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Outline of Lectures

1. Overview & Introduction to continuum chiral perturbation theory (ChPT)

2. Continuum ChPT continued: Power counting; adding sources; illustrative results; 
SU(2) ChPT with a heavy strange quark; finite volume effects 

3. Including discretization effects in ChPT using Symanzik’s effective theory

4. Partially quenched ChPT and applications, including a discussion of whether 
mu=0 is meaningful
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Outline of lecture 2

Power counting & sources in ChPT (carried over from lecture 1)

Examples of results from continuum ChPT

Focus on those with lattice applications

SU(2) vs SU(3) ChPT in the presence of kaons

ChPT at finite volume

“p regime” (large Mπ L)

“ε regime” (small Mπ L) 
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Exercises for lectures 1 & 2
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Available on the course web page as a separate file
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Recap
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Power-counting in ChPT (M=0)

7

f2 f2
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Power-counting in ChPT (M=0)
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~ Determined by unitarity (2 particle cut)
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True expansion parameter?
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Technical aside: adding sources

10
Friday, March 22, 13



S. Sharpe, “EFT for LQCD: Lecture 1” 3/21/12 @ “New horizons in lattice field theory”, Natal, Brazil /50

Technical aside: adding sources
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LO chiral Lagrangian including sources
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NLO chiral Lagrangian
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Lµ⌫ = @µ`⌫ � @⌫`µ + i[`µ, `⌫ ]
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Chiral logs predicted in terms of 

Ex. 1: Charged pion mass at NLO
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Chiral Lagrangian at NLO
Terms contributing to charged pion mass
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Lessons for lattice (4)

16

- To distinguish chiral logs from analytic dependence in practice must 
constrain NNLO terms (quadratic in ml) to have natural size 
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Recent example:[Scholtz et al., 1301.7557] 
Determining LECs from lattice fits to NLO ChPT including physical point

17

Discretization 
errors

0.40.2ml/ms

Only black points
included in fit

mπ2/ml
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Another example of chiral logs
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Status of continuum ChPT for PGBs

19

Extended to many more 
lattice-relevant
quantities now

SU(2) ChPT

SU(3) ChPT

SU(3) ChPT

Overall, SU(2) ChPT converges well at the pion mass, while for SU(3) convergence 
is quantity-dependent and involves at best a drop of ~1/4 at each order
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Extension to heavy sources
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Outline of lecture 2

Examples of results from continuum ChPT

Focus on those with lattice applications

SU(2) vs SU(3) ChPT in the presence of kaons

ChPT at finite volume

“p regime” (large Mπ L)

“ε regime” (small Mπ L) 
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SU(3) vs SU(2) ChPT
We have developed ChPT assuming 3 light quarks, so the approximate chiral 
symmetry is SU(3)L X SU(3)R

However,  SU(2)L X SU(2)R is a much better symmetry 

mu/ΛQCD ~ md/ΛQCD ~ 1/100 << ms/ΛQCD ~ 1/4 

Thus we have the option of treating ms as heavy (and K and η as heavy) with 
only the pions as the light d.o.f. in the EFT

Joint expansion in mu,d/ΛQCD and mu,d/ms ~ 1/25 and pπ2/MK2

ms is now a fixed parameter 

Useful for lattice simulations if ms ~ ms,phys & mu,d/ms << 1      [✶]

In practice often have wide ranges of ms and mu,d, so can try SU(3) ChPT for a 
broader range of masses, and SU(2) ChPT for the restricted range [✶]

Opinions differ as to how useful SU(3) ChPT can be, while SU(2) ChPT is 
clearly useful in the regime [✶] and now (following [RBC/UKQCD] ) very 
widely used

22
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SU(3) vs SU(2) ChPT

23
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SU(3) vs SU(2) ChPT

23

M (GeV)
1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

π

η
K

ρ

N

m2
K+ = 1

2 (! s + ! u)

m2
⇡+ = 1

2 (�d + �u)

(�q = 2B0mq)

m2
⌘ ⇡ 1

6 (4�s + �u + �d) SU(3) ChPT

Friday, March 22, 13



S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil /49

SU(3) vs SU(2) ChPT
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SU(2) ChPT for pion properties
For Mπ, fπ, ππ scattering, π charge radius, etc. can develop SU(2) ChPT 
exactly as we did for SU(3) except that Σ ∈ SU(2)

Some terms in the NLO Lagrangian are redundant in the SU(2) case, so 
the number of LECs is reduced

