ms as heavy (and K and n as heavy) with
only the pions as the light d.o.f.in the EFT

® Joint expansion in myd/Aqcp and myd/ms ~ 1/25 and pr?/Mi?
® msis now a fixed parameter

® Useful for lattice simulations if ms ~ msphys & mya/ms << | [X]

In practice often have wide ranges of msand my4, so can try SU(3) ChPT for a
broader range of masses, and SU(2) ChPT for the restricted range [*]

Opinions differ as to how useful SU(3) ChPT can be, while SU(2) ChPT is
clearly useful in the regime [*] and now (following [RBC/UKQCDY] ) very
widely used
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M (GeV) . SU@3) vs SU(2) ChPT

1.0 T
09 +
08 4

0.7 T

~ 54X + Xu + Xa) SU(3) ChPT

2
J RO
05 T K My = §(Xs +Xu)
04 +

0.3 T

o1 1 T M+ = %(Xd‘l_Xu)

0.0 -+~
(Xq — QBqu)
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08 -
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SU(3) vs SU(2) ChPT

06 Ty My & 5(4xs X+ Xa) | suG) cheT
m4., =

05 -
04 -

K

K

_|_

L(xs + Xu)

03 T | SU(2) ChPT

0.2 -
0.1 -

00 -
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SU(2) ChPT for pion properties

® For Mn, fn, TITT scattering, TT charge radius, etc. can develop SU(2) ChPT
exactly as we did for SU(3) except that 2 € SU(2)

® Some terms in the NLO Lagrangian are redundant in the SU(2) case, so
the number of LECs is reduced

B Alternatively, we can “integrate out” the heavy K & n from SU(3) ChPT
results---an approach which we describe as it useful in other examples

@ Start with NLO SU(3) results:

S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil 24/49

Friday, March 22, 13



Reducing SU(3) results to SU(2)

M2, = 2Bymy {1+ & [(2Ls —Ls) xe + (Lo~ La) @xetxa)] + 5 — %}

fW:f{l—l—%[L5Xe-|-L4 (2X£‘|‘Xs)]_L7T_LTK}
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Reducing SU(3) results to SU(2)

M2, = 2Bymy {1+ & [(2Ls —Ls) xe + (Lo~ La) @xetxa)] + 5 — G}

Cannot expand in ms
Must absorb dependence in Bo

/

2 _ of < 8 _ _ Ly _ Inm
M =2Bo(mg)my 1+ 52 [(2Ls —Ls) x¢ + (2Le —La) 2x¢| + 5 — 5

> Unknown functions of ms

fr = fa(ms) {1 + % Ls xo+ La 2x0) — Lr — LTK}

Absorb ms dependence
into f

[ = N

fW:f{1+%[L5Xe-|—L4 (2X€‘|‘Xs)]_L7T_LTK}

S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil 25/49

Friday, March 22, 13



Reducing SU(3) results to SU(2)

M2, = 2By(mayme {1+ 5 [(2Ls—Ls) xr + (2Lo—La) 20/ + & — 2]

fr = fa(ms) {1 + % Ls xo+ La 2x0) — Lr — LTK}
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Reducing SU(3) results to SU(2)

s 7 L
M72+ — QBo(mS)’mJg {1 —+ fz(?is)Q [L3(ms)X4 i % - Tn}
A

Including higher order terms
proportional to X; m"

M2, = 2By(mayme {1+ 5 [(2Ls—Ls) xr + (2Lo—La) 20/ + & — 2]

fr = fa(ms) {1 + % Ls xo+ La 2x0) — Lr — LTK}

Including higher order terms
proportional to X; ms"

#

~

' f= = fa(ms) {1  Fotmy? [L‘l(ms) Xﬁ] b = LTK} ‘
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Reducing SU(3) results to SU(2)

: [ L
M72+ — QBo(ms)mg {1 —+ fz(s%)Q [L3(ms)X£} 1 % o Tn}

~

rfw = fa(ms) {1 + Fotmay? [L‘l(ms) Xﬁ] b = LTK}

S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil 27/49

Friday, March 22, 13



Reducing SU(3) results to SU(2)
}.

