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Outline
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Lecture 1

• Motivation/Background/Overview

• Deriving the two-particle quantization condition (QC2)

Lecture 2

• Applying the QC2, in brief

• Deriving the three-particle quantization condition for identical scalars (QC3)

Lecture 3

• Status of three-particle formalism

• Applications of QC3 

• Outlook
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Main references for this lecture
[Full list of references at end of lecture 3]
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• Briceño, Dudek & Young, “Scattering processes & resonances from LQCD,” 1706.06223, RMP 18

• Hansen & SS, “LQCD & three-particle decays of resonances,” 1901.00483, to appear in ARNPS

• Hansen & SS 1408.5933 , PRD14 & 1504.04248 , PRD15 (derivation of QC3 in QFT)

• Blanton & SS 2007.16188, PRD20 (Alternative derivation of QC3 using time-ordered PT)

http://arxiv.org/abs/arXiv:1408.5933
http://arxiv.org/abs/arXiv:1504.04248
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Outline for Lecture 2

• Applying the QC2, in brief

• Deriving of the three-particle quantization condition for identical scalars (QC3)

• Presenting the QC3

• Sketch of derivation using time-ordered PT (TOPT)

• Integral equations related three-particle K matrix to ℳ3

4
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Applying the QC2, 
in brief

5
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2-particle quantization condition

• At fixed  the spectrum is given (up to corrections  ) by solutions ofL, ⃗P ∝ e−MminL

6

•  and  are matrices in  space, with 

•  is real and smooth (no threshold branch points) 

•  is a kinematic function

FPV 𝒦2 ℓ, m [𝒦2]ℓ′ m′ ,ℓm = δℓ′ ℓδm′ m𝒦(ℓ)
2

𝒦(ℓ)
2 = (16πE*2 )/(q* cot δℓ(q*))

FPV

det [FPV(E, ⃗P , L)−1 + 𝒦2(E*)] = 0

FPV;ℓ′ m′ ;ℓm(E, ⃗P , L) =
1
2

1
L3 ∑⃗

k

− PV ∫
d3k

(2π)3

𝒴ℓ′ m′ ( ⃗k*)𝒴*ℓm( ⃗k*) h( ⃗k)
2ωk2ωP−k(E − ωk − ωP−k)
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Truncation

• Near threshold  [familiar from QM]

• In practice, for  it is a good approximation to keep only the lowest 
one or two partial waves, i.e to set  for 

• Then can show that only need to keep  in 

• Leads to a finite-dimensional matrix that can be implemented numerically

• Can further reduce the dimensionality by projecting onto irreps of the cubic 
group [ —no time to discuss here]

𝒦(ℓ)
2 ∝ (q*)2ℓ

E* ≲ 1GeV
𝒦(ℓ)

2 = 0 ℓ > ℓmax

ℓ ≤ ℓmax FPV

A+
1 , A+

2 , E+, …

7

det [FPV(E, ⃗P , L)−1 + 𝒦2(E*)] = 0
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det [FPV(E, ⃗P , L)−1 + 𝒦2(E*)] = 0

𝒦(ℓ=0)
2 (E*n ) = −

1

FPV;00;00(En, ⃗P , L)

lmax=0
“measured” 

energy-level
CM energy 

E⇤
n =

q
E2

n � ~P 2

• One-to-one relation between energy levels and K2 ~ 1/(q* cot δ) 

• Holds also if  and one uses a cubic-group irrep that does not couple 
to 

• Most state-of-the-art applications (e.g. ) involve multiple  and multiple 
two-particle channels

ℓmax = 1
ℓ = 0

f0 = σ ℓ

Simplest case: single value of ℓ
• If , only a single value of contributes, and QC2 becomes algebraicℓmax = 0 ℓ

8
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Overview of effects on spectrum
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FIG. 4 Finite volume spectrum in a rest-frame irrep and a moving-frame irrep for weak attractive (green) and repulsive (red)
elastic scattering. Non-interacting energy levels are indicated by the dashed black lines and the gray band shows the kinematic
threshold (2m⇡). Plotted is cm-frame energy, E? in MeV, against L in fm. Scattering particles have mass 300 MeV and the
scattering length is |a| = 0.32 fm. Rightmost panel shows the corresponding elastic phase-shift in degrees.

FIG. 5 Finite volume spectrum in two irreps for a Breit-Wigner resonance with three values of decay coupling. Plotted is cm-
frame energy, E? in MeV, against L in fm. Scattering particles have mass 300 MeV and Breit-Wigner mass is m = 1182 MeV.
Dashed black curves show non-interacting energy levels, and the gray band at 600 MeV indicates the kinematic threshold.
Rightmost panel shows the elastic phase-shift in degrees.

• Unphysical example for sake of illustration

•  

• Illustrates the power of using moving frames ( ) and multiple levels

ℓmax = 0, m = 300 MeV, a0 = ± 0.32 fm (ma0 = 0.48)

P ≠ 0

L (fm)

E*  
(MeV)

P L/(2π)

mL=4.5

[Briceño, Dudek, Young, RMP17]

E=2m

Non-interacting levels

Attractive Repulsive
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Overview of effects on spectrum
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• Narrow Brett-Wigner resonance at 1182 MeV 

• Spectrum contains an additional level, and displays avoided level crossings

L (fm)

E*  
(MeV)

P L/(2π)

mL=4.5

[Briceño, Dudek, Young, RMP17]

E=2m

Non-interacting levels

13

FIG. 4 Finite volume spectrum in a rest-frame irrep and a moving-frame irrep for weak attractive (green) and repulsive (red)
elastic scattering. Non-interacting energy levels are indicated by the dashed black lines and the gray band shows the kinematic
threshold (2m⇡). Plotted is cm-frame energy, E? in MeV, against L in fm. Scattering particles have mass 300 MeV and the
scattering length is |a| = 0.32 fm. Rightmost panel shows the corresponding elastic phase-shift in degrees.

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

 600

 800

 1000

 1200

 1400

 1600

 600

 800

 1000

 1200

 1400

 1600

 600

 800

 1000

 1200

 1400

 1600

 0 4
5

 9
0

 1
35

 1
80

 600

 800

 1000

 1200

 1400

 1600

 0 4
5

 9
0

 1
35

 1
80

 600

 800

 1000

 1200

 1400

 1600

 0 4
5

 9
0

 1
35

 1
80

1.5 2.0 2.5 3.0 3.5 4.0 1.5 2.0 2.5 3.0 3.5 4.0

1.5 2.0 2.5 3.0 3.5 4.0 1.5 2.0 2.5 3.0 3.5 4.0

1.5 2.0 2.5 3.0 3.5 4.0 1.5 2.0 2.5 3.0 3.5 4.0

FIG. 5 Finite volume spectrum in two irreps for a Breit-Wigner resonance with three values of decay coupling. Plotted is cm-
frame energy, E? in MeV, against L in fm. Scattering particles have mass 300 MeV and Breit-Wigner mass is m = 1182 MeV.
Dashed black curves show non-interacting energy levels, and the gray band at 600 MeV indicates the kinematic threshold.
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Overview of effects on spectrum
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• Broad Breit-Wigner resonance at 1182 MeV 

• Association of levels with “resonance” or “almost-free particles” no longer 
holds

L (fm)