Alternatively, we can “integrate out” the heavy K & η from SU(3) ChPT 
results---an approach which we describe as it useful in other examples

Start with NLO SU(3) results:

24
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Reducing SU(3) results to SU(2)

25
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Reducing SU(3) results to SU(2)
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Reducing SU(3) results to SU(2)
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Reducing SU(3) results to SU(2)

26

M2
⇡+ = 2 ÷B0(ms)m`

n

1 + 8
f2 [(2L8 ! L5) ! ` + (2L6 ! L4) 2! `] + L⇡

2 ! L⌘

6

o

f ⇡ = f 2(ms)
n

1 + 4
f2 [L 5 �` + L 4 2�`] ! L⇡ ! LK

2

o

M 2
! + = 2B̃0(ms)m"

n

1 + 8
f 2(m s)2

h

L̃ 3(ms)�"

i

+ L ⇡
2 � L ⌘

6

o

Including higher order terms
proportional to χl msn

f⇡ = f2(ms)
n

1 + 4
f2(ms)2

h

L̃4(ms) �`

i

� L⇡ � LK
2

o

Including higher order terms
proportional to χl msn

Friday, March 22, 13



S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil /49

Reducing SU(3) results to SU(2)
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Reducing SU(3) results to SU(2)
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Reducing SU(3) results to SU(2)

28
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Final SU(2) ChPT results

This method/trick gives the correct result, but does not properly derive the 
factor of f2(ms) in the denominator of the chiral logs---for this one can start 
from the SU(2) chiral Lagrangian, which, at LO, is

L(2)
SU(2) =

f2
2

4 tr
�
@⌃2@µ⌃2

†�� f2
2B̃0

2 tr
�
M2[⌃2

† + ⌃2]
�

SU(2) ChPT results are expansions in χl and pπ2, valid in form for arbitrary, large 
ms, with the LECs depending smoothly (analytically) on ms

Actually, knowing only the form of the LO SU(2) chiral Lagrangian is sufficient to 
show that the chiral logs come with f2(ms) in the denominators

The argument given above then gives the correct log coefficients, since it is valid 
in the regime ml << ms << ΛQCD, where both SU(2) & SU(3) ChPT work
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SU(2) ChPT for Kaon properties
The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields

Chiral Lagrangian must be extended to include source sources

We can, however, obtain the results using the same trick as above, so we show 
these first

29
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SU(2) ChPT for Kaon properties
The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields

Chiral Lagrangian must be extended to include source sources

We can, however, obtain the results using the same trick as above, so we show 
these first
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SU(2) ChPT for Kaon properties
The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields

Chiral Lagrangian must be extended to include source sources

We can, however, obtain the results using the same trick as above, so we show 
these first

29

No chiral log in this case

This method loses possible connections between NLO LECs from different 
processes, which is rarely a concern in practice, since usually do not calculate 
enough quantities to overconstrain these LECs
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SU(2) ChPT for Kaon properties
The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields

Chiral Lagrangian must be extended to include source sources

We can, however, obtain the results using the same trick as above, so we show 
these first
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SU(2) ChPT for Kaon properties
The Kaon is a heavy particle in SU(2) ChPT---a “source” for pion fields

Chiral Lagrangian must be extended to include source sources

We can, however, obtain the results using the same trick as above, so we show 
these first

30

We have guessed that the chiral log involves 
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Heavy Kaon SU(2) ChPT
Use the methodology of [Callan, Coleman, Wess & Zumino; Roessl]

Developed for LQCD (including partial quenching) in [Allton et al., RBC/UKQCD, 2008]

Applies also to heavy B-mesons and baryons (not discussed here)

Key issue is how to incorporate the Kaon field, now that it is not a PGB

How does it couple to pions? How does it transform under chiral group?

Cannot hope to study K K !  ππ, since then pπ ~ MK and need to include terms of all orders

Kaons must propagate through diagrams---acting as sources for pions, and not appearing in loops

Let’s begin with a “LH” Kaon field (a fine choice since it couples to kaons)

31
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Heavy Kaon SU(2) ChPT

32
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Ugly! Can make a simpler, more symmetric form using √Σ
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Heavy Kaon SU(2) ChPT

33

Can simplify further, by defining

Contains KKππ couplings (since Vμ~π∂μπ/f & Aμ~∂μπ/f) but no KKπ (parity)
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| {z }
usually put in L(2)

