Numerical Methods (See, e.g., Mathematical Methods of Physics, by Mathews &
Walker, Computational Physics, by Koonin, and Numerical Recipes by Press)

Imagine, asis often the case, that we know that the derivative of afunctionisgivenin
terms of another function(al) of the original function and the free variable, e.g.,

y(t)="f(ty). (NM.1)

We also know that  Y(t,) =Y, and we want to use thisinformation to (numerically)

findy at other values of t, i.e., numerically solve the above equation. Previously we
have considered cases where there is no t dependence on the right-hand-side and
proceeded by separating variables and writing

dy [ dy’
dt=—"=1t-t = .
f(y) 0 )',[f(y’) (NM.2)

Even in this case we may not be able to perform the integral analyticdly and want to
use numerical methods. A common method for numerically estimating an integral is
to use Simpson’srule. Suppose we want to evaluate

b
I :I f (x)dx, (NM.3)

with f(x) aknown (but presumably complicated) function. Simpson says that we

should divide theinterval Ax=b—-a inton (n = even) smaller equal intervals, h= Ax/n
and calculate

| :g[f(a)+4f (a+h)+2f (a+2h)+ 4f (a+3h)+2f (at 4h)

+...+2f (b—2h)+4f (b—h)+ f (b)]. (NM.4)

We could apply this method above to find thetimeto go from y, to y,, i.e.,
h=(y,-Y,)/n. Using such amethod one can test the reliability of the result by
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looking at how rapidly the numerical result varies as nisvaried. Clearly one expects
arbitrarily accurate resultsas n — .

Returning to the original problem, Eq. (NM.1), atypical approach would be to use the
Runge-Kutta method. By using Taylor series expansion we can show that a good
estimate of y(t,+5) (to order 5°) is provided by

Y(t,+8)=Y, +%(kl+2k2+ 2k, +k,) [+O(55)],
(

(NM.5)

Thisresult is, in fact quite similar to the Simpson result. To see where this comes
fromwe define f, =f (t,,Y,), f, =of /ay|(b‘vO), f =of /at|(t0’y0), etc. With this notation we

can expand the above expressions (in general to arbitrary order, but here to order 5*)
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k1:5f0’

K,=6 f+—f+k1f' f+26k1f+k1 fo
2020 420" 420 4.2

5% .. 3 .. 3 : |<13
+ f +—06%k f'+—0ok?f"+ ——f"+0O(5°
86 ° 86 k1°8-6k1°8-6°} (5°)

. 2 .e 2 . 2
=5{fo+gfo+%fofo’+%fo+%fofo’+%f02fo"

5 ) (NM.6)
+—f,+ 53f0f0' —53f f”+—f Yty +0(8°%),
48 ° 16 16 48

3

5 +§(f w1 10)+ (£ 26, g £212)
0 2 0 0°0 8 0 0'0 0 °'0

4

+%( f,+3f f +3f )+ ff ”’)+O(55),
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2 2
=o|f4+0f e, 0§ 0K, K g
2 2 4.2 4.2 4.2
3 3
+5—f = 52k2f'0’+iék§f0’ L f”+0(55)
8-6 8-6 8-6 8-6

:5{f0+%f 2{5f +52 (fo+ fofg)+ i(f'o+2fofo’+f02fo”)}fo’

2

52, & S5’ 1 5° N
+§f +4{6f0+ 2(f + f, f )}f 8{6f + 2(f0+fofo)} f)

53 1 P 1 53 5
Tt 4+ =82 {5f, ) f =5 {5f,) ./ —f2f"|+0O(5
"8 16 {61o) °"16 (015} 48 } (5°)

2 3
_ 51, +%( £+ fofo’)+%{ £ 26, f 0+ 2( o+ 11) T+ 178)
4

+f—6{ fof)+af,f f +3f 26 f" +2f,f +2f,f,f

+%f(',+fof;)'+fozf'o”+%f03f0”}+0(55), (NM.7)

Physics 505 Numerical Methods 4 Autumn 2005



: 52-- 5k k2
k =6| f.+0f +k f/+—f 3f’ = f/
4 |:O 0 k?»O 2 O 2 2

3
+5—f +362kf = 5k fl+ s = £"|+0(5°)
6 ° 6 6 6

{f+5f +[5f +5 (f,+%,%)

3

+%{ fo+ 26, fo+2( £+ f,f5) f+ fozfo'}) fo

5% (. i
(6fo+( f+ f, fo')}
2
fl foll

5° 5? :
+?f+5£5f+2(fo+fofo)j s+ >

y . (81,)
+ 64261, f0’+%(5f0)2 g 60) fo"%o(ss)

3
:5f0+52(f0+fofc;)+%{f0fo’+fo(fo’)2+f'o+2fof"+ f2f5)
54 e £ F g 3 1\2 \3 21 M e £
+§( fof0+6f0fofo+2(fo(f0) + £ (o) )+5f0 f f,+4f,f,

(NM.8)
+4f,f, f”+ fo+4f T/ +4f2 f”+—f f”j+0(5 )

Thus, if we take the Runge-Kutta combination for the change in the function, we have

2

%(k1+2k2 + 2K, +k4):5f0+%( fo + o))

3

+%( for 2o fo+ T 1) + fofg+ 151))

4 NM.9
+g—4(f+ff+3ff+3ff’+5fff’+3f fr (NM.-9)

360 B (1) + 417 fo )+ () + £515),
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On the other hand we find by (tedioudly) taking derivatives directly

y(t)=
y(t)—f +ffo',
y(t,)= T, +2f f/+ f (f) + f f,+ T 25,

0 (NM.10)
Y (to)= o+ Tofg + 35,5 +31,f5+ 51, f5 5+ 3121y

+3f f f 0 £ ()" + 426 10+ f,(f)) + £ 21"

0 0

Thus, as advertised, the Runge-Kutta expression is the appropriate expansion, i.e., the
Taylor series. Clearly the Runge-Kutta notation is much more compact!
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