E*  
(MeV)

mL=4.5

[Briceño, Dudek, Young, RMP17]

E=2m

Non-interacting levels
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FIG. 4 Finite volume spectrum in a rest-frame irrep and a moving-frame irrep for weak attractive (green) and repulsive (red)
elastic scattering. Non-interacting energy levels are indicated by the dashed black lines and the gray band shows the kinematic
threshold (2m⇡). Plotted is cm-frame energy, E? in MeV, against L in fm. Scattering particles have mass 300 MeV and the
scattering length is |a| = 0.32 fm. Rightmost panel shows the corresponding elastic phase-shift in degrees.
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QC3: Presenting the result

12



/45S. Sharpe, “Multiparticle Scattering”, Lecture 2, 7/19/2023,  Bad Honnef Summer School 13

Sketch of history for three particles
• [Beane, Detmold, Savage et al. 07-11] studied ground state energies of

 systems, and determined 3-particle interactions for 
particles at rest

• [Polejaeva & Rusetsky 12] showed in NREFT that 3 body spectrum determined 
by  &  infinite-volume scattering amplitudes

• [Hansen & SRS 14, 15] derived quantization condition (QC3) for 3 identical 
scalars in generic, relativistic EFT, working to all orders in Feynman-diagram 
expansion, keeping all angular momenta—“RFT approach”

• [Hammer & Rusetsky 17] derived QC3 using NREFT—greatly simplified 
derivation

• [Mai & Döring 17] obtained QC3 using unitary, relativistic representation of 
 amplitude—“FVU approach”

• [Blanton & SRS 20] showed equivalence of RFT & FVU approaches 

• [Müller, Pang, Rusetsky & Wu 20] relativized NREFT approach

• [Müller & Rusetsky 20; Hansen, Romero-López & SRS 21] derived formalism for 
determining  amplitude 

Nπ+, MK+, Nπ+ + MK+

2 → 2 3 → 3

3 → 3

K → 3π
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• [Beane, Detmold, Savage et al. 07-11] studied ground state energies of

 systems, and determined 3-particle interactions for 
particles at rest

• [Polejaeva & Rusetsky 12] showed in NREFT that 3 body spectrum determined 
by  &  infinite-volume scattering amplitudes

• [Hansen & SRS 14, 15] derived quantization condition (QC3) for 3 identical 
scalars in generic, relativistic EFT, working to all orders in Feynman-diagram 
expansion, keeping all angular momenta—“RFT approach”

• [Hammer & Rusetsky 17] derived QC3 using NREFT—greatly simplified 
derivation

• [Mai & Döring 17] obtained QC3 using unitary, relativistic representation of 
 amplitude—“FVU approach”

• [Blanton & SRS 20] showed equivalence of RFT & FVU approaches 

• [Müller, Pang, Rusetsky & Wu 20] relativized NREFT approach

• [Müller & Rusetsky 20; Hansen, Romero-López & SRS 21] derived formalism for 
determining  amplitude 

Nπ+, MK+, Nπ+ + MK+

2 → 2 3 → 3

3 → 3

K → 3π

I will d
iscu

ss t
he RFT approach
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Problem in finite-volume QFT

iMn!m

Discrete energy 
spectrum

Scattering 
amplitudes

E0(L)

E1(L)

E2(L)
?
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E0(L)

E1(L)

E2(L)

ECM < 4m

QC2

E0(L)

E1(L)

E2(L)

ECM < 5m

QC3

Structure of the result  (  symmetry)Z2

ℳ2

ℳ3
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 Two-step method

1616

Quantization conditions

2 & 3 particle
Spectra from LQCD

Integral equations in
infinite volume

det [F−1 + 𝒦2]
det [F−1

3 + 𝒦df,3]

Scattering amplitude ℳ3

L

L

L

= 0

= 0

[These are the RFT
 forms, and assume

 symmetry]ℤ2

QC2:

QC3:

Incorporates initial- and
final-state interactions
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 Two-step method

1616

Quantization conditions

2 & 3 particle
Spectra from LQCD

Integral equations in
infinite volume

det [F−1 + 𝒦2]
det [F−1

3 + 𝒦df,3]

Scattering amplitude ℳ3

L

L

L

= 0

= 0

[These are the RFT
 forms, and assume

 symmetry]ℤ2

QC2:

QC3:

Incorporates initial- and
final-state interactions

Infinite-volume K matrix:
Obtained from Feynman diagrams 
using PV prescription for poles;

Real, free of unitary cuts
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 Two-step method

1616

Quantization conditions

2 & 3 particle
Spectra from LQCD

Integral equations in
infinite volume

Intermediate infinite-volume K matrix:
A short-distance, real, three-particle 
interaction free of unitary cuts, and 

with physical divergences subtracted;
unphysical since depends on cutoff

det [F−1 + 𝒦2]
det [F−1

3 + 𝒦df,3]

Scattering amplitude ℳ3

L

L

L

= 0

= 0

[These are the RFT
 forms, and assume

 symmetry]ℤ2

QC2:

QC3:

Incorporates initial- and
final-state interactions

Infinite-volume K matrix:
Obtained from Feynman diagrams 
using PV prescription for poles;

Real, free of unitary cuts
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det [F3(E, ⃗P , L)−1 + 𝒦df,3(E*)] = 0

• Total momentum (E, P)

• Matrix indices are k, l, m 

• F3 depends on geometric functions (FPV and 
G) and also on 

• F3 is known if first solve QC2 

•  is an infinite-volume 3-particle 
amplitude, which is real and has no unitary 
cusps

• It is cutoff dependent  unphysical

• is related to  via integral 
equations [HS15]

𝒦2

𝒦df,3

⇒

𝒦df,3 ℳ3

17

QC2               ⟶              QC3
det [FPV(E, ⃗P , L)−1 + 𝒦2(E*)] = 0

[HS14]

• Total momentum (E, P)

• Matrix indices are l, m 

• FPV is a finite-volume geometric function

•  is an infinite-volume amplitude, which 
is real and has no unitary cusps

•  is algebraically related to 

𝒦2

𝒦2 ℳ2

1
ℳ(ℓ)

2
≡

1
𝒦(ℓ)

2
− iρ
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[HS14]

• Total momentum (E, P)

• Matrix indices are l, m 

• FPV is a finite-volume geometric function

•  is an infinite-volume amplitude, which 
is real and has no unitary cusps

•  is algebraically related to 

𝒦2

𝒦2 ℳ2

1
ℳ(ℓ)

2
≡

1
𝒦(ℓ)

2
− iρ



/45S. Sharpe, “Multiparticle Scattering”, Lecture 2, 7/19/2023,  Bad Honnef Summer School

Matrix indices in QC3

18

• All quantities are (infinite-dimensional) matrices, e.g. , with indices[F3]pℓ′ m′ ,kℓm

â⇤ �! `,m
(E � !k, ~P � ~k)

(!k,~k)
BOOST

Describes three on-shell particles with total energy-momentum (E, P)

[finite volume “spectator” momentum:  x [2-particle CM angular momentum: ]k = 2πn/L ℓ, m

• For large  (at fixed E, L), the other two particles are below threshold

• Must include such configurations, by analytic continuation, up to a cut-off at 
 [Polejaeva & Rusetsky, `12]

k

k ≈ m
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F3 collects 2-particle interactions

