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4.2.2.1. Method of Moments

If the parameter 6 can be expressed in terms of
population means, variances, and covariances, and no
other information is available beyond the sample val-
ues, a common procedure (though certainly not the
only one) is “method-of-moments” estimation. In this
case the population moments are estimated with the
sample moments, e.g.,

0:(60) = x;
6,0)%= s?

G,(0)= Sijs

with the subscript indicating that multiple attributes
are recorded for a sample. The value of 6 for which
one or more of these equalities hold is the method-of-
moments estimate of 0. Thus the functions p,(8), 6,(6),
and/or 0;;(0) essentially determine the estimate 8. The
“knowns” in this approach are sample values Xi1s ooer
Xin, and the unknown is 6. A value for 0 is to be chosen
so that the population moments are equal to the sample
moments,

Example

You wish to estimate the annual survival rate S and
recovery rate f for mallards banded on their breeding
grounds in the preseason and subjected to harvest dur-
ing the ensuing two hunting seasons. By recovery rate
is meant the probability that a banded bird is harvested
and the band is reported to a central repository. A
proportion p; = f of bands is expected to be recovered
in the year of banding. Because birds must survive
until year 2 in order to be harvested that year, the
proportion of bands expected to be recovered in the
second year is p, = Sf (assuming the same recovery
rate in both years). If 1000 birds are banded in the
preseason of year 1 and 90 and 60 bands are recovered
in years 1 and 2, respectively, an estimate of S and f
can be obtained with the method of moments by

PGS, = ]A[
= 90/1000
= 0.09
and
PaAS. ) = Sf
= 60/1000
= 0.06,

from which we get f = 0.09 and § = 0.67. Note that

the estimates of fand S are derived without any infor-
mation about the underlying distribution of the recov-
ery data, beyond the mathematical assumptions about
the return proportions. Thus, the information neces-
sary to assess the reliability of the estimates and to
perform tests of statistical significance is missing.

4.2.2.2. Maximum Likelihood Estimation

A procedure used throughout this book to estimate
parameters is maximum likelihood estimation. The
procedure requires knowledge of the underlying distri-
bution of a random sample, as well as the actual sample
values. Thus, one presumes to know the mathematical
form of the distribution function f(x/6), but not to know
the value 8 for the distribution. Under these conditions
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one estimates 6 by sampling the population and using
the distribution function as a likelihood function.

The difference between maximum likelihood esti-
mation and other estimation techniques concerns the
use of the likelihood function. Instead of choosing 8 to
equate sample and population moments, for example,
here we choose 8 to maximize f(x]6). Note, however,
that the roles of parameter and variable have been
switched: we wish to choose a value for the “variable”
0 to maximize f(x|6), which is “parameterized” by the
sample value x. It is in this sense that the distribution
function becomes a likelihood function. The usual con-
vention is to express the likelihood function as L(6|x)
to emphasize the changed roles of 8 and x.

The usual method for determining maximum likeli-
hood estimates is based on differentiation of the likeli-
hood function. Assume for now that the 6§ is the
maximum likelihood estimator of a single parameter
6. Under certain mild conditions it can be shown that
the value 8 maximizing L(6]x) can be obtained by differ-
entiating log(L) with respect to 6 and setting the deriva-
tive to 0:

dllog L(6l0)]
de B

The value of 6 that satisfies this equation (which is
known as the likelihood equation) also maximizes L
and therefore is the maximum likelihood estimator
(conditional on x). In the case in which there are, say,
k parameters in §, then k likelihood equations are de-
fined by partial differentiation of the log likelihood
with respect to each parameter:

d[log L(6x)]
90; -

i = 1, .., k. Simultaneous solution of the likelihood
equations yields the vector § of maximum likelihood
estimates for 8. Appendix H provides background and
techniques for optimization of expressions such as the
likelihood function.

Example

We can illustrate maximum likelihood estimation
by means of a Bernoulli distribution. Recall that the
Bernoulli distribution specifies the probabilities of bi-
nary attributes, e.g., coin tosses (heads or tails), sex
character (male or female), physiological condition
(e.g., alive or dead), or capture status (captured or not
captured). Suppose that we have a random sample of
n bird nests, and x = 1 represents nest success (at least
one bird fledges) and x = 0 represents nest failure (all
eggs or nestlings are destroyed). Assume that 10 nests
are observed, with the sample outcome x = {1,0, 1, 1,

1,0,0,0,1, 1}, or six successful and four failed nests.
On assumption that the nest fates are independent and
identically distributed, this is an outcome of a random
sample of size 10 from a Bernoulli distribution, with
unknown probability p of nest success. We can model
the probability associated with y successes out of 10
nesting attempts with the binomial distribution:

flylp) = <1y0> pY(1 — p)1oy,

The likelihood function corresponding to six successes
is therefore

Liply = 6) = (16());96(1 -pt

The maximum of this likelihood can be obtained by
taking the first derivative of the logarithm of the likeli-
hood with respect to p, setting the result equal to 0,
and solving for p. After some algebra this results in
the equation

6_ 4+ _,
p 1-p
or

p = 06.