M2, = 2By (mg)my {1 + £ [i;s(ms)xg} + L —

b

Last step: Lr = % log (Aﬁ) > Ly = (Mf%v%%s))? log (Af_;)
M2, = 2Bo(ma)me {1+ 78 [Es(ma)xe| — LEx ) M? log(M)
\ analytic away
| ) N . | from M=0

' f= = fa(ms) {1 + Tt [i‘l(ms) Xﬁ] — L 7:}
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Reducing SU(3) results to SU(2)

Final SU(2) ChPT results

M72+ — 2B0(m8)m£ {1 + f2(,,§18)2 [ZS(ms)Xe} o %Z;W}

f= = f2(ms) {1 + ey {zél(ms)XE] - Ew}

SU(2) ChPT results are expansions in Xj and pr?, valid in form for arbitrary, large
ms, with the LECs depending smoothly (analytically) on ms

This method/trick gives the correct result, but does not properly derive the
factor of f2(m;s) in the denominator of the chiral logs---for this one can start
from the SU(2) chiral Lagrangian, which, at LO, is

'CES?()](Q) — %tf (8228M22T) — Iz Bo 230 tr (M2 [ZQT + 22])

Actually, knowing only the form of the LO SU(2) chiral Lagrangian is sufficient to
show that the chiral logs come with f,(ms) in the denominators

The argument given above then gives the correct log coefficients, since it is valid
in the regime m; << ms << Aqcp, where both SU(2) & SU(3) ChPT work
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SU(2) ChPT for Kaon properties

B The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields
® Chiral Lagrangian must be extended to include source sources

B We can, however, obtain the results using the same trick as above, so we show
these first
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SU(2) ChPT for Kaon properties

B The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields
® Chiral Lagrangian must be extended to include source sources

B We can, however, obtain the results using the same trick as above, so we show
these first

M3 = Bo(mitme) {1+ 4 [(2Ls— Ls) (xe+Xs) + 2(2Le— La) 2xe+x5)] + 3Ly }

w

| M2 = Co(ms) {1 -+ OZ(ms)mf} 4
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SU(2) ChPT for Kaon properties

B The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields
® Chiral Lagrangian must be extended to include source sources

B We can, however, obtain the results using the same trick as above, so we show
these first

M3 = Bo(mitme) {1+ 4 [(2Ls— Ls) (xe+Xs) + 2(2Le— La) 2xe+x5)] + 3Ly }

w

| M7 = Co(mys) {1 + Co(my)my} ‘

® No chiral log in this case

B This method loses possible connections between NLO LECs from different
processes, which is rarely a concern in practice, since usually do not calculate
enough quantities to overconstrain these LECs
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SU(2) ChPT for Kaon properties

B The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields
® Chiral Lagrangian must be extended to include source sources

B We can, however, obtain the results using the same trick as above, so we show
these first

fK — f {1 T (LEO)XE T (LEO/)XS _ %LW o %LK o %Ln}

| ¥ —
fx = Ci(myg) {1 + C3(mg)my — %LW}
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SU(2) ChPT for Kaon properties

B The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields
® Chiral Lagrangian must be extended to include source sources

B We can, however, obtain the results using the same trick as above, so we show
these first

fK — f {1 T (LEO)XE T (LEO/)XS _ %LW o %LK o %Ln}

, ¥ —
fx = Ci(myg) {1 + C3(mg)my — %LW}

® We have guessed that the chiral log involves L. = (4ﬂfi\f;fns))2 log (%)

B To justify this we need to properly develop ChPT for heavy kaons
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Heavy Kaon SU(2) ChPT

B Use the methodology of [Callan, Coleman,Wess & Zumino; Roessl]
® Developed for LQCD (including partial quenching) in [Allton et al., RBC/UKQCD, 2008]

® Applies also to heavy B-mesons and baryons (not discussed here)

B Key issue is how to incorporate the Kaon field, now that it is not a PGB
® How does it couple to pions? How does it transform under chiral group?
® Cannot hope to study K K — 11T, since then prr ~ Mk and need to include terms of all orders

® Kaons must propagate through diagrams---acting as sources for pions, and not appearing in loops

B |et’s begin with a“LH” Kaon field (a fine choice since it couples to kaons)

ey SU(Z)LXSU(Q)R
Ur, SR {
Krp (dL§R> » Ur Kr,

B “| eading-order” invariant effective Lagrangian contains no coupling to pions!

2
LY =9, K10,K;, + (M}?) KiK;
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Heavy Kaon SU(2) ChPT

2
£ = 0K 0,51 + (M) K] K;

® Problem: not parity invariant!