19

F3 =
1

2ωL3 [ F
3

− F
1

𝒦−1
2 + F + G

F]
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F3 collects 2-particle interactions

19

F3 =
1

2ωL3 [ F
3

− F
1

𝒦−1
2 + F + G

F]
p

k

�
k k
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F3 collects 2-particle interactions

19

F3 =
1

2ωL3 [ F
3

− F
1

𝒦−1
2 + F + G

F]

• F & G are known geometrical functions, 
containing cutoff function H

Gpℓ′ m′ ;kℓm = ( k*
q*p )

ℓ′ 
4πYℓ′ m′ ( ̂k*)H( ⃗p)H( ⃗k)Y*ℓm( ̂p*)

(P − k − p)2 − m2 ( p*
q*k )

ℓ
1

2ωkL3 Relativistic form 
introduced in [BHS17]

Fpℓ′ m′ ;kℓm = δpk H( ⃗k) FPV,ℓ′ m′ ;ℓm(E − ωk, ⃗P − ⃗k, L)

�(E − ωk, ⃗P − ⃗k) →

p
k

�
k k



/45S. Sharpe, “Multiparticle Scattering”, Lecture 2, 7/19/2023,  Bad Honnef Summer School

F3 collects 2-particle interactions

20

F3 =
1

2ωL3 [ F
3

− F
1

𝒦−1
2 + F + G

F]
• F & G are known geometrical functions, 

containing cutoff function H

Gpℓ′ m′ ;kℓm = ( k*
q*p )

ℓ′ 
4πYℓ′ m′ ( ̂k*)H( ⃗p)H( ⃗k)Y*ℓm( ̂p*)

(P − k − p)2 − m2 ( p*
q*k )

ℓ
1

2ωkL3 Relativistic form 
introduced in [BHS17]

Fpℓ′ m′ ;kℓm = δpk H( ⃗k) FPV,ℓ′ m′ ;ℓm(E − ωk, ⃗P − ⃗k, L)

FPV;ℓ′ m′ ;ℓm(E, ⃗P , L) =
1
2

1
L3 ∑⃗

k

− PV ∫
d3k

(2π)3

𝒴ℓ′ m′ ( ⃗k*)𝒴*ℓm( ⃗k*) h( ⃗k)
2ωk2ωP−k(E − ωk − ωP−k)

𝒴ℓm( ⃗k*) = 4π ( k*
q* )

ℓ

Yℓm( ̂k*)

Relativistic form 
equivalent up to 
exponentially-

suppressed terms
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Divergence-free K matrix

21

det [F3(E, ⃗P , L)−1 + 𝒦df,3(E*)] = 0

What is this? A quasi-local divergence-free 3-particle interaction
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Divergence-free K matrix

21

det [F3(E, ⃗P , L)−1 + 𝒦df,3(E*)] = 0

What is this? A quasi-local divergence-free 3-particle interaction

iM3!3 ⌘ fully connected correlator with  
six external legs amputated and projected on shell

Three-to-three amplitude has kinematic singularities

[Artwork from Hansen, HMI lectures]

Certain external momenta 
 put this on-shell!

= + · · ·

• To have a nonsingular (divergence-free) quantity, need to subtract pole
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M3, Kdf,3

2 degrees of freedom

12 momentum  
     components

-10 Poincaré generators

8 degrees of freedom

18 momentum  
     components

-10 Poincaré generators

Divergence-free K matrix

22

• Kdf,3 has the same symmetries as M3: relativistic invariance, particle interchange, T-reversal

M2, K2

s=E*2 + θ s=E*2 + 7 “angles”

• Need more parameters to describe  than  (will be discussed in lecture 3)

• Why  and  appear in QC3, rather than  and , will be explained shortly

𝒦df,3 𝒦2

𝒦2 𝒦df,3 ℳ2 ℳdf,3
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QC3: Sketch of derivation

23
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Set-up

24

• Work in continuum (assume that LQCD                                                   
can control discretization errors)

• Cubic box of size L with periodic BC,                                                         
and infinite (Minkowski) time

• Spatial loops are sums: 

• Consider identical, spinless particles with physical mass m, interacting 
arbitrarily except for a Z2 (G-parity-like) symmetry

• Only vertices are 2→2, 2→4, 3→3, 3→1, 3→5, 5→7, etc.

• Even & odd particle-number sectors decouple

1
L3

P
~k

~k = 2⇡
L ~n

L

L

L
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Use TOPT approach of [Blanton & SS,20] 

25

• Calculate (for some )P = 2πnP /L

• Evaluate using time-ordered PT (obtained doing energy integrals)

σ ∼ π3

CL(E, P) = ∫x
d4xeiEt−iP⋅x⟨0 |T {σ(x)σ†(0)} |0⟩L

B. Expansion of C3;LðE; PÞ in relevant cuts

Our strategy is to organize the (renormalized) time-
ordered diagrams that contribute to C3;LðE;PÞ by the
number of relevant three-particle cuts they contain,

C3;LðE;PÞ ¼
X∞

n¼0

CðnÞ
3;LðE;PÞ; ð5Þ

where CðnÞ
3;LðE;PÞ is the sum of all diagrams containing

exactly n relevant cuts. Examples of this organization are
shown in Fig. 1.
The n ¼ 0 term Cð0Þ

3;LðE;PÞ denotes the sum of all
diagrams with no such cuts. Since all cuts in each diagram
give smooth iKt contributions, we can use Eq. (2) to
replace all discrete momentum sums with integrals and take
the infinite-volume limit:

Cð0Þ
3;LðE;PÞ ¼ Cð0Þ

3;∞ðE;PÞ þOðe−mLÞ: ð6Þ

From now on we will no longer track terms that are
exponentially suppressed in mL.

For diagrams with at least one relevant cut, the expres-
sions factorize into a form with a right-hand “endcap,”
followed by some (possibly zero) number of 3 → 3 seg-
ments, followed by a left-hand endcap. These pieces are
separated by relevant cuts. This factorization can be seen in
the examples in the Cð1Þ

3;L and Cð2Þ
3;L columns of Fig. 1.

A more extensive example for Cð4Þ
3;L is shown in Fig. 2,

which shows that there are two types of nontrivial 3 → 3
segments: one in which two particles interact with the third
particle spectating, and the other in which all three particles
interact. We label these B̄2;L and B3 respectively, while the
left (right) endcaps are denoted Â0 (Â).9 Before presenting
the general expression for C3;L, we first give the definitions
of these four segments.

FIG. 2. Example of a contribution to Cð4Þ
3;L. Notation is as in Fig. 1. The names for the different types of segment are indicated by the

underbraces.

(a)

(b)

FIG. 1. Examples of time orderings in diagrams contributing to C3;L. Time flows from right to left, with the black circle (blue square)
representing σ† (σ). Relevant cuts are shown by vertical (red) dashed lines, while irrelevant cuts are shown by solid (magenta) integral
signs. The factors associated with these cuts are described in the text. Vertical columns divide contributions according to the number of
relevant cuts. Horizontal rows contain the time orderings of (a) the leading-order Feynman diagram and (b) a Feynman diagram with a
single four-point vertex.