K

K K

π

Only tr(AµAµ)K†K contributes

�M2
K ⇠ ⇠ M4

⇡

f2M2
K

log

✓
M⇡

µ

◆
M2

K

NNLO!
(No NLO log,

as found above)
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Transformation of ξ=√ Σ

34

Σ parametrizes the vacuum manifold (coset space) SU(2)L X SU(2)R / SU(2)V

⇠ = ei⇡(x )/f , ⇠2 = ⌃ , K = ⇠†KL , ⌃†KL = ⇠†K

⌃ = 1
SU(2)L ⇥SU(2)R

!!!!!!!!" ULU†
R = U 0

LU 0
R
† if U 0

L = ULV & U 0
R = URV (with V ! SU(3)V )

Choose representative of equivalence class so that UL = U 
R ! ! " ⌃ = ! 2

Can then determine how ξ transforms

Choose V so these
are equal!

! = ! 2 !" UL ! ! U 
R = ( UL ! V   )(V ! U 

R )

! ! "# UL ! V   = V ! U 
R

V=V(UL,UR,ξ) [don’t need explicitly!]

Extend to other quantities 

K = !   K L �! V!   U 
L UL K = V K, D µ K �! V Dµ K, A µ ! V Aµ V   , . . .
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Building Kaon ChPT using V
Simplest method to determine Kaon chiral Lagrangian uses only SU(2)V 
transformation properties

35

K �! V K, D µK �! V DµK, A µ �! V AµV †

L(0)
K = ( DµK)†DµK +

⇣
M (0)

K

⌘2
K†K

L(2)
K = A1tr(AµAµ)K†K+A2tr(AµA⌫)(DµK)†D⌫K+A0

2tr(AµAµ)(D⌫K)†D⌫K +mass terms

L(2)
⇡ = f2

4 tr(@µ⌃@µ⌃†)� f2

4 tr(�⌃† + ⌃�†)

Here MK(0), f=f2 (2 flavor decay constant in limit mu=md=0) & Aj are new LECs

Pion comes in as π/f2, implying that chiral logs contain 1/f2 factors

SU(2) power counting: pπ2~Mπ2 ≪ MK2

At LO, can have any even number of Dμ K’s, but can reduce to above form using equations of motion

Can equivalently treat kaon as a static source (as in heavy-meson ChPT)---remove MK from Lagrangian

Do not, however, have heavy-quark spin symmetry (MK*≫MK), so do not need to include the K*
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Operators in Kaon ChPT
To determine chiral expansion for fK, BK, K !  π form factors, etc., need to 
map quark-level operators into the EFT

For fπ this can be done using sources and local chiral symmetry, but not for a general operator

Same issue arises for operators other than currents in “normal” ChPT

Match chiral transformation properties---conveniently done with spurions

Example:                              with                    and L an arbitrary choice

36

fK / hK|q̄L�µsL|0i q̄L = (ūL, d̄L)

Introduce spurion HL:

Form all invariant vectors with correct strangeness and one derivative

Since q̄L ! q̄LU
†
L, JL

µ = q̄LHL�µsL is invariant if HL ! ULHL

Set H_L=(1,0) to get, say, K+ current and evaluate matrix element

JL,�
µ = C1(DµK)

†⇠†HL + C2K
†Aµ⇠

†HL + higher order

fK = �2C1

⇣
1 + Cu

mu

f2
2
+ Cd

md

f2
2
� 3

8 L̃⇡

⌘

Combinations
of NLO LECs

Denominator in chiral log now
shown to contain f2

Agrees with result
obtained above by

reduction from SU(3)

Not related to  f2

K

π

JμL,χ
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Final comments on SU(2) ChPT
Results available for many quantities & widely used in lattice chiral extrapolations

Can use trick of SU(3) reduction + f → f2 for most (all?) quantities

Gives simple method for obtaining SU(2) staggered ChPT results [SWME collab.]

Extended to processes involving “hard” external pions, e.g. K→π [Flynn & 
Sachrajda], pion form factors with s≫Mπ2 [Bijnens et al.]

Only soft part of internal loops leads to chiral logarithms, so can be reliably calculated

Simple “factorized” form of the 1- and 2-loop results fails at 3-loops [Colangelo et al.] 

Should one use SU(2) or SU(3) results in practice for chiral extrapolations?