® Need a partner field transforming under Ug, related to K. since we only want a single field per particle

= YK, — UpXIUIUL K = Ug (RTK})

B Add corresponding “RH” term to Leff to obtain parity invariant result, which now
includes coupling to pions because of presence of 2

1

2
- {@LKLE?MKL + aﬂ(K};z)aM(zTKL)} + (M}?) KK,

L

® Ugly! Can make a simpler, more symmetric form using +/>

é‘:eiﬂ(x)/f’ '52:2, KszKL, ETKngTK

2
£ = {0,(KeND,(EK) + 0,(K19)0, (¢ K)} + (M) KK
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Heavy Kaon SU(2) ChPT

£\ = - {a (KENDL(EK) + 0,(KT€)a, (T K)Y + (M}?)Q K'K
B Can simplify further, by defining
Vi = % (faufT T fTauf) , Ap = % (gaufT - fmﬂf) , DK =0, K+V,K
® Then one finds (algebra)

1
L9 = (D,K)'D,K + (M(O)) KK + Str(A, A KK

\ . 4

~N~

usually put in /Lg)

B Contains KKTTTT couplings (since Vy~TT 0, TT/f & Ay~0,TT/f) but no KKTT (parity)

NNLO!
ULV - (No NLO log,
. .

,' g as found above)
] '

S/2 K _‘_‘ K M2 | M 172

K ™~ 2 2 Og K
/ T RME v
Only tr(A4,A,)KTK contributes
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Transformation of &=+ 2

5 — ezw(:r;)/f ) 52 — 27 K = gTKL ) ZJrl{L — &’TK

® 2 parametrizes the vacuum manifold (coset space) SU(2). X SU(2)r / SU(2)v

SU(2)L xSU(2)r
=1 s UUL =030 if U =ULV & U =UgrV  (with V € SU(3)y)

m Choose representative of equivalence class so that Uy, = UL =¢ = % =¢?

® Can then determine how ¢ transforms

N =& UL EEUL = (UL e V(V UL
= ChooseV so these

!
N §—>UL§VT:V§U}; are equal!

V=V(UL,Ur&) [don’t need explicitly!]

B Extend to other quantities

K=¢K, —VeltuluuK =VK, D,K —VD,K, A, -VAVT ..
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Building Kaon ChPT using V

B Simplest method to determine Kaon chiral Lagrangian uses only SU(2)v
transformation properties

K—VK, D,K—VD,K, A,—VA,VI

'Y = (D,K)'D,K + (M(O))2KTK
K K K K
£ = Aytr(A, A KTK+Astr(A,A) (D, K) D, K+Altr(A,A,)(D,K) D, K +mass terms

£7(T2) — f;tr(({?“Z@MET) — f;tr(XzT + 3x 1)

B Here MO, f=f, (2 flavor decay constant in limit my=m¢=0) & A; are new LECs
® Pion comes in as T1/f2, implying that chiral logs contain |/f; factors

m SU(2) power counting: pri?~Mn? « Mi?
® At LO, can have any even number of D, K’s, but can reduce to above form using equations of motion

® Can equivalently treat kaon as a static source (as in heavy-meson ChPT)---remove Mk from Lagrangian

e Do not, however, have heavy-quark spin symmetry (Mc">Mk), so do not need to include the K*
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Operators in Kaon ChPT

® To determine chiral expansion for fi, Bk, K — TT form factors, etc., need to
map quark-level operators into the EFT

® For fr this can be done using sources and local chiral symmetry, but not for a general operator

® Same issue arises for operators other than currents in “normal” ChPT

B Match chiral transformation properties---conveniently done with spurions
® Example: fx o (K|qrv.52]0) with ¢ = (ar,dr) and L an arbitrary choice

® Introduce spurion Hy: Since ¢, — chU}:, Jﬁ = qr.Hrv,sr is invariant if H; — UpHp,

® Form all invariant vectors with correct strangeness and one derivative
Jlf’x = C4 (DMK)TfTHL + CQKTAugTHL + higher order Y2ER

® Set H _L=(1,0) to get, say, K" current and evaluate matrix element

—201 L+ Gy + Capst — %Ew) K -
Agrees with result / ? JHL’X
obtained above by \ T \
reduction from SU(3)
Combinations Denominator in chiral log now
Not related to f 8
ot reltedto b of NLO LECs shown to contain f
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Final comments on SU(2) ChPT

B Results available for many quantities & widely used in lattice chiral extrapolations
® Can use trick of SU(3) reduction + f = f; for most (all?) quantities

® Gives simple method for obtaining SU(2) staggered ChPT results [SVWWME collab.]