9The “hat” on these quantities is used to distinguish them from
similar, but different, endcaps denoted A0 and A in HS1.
Similarly, we label the intermediate segments with a calligraphic
B, in order to distinguish them from the Bethe-Salpeter kernels
B2 and B3 used in HS1.
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B. Expansion of C3;LðE; PÞ in relevant cuts

Our strategy is to organize the (renormalized) time-
ordered diagrams that contribute to C3;LðE;PÞ by the
number of relevant three-particle cuts they contain,

C3;LðE;PÞ ¼
X∞

n¼0

CðnÞ
3;LðE;PÞ; ð5Þ

where CðnÞ
3;LðE;PÞ is the sum of all diagrams containing

exactly n relevant cuts. Examples of this organization are
shown in Fig. 1.
The n ¼ 0 term Cð0Þ

3;LðE;PÞ denotes the sum of all
diagrams with no such cuts. Since all cuts in each diagram
give smooth iKt contributions, we can use Eq. (2) to
replace all discrete momentum sums with integrals and take
the infinite-volume limit:

Cð0Þ
3;LðE;PÞ ¼ Cð0Þ

3;∞ðE;PÞ þOðe−mLÞ: ð6Þ

From now on we will no longer track terms that are
exponentially suppressed in mL.

For diagrams with at least one relevant cut, the expres-
sions factorize into a form with a right-hand “endcap,”
followed by some (possibly zero) number of 3 → 3 seg-
ments, followed by a left-hand endcap. These pieces are
separated by relevant cuts. This factorization can be seen in
the examples in the Cð1Þ

3;L and Cð2Þ
3;L columns of Fig. 1.

A more extensive example for Cð4Þ
3;L is shown in Fig. 2,

which shows that there are two types of nontrivial 3 → 3
segments: one in which two particles interact with the third
particle spectating, and the other in which all three particles
interact. We label these B̄2;L and B3 respectively, while the
left (right) endcaps are denoted Â0 (Â).9 Before presenting
the general expression for C3;L, we first give the definitions
of these four segments.

FIG. 2. Example of a contribution to Cð4Þ
3;L. Notation is as in Fig. 1. The names for the different types of segment are indicated by the

underbraces.

(a)

(b)

FIG. 1. Examples of time orderings in diagrams contributing to C3;L. Time flows from right to left, with the black circle (blue square)
representing σ† (σ). Relevant cuts are shown by vertical (red) dashed lines, while irrelevant cuts are shown by solid (magenta) integral
signs. The factors associated with these cuts are described in the text. Vertical columns divide contributions according to the number of
relevant cuts. Horizontal rows contain the time orderings of (a) the leading-order Feynman diagram and (b) a Feynman diagram with a
single four-point vertex.

9The “hat” on these quantities is used to distinguish them from
similar, but different, endcaps denoted A0 and A in HS1.
Similarly, we label the intermediate segments with a calligraphic
B, in order to distinguish them from the Bethe-Salpeter kernels
B2 and B3 used in HS1.
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1
Et − ∑i ωi

ωi = p2
i + M2

• Associated with each cut:

Here we have included an ultraviolet (UV) cutoff, the
nature of which is unimportant as the sum-integral differ-
ence is an infrared effect. We assume throughout thatmL is
large enough that Oðe−mLÞ terms can be safely neglected.
An immediate consequence of this assumption is that the
difference between a FV quantity and its infinite-volume
analog is only non-negligible if the quantity contains a
singularity in the spatial-momentum summand.
The next key step in HS1 is to utilize certain results from

TOPT as a tool for identifying which Feynman diagrams
can possess singularities and which cannot, as this greatly
restricts the classes of Feynman diagrams that need to be
considered to capture all significant FV contributions.
However, this is the full extent to which TOPT is applied
in HS1; actual time-ordered diagrams are never used.

A. TOPT basics

We begin the derivation proper by a brief recapitulation
of the essential features of TOPT. A good source for the
derivation of these results is Ref. [56]; further discussion in
a context closely related to that considered here is given in
Appendix B of Ref. [39]. The main subtlety in applying
TOPT concerns the use of renormalized propagators, and
we discuss this technical point in Appendix A.
In TOPT, one rewrites each Feynman diagram contrib-

uting to C3;L as a sum of all time orderings of the vertices,
with each ordering corresponding to a unique time-ordered
diagram. Each propagator in the diagram is associated with
an on-shell four-momentum pμ ¼ ðωp;pÞ, with positive
energy ωp ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
, and gives rise to a factor of

1=ð2ωpÞ. Spatial momentum is conserved at vertices, but
energy is not. Each “cut” between consecutive vertices
gives a kinematic factor

iKt ≡ i
Et −

P
pon∈Pt

ωp þ iϵ
; ð3Þ

where Pt is the set of spatial momenta passing through the
cut at time t, and

Et ≡
8
<

:

þE if tσ > t > tσ†

−E if tσ† > t > tσ
0 otherwise;

ð4Þ

with tσ† and tσ denoting the times at which σ† and σ occur
in the diagram, respectively.7 The factor of iϵ has no impact
in finite volume, and can be set to zero in that case. When
evaluating vertices with derivatives (which are present with
arbitrary order in the generic RFT), the corresponding
momenta are placed on shell. Symmetry factors are

included as for Feynman diagrams. Finally, all spatial
momenta are summed/integrated with the standard
measure.
As discussed in Appendix A, by using an appropriate on-

shell renormalization scheme and restricting to our kin-
ematic regime in which only three particles can go on shell
simultaneously, all self-energy diagrams can be absorbed
into changes in the vertices, and it is the physical mass that
enters into the factors of ωp.
Given these rules, the only singularities in diagrams are

due to the kinematic factors Kt; by assumption, the vertices
are polynomials in momenta and thus nonsingular.
Furthermore, within our range of E%, the only singularities
occur if Et ¼ þE and jPtj ¼ 3, i.e., if the cut at time t
contains three lines and comes after tσ† and before tσ. We
shall refer to such cuts as “relevant three-particle cuts” or
simply “relevant cuts.”8 The remaining cuts, which we refer
to as “irrelevant,” occur if either (i) Et ¼ þE with jPtj ≠ 3,
or (ii) Et ∈ f−E; 0g. Since jPtj is necessarily odd for all
cuts through C3;L, case (i) corresponds to having either a
single particle in the cut, leading to a singularity at E% ¼ m,
or at least five particles, for which singularities occur for
E% ≥ 5m. Both of these possibilities lie outside our
kinematic range. For case (ii), there are no singularities
because the denominator of Kt is negative definite.
Examples of relevant and irrelevant cuts are shown for
simple diagrams in Fig. 1.
Given this classification, irrelevant cuts yield a smooth

Kt, and we can use Eq. (2) to take the infinite-volume limits
of all spatial-momentum sums involving the cut, i.e., to
replace the sums with integrals. This was the key result
from TOPT that HS1 used to identify which Feynman
diagrams contained singularities, but here we continue
working with time-ordered diagrams.
Later in this work (in Sec. III) we will consider scattering

amplitudes, i.e., amputated correlation functions, both in
finite and infinite volume. The corresponding Feynman
diagrams can also be broken up into time-ordered compo-
nents using TOPT. The rules are the same as above, except
that the operators creating incoming (destroying outgoing)
particles are always placed at the earliest (latest) time. In
addition, there are no 1=ð2ωÞ factors for the external
propagators; the first cut occurs after the first vertex, and
the last cut before the final vertex. In general such an
amplitude is off shell. The on-shell amplitude, whose
absolute square is related to the scattering cross section,
is obtained by choosing the initial and final spatial
momenta such that the initial- and final-state energies both
sum to E. In this on-shell limit, the result for the amplitude
is identical to that given by the expression obtained using
Feynman diagrams, and, in particular, is Lorentz invariant.