SU(2) is safer but often requires dropping some data points

SU(3) uses more data, but must include parametrized high-order (NNNLO) terms to get good fits

No general answer ⇒ either stick with SU(2) or try both & compare

37
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Outline of lecture 2

Examples of results from continuum ChPT

Focus on those with lattice applications

SU(2) vs SU(3) ChPT in the presence of kaons

ChPT at finite volume

“p regime” (large Mπ L)

“ε regime” (small Mπ L) 

38
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ChPT in finite volume (FV)
Simulations done in finite volume:  V = L3 x Lt  [typically Lt=(2-4)L]

Boundary conditions on quarks (e.g. periodic in space, antiperiodic in time) 
translate into BC on mesons 

Usually periodic in all directions, but can also twist: π(L) = eiθ π(0)

Can view as working on infinite volume with all external fields having periodic images

Key EFT result: as long as L ≫1/ΛQCD (in practice L ≿ 2 fm) then ChPT 
Lagrangian is unchanged---only PGB propagators “feel” the finite volume

True at finite T (i.e finite Lt) because Hamiltonian is independent of T

Extend to other directions using Euclidean invariance [Gasser & Leutwyler, 88]

Intuitively reasonable: ChPT vertices arise from integrating out heavy particles (ρ, N, ...) so have size 
~1/(1 GeV)~ 0.2 fm ≪ L

Size of finite-volume effects on propagators determined by ML ⇒ FV effects dominated by pions

ChPT breaks down for L ≾1/ΛQCD where enter “femto-universe” in which 
there is no confinement & can study using (partially) perturbative techniques

39
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ChPT in finite volume: landscape

40

Mπ(MeV)

L (fm)
6

4

2

100 200 300 400

MπL=4
MπL=1

ChPT not
convergent

p-regime
FV effects small

ChPT inapplicable

ε-regime
FV effects 
large

Physical pion mass
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• Percentages are more sophisticated estimate of FV corrections
➡ Most simulations well within p-regime

➡ ε-regime simulations not shown on plot

Volumes of recent simulations

41

Landscape of recent Nf=2+1 simulations [Hoelbling 2010]
physical

mass
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p-regime (large volumes)

42

~p = 2⇡
L ~nB.C. imply quantization of momenta: for periodic BC

Relation between FV and infinite volume pion propagators (taking Lt≫L)

GL(~p = 2!
L ~n, tE) = G1(~p, tE) = 1

2E e�E|tE | (E =
!

~p2 + M2) No tree-level 
FV effects

GL(~x, tE) =
X

~m

G1(~x+ ~mL, tE)

G1(x) =
M

2

4⇡2

K1(z)

z

(z = M |x|)

⇠ M

2

4⇡2

r
⇡

2z3
e

�z

image sum

exponential fall-off with ML

= + + +...

FV Infinite volume
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p-regime (large volumes)

43

Substitute GL for G∞ in loops ⇒ only chiral logs are effected 

At NLO, most loops are tadpoles, and can just read off FV shift with no work

f⇡ = f2(ms)
n

1 + 4
f2(ms)2

h

L̃4(ms)�`

i

� L̃⇡

o

1

f2
2

G1(0)d.r. =
1

f2
2

Z
d4p

(2⇡)4
1

p2 +M2
⇡

=

˜L⇡ + analytic, ˜L⇡ =

M2
⇡

(4⇡f2)2
log

✓
M2

⇡

µ2

◆

f⇡(L)� f⇡
f⇡

= � 1

f2
2

X

~m 6=~0

G1(~mL, 0) FV shift from
non-zero images

⇒

One-loop FV shifts routinely included in all chiral fits 
Shifts can be substantial for small Mπ L
Two loop/partial all orders calculations for Mπ and fπ indicate that NLO ChPT 
result is only trustworthy as indicator of size of FV effects [Lüscher; Colangelo, 
Durr & Haefli]

Rule of thumb: require MπL≿4 for sub-percent level FV effects

Friday, March 22, 13



S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil /49

Power-counting and ε-regime
In p-regime: m ~ Mπ2 ~ p2 ~ 1/L2 (usually with Lt≫L though not essential)

In ε-regime, consider boxes with Lt≈L (we’ll take Lt=L for simplicity)

Reduce m so that m ~ Mπ2 ~1/L4 while keeping p2 ~ 1/L2 (with L≿2 fm always)

Organize power-counting using ε~1/L:  p2 ~ε2 , m~ε4

Zero-mode (p=0) of propagator is enhanced relative to p≠0 modes

44

GL (x) =
X

p

1

L

4(p2 +M

2)
e

ipx
Zero-mode ~ ε0  while non-zero-modes ~ ε2

Must treat zero-mode non-perturbatively [Gasser & Leutwyler, 87, 88]