® Extended to processes involving “hard” external pions, e.g. K—= 1T [Flynn &
Sachrajda], pion form factors with s»>Mg? [Bijnens et al.]

® Only soft part of internal loops leads to chiral logarithms, so can be reliably calculated
® Simple “factorized” form of the |- and 2-loop results fails at 3-loops [Colangelo et al.]

B Should one use SU(2) or SU(3) results in practice for chiral extrapolations!?

® SU(2) is safer but often requires dropping some data points
® SU(3) uses more data, but must include parametrized high-order (NNNLO) terms to get good fits

® No general answer = either stick with SU(2) or try both & compare
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Outline of lecture 2

|
® ChPT at finite volume
® “pregime” (large M L)

® “gregime” (small M L)
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ChPT in finite volume (FV)

®m Simulations done in finite volume: V = L3 x L¢ [typically Lc=(2-4)L]
B Boundary conditions on quarks (e.g. periodic in space, antiperiodic in time)
translate into BC on mesons

® Usually periodic in all directions, but can also twist: TT(L) = €' 11(0)

® Can view as working on infinite volume with all external fields having periodic images

B Key EFT result: as long as L » [/Aqcp (in practice L = 2 fm) then ChPT
Lagrangian is unchanged---only PGB propagators “feel” the finite volume

® True at finite T (i.e finite L;) because Hamiltonian is independent of T
® Extend to other directions using Euclidean invariance [Gasser & Leutwyler, 88]

® Intuitively reasonable: ChPT vertices arise from integrating out heavy particles (p, N, ...) so have size
~1/(1 GeV)~ 0.2 fm « L

® Size of finite-volume effects on propagators determined by ML = FV effects dominated by pions

®m ChPT breaks down for L <1/Aqcp where enter “femto-universe” in which
there is no confinement & can study using (partially) perturbative techniques
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ChPT in finite volume: landscape
L (fm) , |

6 T i -regime
\ RV effects smal Sl e
E convergent
4 |
€-regim E
FV effect :
o) large E
: 13 MTrL=4
ChPT inapplicablie Mrl=1
— | | >
100: 200 300 400 Mr(MeV)

Physical pion mass
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= Most simulations well within p-regime

= &-regime simulations not shown on plot

Volumes of recent simulations

Percentages are more sophisticated estimate of FV corrections

0“0‘0

0O ® o % & & x

X + o @A W O

ETMC '09 (2)
ETMC '10 (2+1+1)
MILC '10

QCDSF '10 (2)
QCDSF-UKQCD '10
BMW¢'10

BMW¢c'08

PACS-CS '09
RBC/UKQCD '10
JLQCD/TWQCD '09
HSC '08

BGR '10 (2)

CLS '10(2)
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61 .
| ee
°
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\ o
.
4+ oo °
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E | e® o
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L 1% . o & 5o
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Landscape of recent Ny=2+1| simulations [Hoelbling 2010]
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p-regime (large volumes)

® B.C.imply quantization of momenta: for periodic BC p = 2%775

B Relation between FV and infinite volume pion propagators (taking L>L)

No tree-level

GL(p=2Eit,tp) = Goo (D tr) = 55e FltP] (E = +/p*+ M?)

FV effects
Gr(Ztp) =) Goo(Z+ 1L, tp) image sum
M? Ky (z
Coolw) = 25 PHEL (o =
M2
~ 3 27;3 e~ exponential fall-off with ML
7

FV

Infinite volume
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p-regime (large volumes)

B Substitute G for G in loops = only chiral logs are effected

B At NLO, most loops are tadpoles, and can just read off FV shift with no work

fr = Fomo) {1+ 7z [ Ealma)xe] — L }

0

1 1 dp 1 - , . M? M?
f_gG”(O)d'r' o / Ori 2 2 L, + analytic, L, = CIAE log (F)
=
e L —JT 1 — I
fe(L) = fr _ — S G, 0) FV shift from
fr 2 6 non-zero images

B One-loop FV shifts routinely included in all chiral fits
® Shifts can be substantial for small M L

® Two loop/partial all orders calculations for M and frr indicate that NLO ChPT

result is only trustworthy as indicator of size of FV effects [Luscher; Colangelo,
Durr & Haefli]