7The precise values of the times are irrelevant to the value of
the diagram; they are being used here only to label the ordering of
vertices.

8A potential second type of relevant cut, arising from a single
dressed propagator, is discussed in Appendix A, and shown to be
absent.
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• If  then only 3-particle cuts can be singular
• Cuts are either relevant (have pole)
• Or irrelevant (nonsingular) — can replace sums 

with integrals

E* < 5M2

RelevantIrrelevant
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10/18T. Blanton, APLAT 2020

3PIs building blocks
Step 1: Group irrelevant cuts into compact 3PIs quantities

�Sum of all 3PIs left (right) endcaps:

�Sum of all connected 3PIs 3 → 3 diagrams:

�Sum of all disconnected (2+1) 3PIs 3 → 3 diagrams:
� sum of all 2PIs 2 → 2 diagrams

No relevant cuts⇒ can treat these as ∞-volume quantities

8/3/2020

Skeleton expansion

27

• Use skeleton expansion in terms of TOPT diagrams, ordered by the number of 
``relevant cuts” e.g.

• Loops with only irrelevant cuts can be integrated; build up TOPT kernels 

• Kernels are off shell ( )

• Kernels are matrices with indices associated with cuts: two independent 
three-momenta

̂A ′ , ℬ2,L = 2ωL3ℬ2, ℬ3, ̂A

E ≠ ∑ ωi
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Two types of relevant cuts

28

• Two types of relevant cuts: F- and G-like

11/18T. Blanton, APLAT 2020

F and G cuts
Step 2: Define compact quantities for the relevant cuts

8/3/2020

k kp

pa ar

r

b
b

“switch”“no switch”
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All orders summation

29

• Group diagrams according to the number of relevant cuts:

• Use symmetry of  to write all cuts as ̂A′ , ̂A, ℬ3 DF + DG

12/18T. Blanton, APLAT 2020

Constructing

This simple closed-form expression for 𝐶3,𝐿 is the main advantage of the new derivation

8/3/2020

• Simple, explicit expression!

• Clean separation of finite-vol. momentum sums and infinite-vol. integrals

• (Relatively) straightforward to generalize to other systems (nondegenerate, 
multiple channels, …)
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On-shell projection

30

• On-shell projection necessary to relate FV energies to physical infinite-vol amplitudes 

11/18T. Blanton, APLAT 2020

F and G cuts
Step 2: Define compact quantities for the relevant cuts

8/3/2020

k kp

pa ar

r

b
b

1
L6 ∑

k
∑

a

= ∫k
PV∫a

+
1
L3 ∑

k [ 1
L3 ∑

a

− PV∫a ]
∼ F̃

⇒ DF = Ĩ F + F̃
Project

adjacent kernels 
on shell:

{k, a} → {kℓm}

Integral 
operator that 
sews kernels 

together

• Decompose adjacent kernels into on-shell part 
and residue

• Residue cancels pole & leads to integral operator

⇒ DG = G̃ + δ G̃
Integral 

operator that 
sews kernels 

together
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Re-summing

31

• Simple rearrangement of geometric series leads to on-shell form

• Simplicity of expression is due to combining 2- and 3-particle K matrices 

•  are on-shell, infinite-volume quantities, with 

 the same two-particle K matrix as in the Feynman-diagram approach

• “ ” & “ ” indicate asymmetry due to factors of 

• Have assumed that  has no poles as a function of ; if it does, can use 
a modified PV prescription to avoid the issue

Ã ′ (u), 𝒦2, �̃� (u,u)
df,3 , & Ã (u)

𝒦2

(u) (u, u) ℬ2,L

ℬ2,L k

15/18T. Blanton, APLAT 2020

Final expression for 

� and             are on-shell ∞-volume amplitudes

�The combination                                  appears naturally due to the                    construction

�(𝑢) labels indicate asymmetry under particle exchange due to the spectator-dependent

8/3/2020

15/18T. Blanton, APLAT 2020

Final expression for 

� and             are on-shell ∞-volume amplitudes

�The combination                                  appears naturally due to the                    construction

�(𝑢) labels indicate asymmetry under particle exchange due to the spectator-dependent

8/3/2020

where
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Meaning of asymmetry

32
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<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

+ . . .

<latexit sha1_base64="SpN4M4OK5Fbmu5jFA2CoIFy4H+w=">AAAB7nicbVC7SgNBFL3rM8bXqgiCzWAQBCHsiqB2AZuUEcwDkiXMTmaTIbMPZu4KYclH2FgooqW1pZ9h54fYO3kUmnhg4HDOPcy9x0+k0Og4X9bC4tLyympuLb++sbm1be/s1nScKsarLJaxavhUcykiXkWBkjcSxWnoS173+9cjv37HlRZxdIuDhHsh7UYiEIyikeqnpNWJUbftglN0xiDzxJ2SQsn+/ng/2H+ttO1Pk2NpyCNkkmrddJ0EvYwqFEzyYb6Vap5Q1qdd3jQ0oiHXXjZed0iOjdIhQazMi5CM1d+JjIZaD0LfTIYUe3rWG4n/ec0Ug0svE1GSIo/Y5KMglQRjMrqddITiDOXAEMqUMLsS1qOKMjQN5U0J7uzJ86R2VnTPi1c3po0yTJCDQziCE3DhAkpQhgpUgUEf7uERnqzEerCerZfJ6II1zezBH1hvP2Zakq0=</latexit>

eKdf,23,L =

<latexit sha1_base64="cqFMgPcPgeKdK5l7m0TAirKMRcE="></latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k
`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p
`
0
m

0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

� eG

<latexit sha1_base64="tz8N+yEvDI1DgmP1aen5ThsfzRk=">AAAB+3icbVDJSgNBEO2JW4xbjEdBGoPgKcyIoJ4MeNCDhwTMAkkIPT2VpEnPQneNGkKO/oYXD4p4FfwNvfkN+hF2loMmPih4vFdFVT03kkKjbX9aibn5hcWl5HJqZXVtfSO9mSnrMFYcSjyUoaq6TIMUAZRQoIRqpID5roSK2z0b+pVrUFqEwRX2Imj4rB2IluAMjdRMZ+oeSGT1G+EBCukBPW+ms3bOHoHOEmdCsqfvX3c7b8XvQjP9UfdCHvsQIJdM65pjR9joM4WCSxik6rGGiPEua0PN0ID5oBv90e0DumcUj7ZCZSpAOlJ/T/SZr3XPd02nz7Cjp72h+J9Xi7F13OiLIIoRAj5e1IolxZAOg6CeUMBR9gxhXAlzK+UdphhHE1fKhOBMvzxLygc55zB3UrSz+UsyRpJsk12yTxxyRPLkghRIiXByS+7JI3myBtaD9Wy9jFsT1mRmi/yB9foD+XqY6A==</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

FIG. 8: Diagrams contributing to [eK(u,u)
df,23,L]k`m;p`0m0 . Notation as in Figs. 6 and 7. Factors of i are implicit.

to what one does when defining a K matrix, namely removing the imaginary parts that arise from unitary cuts. In

particular, since all the integrals that appear either use a PV prescription or avoid the pole, eK(u,u)
df,23,L is real. Because

of this similarity, we refer to it as a K matrix, and, indeed, the connection to standard K matrices can, in part, be
made more precise, as we show below. We use the subscript “23” to indicate that it contains amplitudes for both
two- and three-particle scattering. Finally, “df” stands for “divergence free”, which is to say that, by construction, it
contains no singularities due to three-particle cuts. This use of “df” is taken over from HS1.