Natural context is SU(2) ChPT, since only pion has large FV effects

We will assume isospin symmetry, with common mass m, for simplicity
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Zero-mode integral

45

Pull out zero-mode U:

[! = 2B0(s + ip)]

⌃ = Ue

2i⇡(x)/f with
R
V

⇡(x) = 0

Z� =

R

[D⌃] exp

n

� f2

4

R

V

⇥

tr(Dµ⌃Dµ⌃
†
)� tr(�†

⌃+ �⌃†
)

⇤

+ . . .
o

Setting s=mq~1/(f2B0L4) & p=0, we see that U integral is not restricted to lie 
near U=1, but ranges over entire group [here SU(2)]

Need Haar measure: U = ei✓~n·~⌧ ) dU = 1
2⇡2 sin2 ✓ d✓ d⌦(~n)

Evaluate Zχ as function of z = L4 f2 2B0m = L4 f2 Mπ2

Keeping only U for now: Z� !
!

dU exp

"
f2

4 L 4
2B0tr

#
(s " ip)U + (s+ ip)U 

$%

Z� ⇡
R
dU exp

�
z
4 tr

⇥
(U+U†⇤ 

=

2
⇡

R ⇡
0 d✓ sin2✓ez cos ✓

=

2I1 (z)
z = 1+

z2

8 + . . .

Evaluate condensate using “source” m and find O(ε0) contribution

!" q̄q#= 1

L4Z!

�Z!

�s = 1

L4
d logZ!

dm = 2B
0

f2

d logZ!

dz = 2B
0

f2

I2(z)
I1(z)
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Condensate in ε-regime

46

�høqqi = 2B0f
2 I2(z)
I1(z)

, (z = L4f22B0m)

-20 -10 10 20
z

-1.0

-0.5

0.5

1.0

Scaledcondensate

z ~ ε0

I2(z)/I1(z)

Condensate vanishes at m=0
since no symmetry breaking

in finite volume

Calculation remains valid
when m~1/L2 (z ≫1) and result
matches with that in p-regime

1-parameter prediction allows determination of condensate f2B0 !
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Justifying ε-regime power counting

47

⌃ = Ue

2i⇡(x)/f with
R
V

⇡(x) = 0

[D⌃] = dU [d⇡(x)]Measure factorizes:

Lagrangian simplifies (check!). Kinetic term maintains usual form

f2

4 tr(@µ⌃@µ⌃†) = f2

4 tr(@µe2i⇡/f@µe�2i⇡/f ) = tr(@µ⇡@µ⇡) +O(@2⇡4/f2)

In momentum space, action ~ L4 p2 ~ L2 so fluctuations are small as in p-regime: πp~1/L~ε

Leading term gives m-independent correction to Zχ and thus does not change the LO prediction 
for the condensate

f2B0m
2 tr(⌃+ ⌃†) = f2B0m

2 tr(U + U †)�B0mtr([U + U †]⇡2) + . . .

ε0=NLO ε2=NLO

Leads to ε0=LO, as described above 
ε2=NLO

Power-counting differs from p-regime with terms containing m~ε4 moving to 
higher order ⇒ less LECs at each order ⇒ easier to determine

Z� =

R

[D⌃] exp

n

� f2

4

R

V

⇥

tr(Dµ⌃Dµ⌃
†
)� tr(�†

⌃+ �⌃†
)

⇤

+ . . .
o

[! = 2B0(s + ip)]
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A few ε-regime applications

Determination of f (decay constant in chiral limit) from two-point correlator 
of left-handed current [Giusti et al., 2004]

Using partial quenching, can show that low-lying  (“microscopic”) eigenvalues 
of Dirac operator (λ L4 f2 B0 ~ 1) are described by random matrix theory, 
with a calculable distribution depending on f2 B0 [Damgaard et al., 1998]

Introducing imaginary isospin chemical potential, distribution of eigenvalues 
depends also on f [Damgaard et al., 2005]

......

48
Friday, March 22, 13



S. Sharpe, “EFT for LQCD: Lecture 2” 3/23/12 @ “New horizons in lattice field theory”, Natal, Brazil /49

Summary of continuum ChPT for LQCD

Provides forms for extrapolating in quark masses and box size

SU(2) ChPT useful in general; utility of SU(3) ChPT more quantity-dependent 

Straightforward to obtain NLO expressions; some NNLO known

ε-regime provides an unphysical regime well suited to extracting certain LECs
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