B Rule of thumb: require MrL=4 for sub-percent level FV effects
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Power-counting and g-regime

| In p-regime:m ~ Mn? ~ p?2 ~ |/L? (usually with Lc>L though not essential)

® |n €-regime, consider boxes with Lc=L (we’ll take L.=L for simplicity)
m Reduce m so that m ~ My? ~|/L* while keeping p? ~ |/L? (with L=2 fm always)

® Organize power-counting using €~ 1/L: p? ~? , m~¢*

® Zero-mode (p=0) of propagator is enhanced relative to p#0 modes

1 )
Gr(z) = Z LA(p? + M?2) e Zero-mode ~ €9 while non-zero-modes ~ &2
p

B Must treat zero-mode non-perturbatively [Gasser & Leutwyler, 87, 88]

® Natural context is SU(2) ChPT, since only pion has large FV effects

® We will assume isospin symmetry, with common mass m, for simplicity
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Zero-mode integral

Zy = [IDS)exp{ =& [, [1(D, 2D, 31 = x0T+ x2N] 4.} [x = 2Bo(s + ip)]

® Pull out zero-mode U: ¥ = Ue*™@)// with |, m(z) =0
B Keeping only U for now: 7, ~ [dU exp {";L‘l 2Botr (s —ip)U + (s + z’p)UT]}

m Setting s=mq~1/(f’BoL*) & p=0, we see that U integral is not restricted to lie
near U=I, but ranges over entire group [here SU(2)]

® Need Haar measure: U=¢ef"" = JU =3t sin”6df dQ(7)
B Evaluate Zy as function of z = L* f2 2Bom = L* {2 M?
Zy ~ [ dU exp { 2tr [(U+UT]} = 2 foﬁ df sin®fe?cos? = 21(z) — 1+%+. -

T z

® Evaluate condensate using “source” m and find O(g°) contribution

=N 1 6Z, 1 dlogZz, odlog Z,, 2 12(2)
<qq> - L*Z,, és ~ L* dm QBof dz o QBOf I1(z)
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Condensate in e-regime

IQ(Z)
]1 (Z) 7

—(qq) = 2By f” (2 = L* f*2Bym)

Scaled condensate Calculation remains valid
10 E —| when m~1/L? (z » 1) and result
IZ(Z)/ I | (Z) I matches with that in p-regime
05+
| | | | | | | | | | | | | | | | | | | [ ~ O
-20 ~10 i 10 20 Z &
05+
I Condensate vanishes at m=0
- since no symmetry breaking
10l in finite volume

| -parameter prediction allows determination of condensate f?Bo !
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Justifying e-regime power counting

Z, = [[DS]exp {—fz Jy [tr(DuEDLET) + tr(x TS + x| + ... } X = 2Bo(s +ip)]
Y = Ue?™@)/f  with fv m(x) =0

B Measure factorizes: |DY| = dU|dm(x)]

B lagrangian simplifies (check!). Kinetic term maintains usual form
£%=NLO €2=NLO

L t0(8,50,51) = Ltr(0,e2™/ 19,627/ 1) = t2(8, 70, 7) + O(8*m/ f2)

® |In momentum space, action ~ L4 p2 ~ L2 so fluctuations are small as in p-regime: TT,~|/L~¢€
p

® Leading term gives m-independent correction to Zy and thus does not change the LO prediction
for the condensate

FBom (53 4 ) = LB (U 4 UT) — Bymtr([U + UTla?) + ...

£2=NLO
Leads to €°=LO, as described above

®m Power-counting differs from p-regime with terms containing m~&* moving to
higher order = less LECs at each order = easier to determine
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A few g-regime applications

B Determination of f (decay constant in chiral limit) from two-point correlator
of left-handed current [Giusti et al., 2004]

B Using partial quenching, can show that low-lying (“microscopic”) eigenvalues
of Dirac operator (A L* f2 Bo~ 1) are described by random matrix theory,
with a calculable distribution depending on f2 Bo [Damgaard et al., 1998]

® |ntroducing imaginary isospin chemical potential, distribution of eigenvalues
depends also on f [Damgaard et al., 2005]
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Summary of continuum ChPT for LQCD

B Provides forms for extrapolating in quark masses and box size
®m SU(2) ChPT useful in general; utility of SU(3) ChPT more quantity-dependent
B Straightforward to obtain NLO expressions; some NNLO known

B g-regime provides an unphysical regime well suited to extracting certain LECs
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