The final issue concerns the volume dependence of the kernels. We find that eA0(u), eA(u), and �C3,1 are infinite-

volume quantities, and that eK(u,u)
df,23,L can be simply related to infinite-volume quantities, both results holding up

to exponentially-suppressed corrections. These results, derived in the next subsection, will allow us to make all L

dependence explicit.

4. Volume (in)dependence of kernels

The most complicated of the kernels is eK(u,u)
df,23,L, and we address this first. As is clear from Fig. 8, the 2 ! 2 part

of eK(u,u)
df,23,L is given by the geometric series

iK2,L ⌘ iB2,L
1

1 � ieIF iB2,L

= iB2,L + iB2,L ieIF iB2,L + · · · . (65)

The o↵-shell version of this quantity, i.e. with indices {ka, pr}, will be a key building block in the final expression.
The factors of 2!kL

3 cancel in pairs, leaving a single overall factor of this type, allowing us to write
⇥
K2,L

⇤
ka;pr

= 2!kL
3 [K2]ka;pr , (66)

[K2]ka;pr ⌘ �kpK2(E2,k,P2,k;a; r) , (67)

where K2(E2,P2;a; r) is the infinite-volume 2 ! 2 quantity obtained by sewing together any number of B2 kernels
with the two-particle version of eIF . As the name suggests, it is related to a two-particle K matrix. Indeed, we show
in Appendix B that the on-shell restriction is given by

⇥
K2,L

⇤
k`m;p`0m0 = 2!kL

3 [K2]k`m;p`0m0 , (68)

[K2]k`m;p`0m0 = �kp�``0�mm0K
(`)
2 (q⇤

2,k) , (69)

2ωL3𝒦2 + �̃� (u,u)
df,3

On-shell kernels 
shown by flat 

ends

• Momenta  spectate if external interaction involves two particlesk, p
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Obtaining QC3 (asymmetric form)

33

16/18T. Blanton, APLAT 2020

New form of the quantization condition

�Poles occur at energies in FV spectrum ⇒ when determinant of RHS is singular

�Asymmetric QC:

8/3/2020

• Spectrum determined by poles in C3,L(E, P)

16/18T. Blanton, APLAT 2020

New form of the quantization condition

�Poles occur at energies in FV spectrum ⇒ when determinant of RHS is singular

�Asymmetric QC:

8/3/2020

⇒

•  related to  by known integral equations

• “df”=“divergence-free”; absence of divergences is manifest given explicit form

• This is the form of the QC3 that can be shown to be equivalent to that in the 
FVU approach [BS20b]

�̃� (u,u)
df,3 ℳ3
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Comparing QC3s

34

Greatly simplified derivation, easy to 
generalize

Explicit expressions for all quantities

Clean separation of infinite- and finite-
volume quantities

 is not Lorentz invariant (because 

we used TOPT)

Asymmetry of  implies that 

description requires additional parameters 

�̃� (u,u)
df,3

�̃� (u,u)
df,3

det[1 + (2ωL3𝒦2 + �̃� (u,u)
df,3 )( F̃ + G̃ )] = 0det[1 + F3𝒦df,3] = 0

19

Using similar expansions for eA0(u), eA(u), and �C3,1, we find that the factors of L
3 in B2,L, eIF , and � eG either cancel

or can be used to convert sums into integrals, again assuming a PV prescription such that K2 is smooth. Thus these
three kernels are also infinite-volume quantities.

5. Summary

We close this subsection by taking stock of what has been achieved. We started from the closed-form expression
for the three-particle correlator, Eq. (24), which is composed of infinite-volume amplitudes, but has the disadvantage
that these amplitudes are o↵ shell. After some technical e↵ort, which involved generalizing results from HS1 so that
they applied to TOPT amplitudes, we obtained two simple equations, (52) and (57), that allow the correlator to be
expressed in terms of on-shell kernels, as shown explicitly in Eq. (59). In a final step, we determined the volume
(in)dependence of these kernels. These steps lead to the following result for the correlation function,

C3,L(E,P) = eC3,1(E,P) + eA0(u)
i( eF + eG)

1

1 � i

⇣
2!L3K2 + eK(u,u)

3,df

⌘
i( eF + eG)

eA(u)
, (75)

where contributions with no L dependence are collected into21

eC3,1 ⌘ eC(0)
3,1 + � eC3,1 , (76)

and we have introduced the diagonal matrix
⇥
2!L

3
⇤
k`m;p`0m0 = �kp�``0�mm0 2!kL

3
. (77)

All L dependence is now explicit, entering through the quantities eF , eG, and 2!L
3.

Our result can be compared to Eq. (250) of HS1, rewritten to match our notation:

C3,L = C3,1 + A
0
iF3

1

1 � iKdf,3iF3
A , (78)

F3 = eF
"

1

3
�

1

1/(2!L3K2) + eF + eG
eF
#

. (79)

This shows the trade-o↵ that we have made: by using an asymmetric form of the three-particle K matrix, our final
expression is simpler, containing only the combination eF + eG and no factors of 1/3. Another gain is that we have
explicit expressions for all quantities in terms of the underlying TOPT amplitudes, in contrast to HS1, where the
definitions of the kernels are constructive and not explicit.

D. New form of the quantization condition

To make contact with the FV energy spectrum of the theory, we exploit the fact that C3,L(E,P) has a simple pole

whenever E lies in the FV spectrum. Since eC3,1, eA0(u)
, eA(u) are all smooth infinite-volume quantities, any singularity

in C3,L must arise from the quantity lying between eA0(u) and eA(u) in Eq. (75). This quantity is a matrix in the {k`m}

index space, and must have a diverging eigenvalue for C3,L to have a pole. Equivalently, the determinant of its inverse
should vanish,

det
h

eF + eG
i�1

det
h
1 � i

⇣
2!L

3
K2 + eK(u,u)

3,df

⌘
i( eF + eG)

i
= 0 . (80)

The energies where det[ eF + eG]�1 = 0 are the free three-particle energies where E = !k + !a + !bka for some choice

of FV momenta k,a 2
2⇡
L Z3. For general K2 and eK(u,u)

3,df , we expect that the product of the two determinants will not

21 Our notation (with the subscript 1) is slightly misleading because eC3,1 is not the complete infinite-volume limit of C3,L, since the
other term on the right-hand side of Eq. (75), which contains all the volume dependence, has a nonvanishing infinite-volume limit.

Complicated derivation, hard to generalize

Implicit, constructive definitions

 is Lorentz invariant

 is symmetric under particle 
exchange, so easier to parametrize

𝒦df,3

𝒦df,3

[HS14, HS15] [BS20a]
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Best of both worlds

35

det[1 + (2ωL3𝒦2 + �̃� (u,u)
df,3 )( F̃ + G̃ )] = 0

can symmetrize to 
original form

det[1 + F3 �̃� ′ df,3] = 0

•  obtained from  by solving an integral equation and symmetrizing

•Can show that  (since both related to  by same integral 
equation) so obtain exactly the original [HS14] QC3

•Thus symmetrization also restores Lorentz invariance!

�̃� ′ df,3 �̃� (u,u)
df,3

�̃� ′ df,3 = 𝒦df,3 ℳ3
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Relating  to 𝒦df,3 ℳ3

36
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Overview of method [HS15/BS20a]

37

• Introduce asymmetric finite-volume 3-to-3 amplitude, , such that, when take 

 limit appropriately, and symmetrize, obtain  

•Derive expression for  in terms of  using TOPT/symmetrization

•Take  limit and obtain integral equations

ℳ(u,u)
3,L

L → ∞ ℳ3

ℳ(u,u)
3,L 𝒦df,3

L → ∞
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Obtaining TOPT result for ℳ(u,u)
3,L

38

•TOPT form of  before on-shell projection

• Initial/Final states are at 

•Kernels are the same as in expression for 

ℳ(u,u)
3,L

t = ± ∞
CL

asymmetric K matrix K̃ðu;uÞ
df;3 and the full 3 → 3 amplitude

M3. This latter relation is somewhat off the main line of
development of this paper, so we relegate it to Appendix E.
M3;L is defined as the amputated, connected, 3 → 3

finite-volume amplitude. It is in general off shell, and thus a
matrix in fkag space. It is simpler to begin by considering
an asymmetric version of the amplitude, M̃ðu;uÞ

3;L , defined so
that, if there is an external factor of B̄2;L, the spectator
propagator is always labeled with one of the external
momenta (typically called k or p). This definition is
illustrated in Fig. 10.25 As we have seen several times
above, results are simplified if we combine the asymmetric
three-particle amplitude with the corresponding two-
particle quantity, here M̄2;L. (This is defined in Eq. (B1),
and is simply M2;L packaged with an inverse spectator
propagator.) The TOPT result for this combination is a
geometric series,

iðM̄2;L þ M̃ðu;uÞ
3;L Þ ¼ 1

1 − iðB̄2;L þ B3ÞiðDF þDGÞ
× iðB̄2;L þ B3Þ: ð83Þ

To obtain the fullM3;L we symmetrize by summing over the
different attachments of the external momenta

½M3;L&ka;k0a0 ¼
X

x∈P

X

x0∈P0

½M̃ðu;uÞ
3;L &x;x0 ; P ¼ fka; ab; bkg;

P0 ¼ fk0a0; a0b0; b0k0g: ð84Þ

Only three terms are needed on both sides (rather than the 3!
one might have expected) because B2 is symmetric under
a ↔ b interchange. No overall factor of 1=9 is needed
because this factor is built into B3—see the discussion
above Eq. (8).
The remaining steps are essentially a repeat of those we

used for C3;L. We find that Eq. (59) is replaced by26

iðM̄2;L þ M̃ðu;uÞ
3;L Þ ¼ iK̃ðu;uÞ

df;23;L
1

1 − iðF̃ þ G̃ÞiK̃ðu;uÞ
df;23;L

;

ð85Þ

Using the algebraic result (C13), as well as the decom-
position of K̃ðu;uÞ

df;23;L, Eq. (71), and the result for M̄2;L,

Eq. (B3), we can extract the expression for M̃ðu;uÞ
3;L :

iM̃ðu;uÞ
3;L ¼ iDðu;uÞ

L þ iM̃ðu;uÞ
df;3;L ð86Þ

where

iDðu;uÞ
L ≡ iM̄2;LiG̃iM̄2;L

1

1 − iG̃iM̄2;L
; ð87Þ

iM̃ðu;uÞ
df;3;L ≡ ½1þ iDðu;uÞ

23;L iðF̃ þ G̃Þ&iT̃ ðu;uÞ
L

× ½1þ iðF̃ þ G̃ÞiDðu;uÞ
23;L &; ð88Þ

FIG. 10. Diagrams contributing toMðu;uÞ
3;L in TOPT. Notation as in Fig. 1. The asymmetric feature of this amplitude is that the momenta

k and p are always assigned to a spectator line, if one is present.

25We include a tilde on M̃ðu;uÞ
3;L since it is different from the

similar quantity Mðu;uÞ
3;L defined in HS2, with the latter having an

asymmetry based on the Feynman skeleton expansion. We stress,
however, that the symmetrized version M3;L is the same as in
HS2 (when evaluated on shell).

26Strictly speaking, this way of writing the result only holds if
all quantities are on shell, so that all matrices are square. Indeed,
we have only considered above the on-shell form of K̃ðu;uÞ

df;23;L.
However, its definition, given in Eqs. (71) and (72), can be
extended off shell. The same is true for the result here, if one
expands out the geometric series and evaluates it term by term,
and also for Eq. (86). These extensions are convenient, but not
essential for the following discussion.

TYLER D. BLANTON and STEPHEN R. SHARPE PHYS. REV. D 102, 054520 (2020)

054520-18

•Obtain geometric series if include disconnected part

i(ℳ2,L + ℳ(u,u)
3,L ) = i(ℬ2,L + ℬ3)

1
1 − i(DF + DG)i(ℬ2,L + ℬ3)
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On-shell projection

39

•Obtain geometric series if include disconnected part

i (2ωL3ℳ2 + ℳ(u,u)
3,L )off

= i(ℬ2,L + ℬ3)
1

1 − i(DF + DG)i(ℬ2,L + ℬ3)

•Project on shell as before, both “internally” and “externally”

i (2ωL3ℳ2 + ℳ(u,u)
3,L )on

= i (2ωL3𝒦2 + 𝒦(u,u)
df,3 ) 1

1 − i(F̃ + G̃)i(2ωL3𝒦2 + 𝒦(u,u)
df,3 )

•Gives expression for  in terms of same quantities that appear in QC3ℳ(u,u)
3,L
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Symmetrization

40

•On-shell form in terms of asymmetric ℳdf,3

i (2ωL3ℳ2 + ℳ(u,u)
3,L )on

= i (2ωL3𝒦2 + 𝒦(u,u)
df,3 ) 1

1 − i(F̃ + G̃)i(2ωL3𝒦2 + 𝒦(u,u)
df,3 )

•Use symmetrization identities, plus extensive algebraic gymnastics, to find

ℳ3,L = 𝒮 {𝒟(u,u)
L + ℳ(u,u)

df,3,L}
i𝒟(u,u)

L = iℳ2,LiG̃iℳ2,L
1

1 − iG̃iℳ2,L
, ℳ2,L = 2ωL3ℳ2

iℳ(u,u)
df,3,L = ℒ(u)

L i𝒦df,3
1

1 − iF3i𝒦df,3
ℒ(u)†

L

ℒ(u)
L =

1
3

+
1

1 − iℳ2,LiG̃
iℳ2,LiF̃

Composed of 
same quantities 
as symmetric 

QC3
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Diagrammatic interpretation

41

ℳ3,L = 𝒮 {𝒟(u,u)
L + ℳ(u,u)

df,3,L}
i𝒟(u,u)

L = iℳ2,LiG̃iℳ2,L
1

1 − iG̃ℳ2,L
, iℳ(u,u)

df,3,L = ℒ(u)
L i𝒦df,3

1
1 − iF3i𝒦df,3

ℒ(u)†
L
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Diagrammatic interpretation

41

ℳ3,L = 𝒮 {𝒟(u,u)
L + ℳ(u,u)

df,3,L}
i𝒟(u,u)

L = iℳ2,LiG̃iℳ2,L
1

1 − iG̃ℳ2,L
, iℳ(u,u)

df,3,L = ℒ(u)
L i𝒦df,3

1
1 − iF3i𝒦df,3

ℒ(u)†
L

Part of  
that leads to on-
shell divergences 

in 

ℳ3,L

ℳ3
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Diagrammatic interpretation

42

ℳ3,L = 𝒮 {𝒟(u,u)
L + ℳ(u,u)

df,3,L}
i𝒟(u,u)

L = iℳ2,LiG̃iℳ2,L
1

1 − iG̃ℳ2,L
, iℳ(u,u)

df,3,L = ℒ(u)
L i𝒦df,3

1
1 − iF3i𝒦df,3

ℒ(u)†
L
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Diagrammatic interpretation

42

ℳ3,L = 𝒮 {𝒟(u,u)
L + ℳ(u,u)

df,3,L}
i𝒟(u,u)

L = iℳ2,LiG̃iℳ2,L
1

1 − iG̃ℳ2,L
, iℳ(u,u)

df,3,L = ℒ(u)
L i𝒦df,3

1
1 − iF3i𝒦df,3

ℒ(u)†
L

Part of  
that leads to 

divergence-free 
part of 

ℳ3,L

ℳ3
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Infinite-volume limit

43

•Reintroduce  in energy denominators (irrelevant in finite volume)

•Take , and sum of finite-volume TOPT (or Feynman) diagrams becomes exactly 
the diagrams leading to 

•Matrix equations involving  become integrals

• Sums over  remain

•Obtain a set of nested integral equations and applications of integral operators

•E.g. for “ladder series” that contains divergences

iϵ
L → ∞

ℳ3

k
ℓ, m

i𝒟(u,u)
L = iℳ2,LiG̃iℳ2,L + iG̃iℳ2,Li𝒟(u,u)

L

i𝒟(u,u)
L = iℳ2,LiG̃iℳ2,L

1
1 − iG̃iℳ2,L
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Summary of Lecture 2
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Summary of Lecture 2
• Applications of QC2 are at a mature and sophisticated stage

• Derivation of QC3 is complicated, but final result is relatively simple

• Intuitive interpretation of each part

45

det[1 + F3𝒦df,3] = 0

19

Using similar expansions for eA0(u), eA(u), and �C3,1, we find that the factors of L
3 in B2,L, eIF , and � eG either cancel

or can be used to convert sums into integrals, again assuming a PV prescription such that K2 is smooth. Thus these
three kernels are also infinite-volume quantities.

5. Summary

We close this subsection by taking stock of what has been achieved. We started from the closed-form expression
for the three-particle correlator, Eq. (24), which is composed of infinite-volume amplitudes, but has the disadvantage
that these amplitudes are o↵ shell. After some technical e↵ort, which involved generalizing results from HS1 so that
they applied to TOPT amplitudes, we obtained two simple equations, (52) and (57), that allow the correlator to be
expressed in terms of on-shell kernels, as shown explicitly in Eq. (59). In a final step, we determined the volume
(in)dependence of these kernels. These steps lead to the following result for the correlation function,

C3,L(E,P) = eC3,1(E,P) + eA0(u)
i( eF + eG)

1

1 � i

⇣
2!L3K2 + eK(u,u)

3,df

⌘
i( eF + eG)

eA(u)
, (75)

where contributions with no L dependence are collected into21

eC3,1 ⌘ eC(0)
3,1 + � eC3,1 , (76)

and we have introduced the diagonal matrix
⇥
2!L

3
⇤
k`m;p`0m0 = �kp�``0�mm0 2!kL

3
. (77)

All L dependence is now explicit, entering through the quantities eF , eG, and 2!L
3.

Our result can be compared to Eq. (250) of HS1, rewritten to match our notation:

C3,L = C3,1 + A
0
iF3

1

1 � iKdf,3iF3
A , (78)

F3 = eF
"

1

3
�

1

1/(2!L3K2) + eF + eG
eF
#

. (79)

This shows the trade-o↵ that we have made: by using an asymmetric form of the three-particle K matrix, our final
expression is simpler, containing only the combination eF + eG and no factors of 1/3. Another gain is that we have
explicit expressions for all quantities in terms of the underlying TOPT amplitudes, in contrast to HS1, where the
definitions of the kernels are constructive and not explicit.

D. New form of the quantization condition

To make contact with the FV energy spectrum of the theory, we exploit the fact that C3,L(E,P) has a simple pole

whenever E lies in the FV spectrum. Since eC3,1, eA0(u)
, eA(u) are all smooth infinite-volume quantities, any singularity

in C3,L must arise from the quantity lying between eA0(u) and eA(u) in Eq. (75). This quantity is a matrix in the {k`m}

index space, and must have a diverging eigenvalue for C3,L to have a pole. Equivalently, the determinant of its inverse
should vanish,

det
h

eF + eG
i�1

det
h
1 � i

⇣
2!L

3
K2 + eK(u,u)

3,df

⌘
i( eF + eG)

i
= 0 . (80)

The energies where det[ eF + eG]�1 = 0 are the free three-particle energies where E = !k + !a + !bka for some choice

of FV momenta k,a 2
2⇡
L Z3. For general K2 and eK(u,u)

3,df , we expect that the product of the two determinants will not

21 Our notation (with the subscript 1) is slightly misleading because eC3,1 is not the complete infinite-volume limit of C3,L, since the
other term on the right-hand side of Eq. (75), which contains all the volume dependence, has a nonvanishing infinite-volume limit.

E0(L)

E1(L)

E2(L)

Kdf,3 M3



/45S. Sharpe, “Multiparticle Scattering”, Lecture 2, 7/19/2023,  Bad Honnef Summer School

Thank you! 
Questions?
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Generalizations of QC2
• Multiple two-particle channels [Hu, Feng & Liu, hep-lat/0504019; Lage, Meissner & 

Rusetsky, 0905.0069; Hansen & SS, 1204.0826; Briceño & Davoudi, 1204.1110]

• e.g.

48
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Fππ

PV(E, ⃗P , L)−1 0

0 FKK̄
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2 (E*) 𝒦πK
2 (E*)

𝒦πK
2 (E*) 𝒦KK

2 (E*)) = 0

JPC = 0++ ππ + KK̄ (+ηη)
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• Even if truncate to lmax=0, there is no longer a one-to-one relation between 
energy levels and K-matrix elements

• Must parametrize the (enlarged) K matrix in some way and fit parameters to 
multiple spectral levels

• Using these parametrizations can study pole structure of scattering amplitude

• Approach is very similar to that used analyzing scattering data