To show that this estimate maximizes the likelihood,
we can construct the likelihood L{ply = 6) for the
sample data and then substitute different values for p
(Fig. 4.4). For any other value of p than 0.6 the likeli-
hood will be seen to have a lower value than L(0.6y
= 6).
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FIGURE 4.4 Example of maximum likelihood estimation with
Bernoulli distribution, p = 0.6. Plots of the likelihood function L{p|x)
= p°(1 ~ p)* computed for sample data x' = (4, 6) in the text
example, over a range of values for the parameter p. The maximum
value of the likelihood function is attained by § = 0.6, the maximum
likelihood estimate for the data x.
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Example

The results from the example above can be general-
ized by allowing for an arbitrary number # of indepen-
dent Bernoulli trials and any number y of successes.
The appropriate statistical distribution for the situation
is the binomial,

flylp) = (Z)Py(l -p"Y,

and the corresponding likelihood function for, say, y
= 1/, successes is

Liply = yo) = (")19”(1 —pre
Yo

As before, the maximum of this likelihood can be ob-
tained by taking the first derivative of the logarithm
of the likelihood with respect to p, setting the result
equal to 0, and solving for p. This leads to the equation

Yo/p — (n —yo)/(1 —p) = 0,

- from which we get the intuitive maximum likelihood
estimator

p = yo/n.

Example

A laboratory study involves testing the impacts on
wildlife of the agrochemical diazinon. The objective of
the study is to determine the mortality of passerine
birds exposed to a particular concentration of diazinon.
The investigation involves the use of American robins
(Turdus migratorius) as a representative species, with
an aim of estimating the probability p that a randomly
chosen robin, when thus exposed, will die. The study
design involves the exposure of 10 robins to diazinon,
with the number of deaths recorded. The study is repli-
cated three times, resulting in 3, 4, and 6 deaths. From
probability theory we recognize that the appropriate
distribution function for each replication in the experi-
ment is the binomial B(10, p), where p is the probability
of death. Thereplications are independent of each other
by design, so the joint distribution for xy, x,, and x5 is
the product

. — 10 10 10 SXi(] — 39)30- s
= (2)2) (S

with a likelihood function of

Lpl2, 3,5 = <120> <130) (15());710(1 -

for this problem. Differentiation of the log likelihood
yields the likelihood equation

which has the solution § = 0.33. Based on data from
the study and the binomial structure of the probability
density function, the most likely value for mortality
rate under the study conditions is 0.33. Note again that
the estimate p depends on the particular values of x;,
x,, and x3. If the investigation were run again, different
values for these random variables likely would be ob-
tained, resulting in a different value for the estimate.
It is in this sense that § can be thought of as a random
variable, with its own distribution of values that is
inherited from the distribution f(x;, x,, x3).

Maximizing a likelihood function involves the
choosing of an estimate for each parameter in the prob-
ability distribution. For example, there are two parame-
ters for the distribution of our quarterback’s passing
success for five randomly chosen passes. Maximizing
the corresponding likelihood function involves the es-
timation of both parameters, based on the same data
for passing success. Because the same data are used to
estimate both parameters, the estimators typically are
not statistically independent. As a general rule, the
estimation of multiple parameters with the same data
results in covariation among estimators.

Maximum likelihood estimation has some very
strong advantages over other estimation techniques:

o The maximum likelihood estimator 8 has an ap-
proximately normal distribution for large sample sizes.
Furthermore, its distribution converges asymptotically
to a normal distribution as sample sizes increase (Ap-
pendix E). A

e Though the estimator 6 may be biased, it is
asymptotically unbiased in the sense that the expected
value of § converges to the parameter 6 as sample sizes
increase.

e The variance of the estimator 8 is asymptotically
minimum, in that 6 has the least variance of all unbi-
ased estimators of 8 when sample size is large.

¢ With some mathematical manipulation the vari-
ances and covariances of maximum likelihood estima-
tors can be approximated directly from the likelihood
function, using the “information matrix” (Appendix
B).

It is because of these and other useful properties that
we focus on maximum likelihood estimation in this

book.

4.2.3. Confidence Intervals and
Interval Estimation

Because an estimator of a population parameter is
based on a random sample, the estimator is a random
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variable, with its own distribution. A key question is
how good the estimator is, in the sense of being “close”
to the parameter of interest. At issue is the relative
confidence one has that an estimate obtained from ran-
dom sampling accurately represents the parameter.

Approaches to this question constitute the subject
matter of confidence intervals and interval estimation.
Interval estimation is based on knowledge about the
estimator’s distribution, which can be obtained from
the underlying sampling distribution. We focus here on
the normal distribution, because maximum likelihood
estimators (MLEs) are approximately normally distrib-
uted, asymptotically unbiased, with variances and co-
variances that can be derived directly from the
likelihood function. Thus if § is an MLE with approxi-
mate variance var(f), its distribution is approximately
normal with distribution N(8, var(8)). Furthermore, the
frequency of occurrence of values for § in an interval
(a, b) is simply the area under the corresponding nor-
mal curve between a and b.

A “confidence interval” for a parameter 6 utilizes
the distribution of f. The idea is to identify an interval
for values of § that is, say, 95% certain to include 6.
Thus, to specify properly a confidence interval, both
the interval length and the probability level associated
with the interval are required. The procedure is first
to identify the desired probability (the “confidence
level”) of including 8 in the interval. Then the corres-
ponding range of values for § is expressed in terms of
0. Finally, the expression is mathematically manipu-
lated to identify confidence interval bounds on 8.

For example, one might seek a 95% confidence inter-
val for 8 based on the MLE 8. As indicated above, MLEs
are approximately normally distributed estimators that
are asymptotically unbiased. Therefore the MLE  is
within 1.96 standard deviations of 6 with probability
0.95, ie.,

0 — 1.96Vvar(®) < 8 < 0 + 1.96\Vvar(d), (4.4)

with probability 0.95, where both § and var(d) are de-
termined from the likelihood function. After some alge-
braic manipulation these inequalities can be rewritten
as

6 — 1.96Vvar(d) <0 <8 + 1.96Vvar(d), (4.5)

which exhibifs a 95% confidence interval
(é — 1.96Vvar(d), 6 + 1.96\/v’5r(@)>

for the parameter 6. Note the distinction between ex-
pression (4.4), in which a fixed interval contains the
random variable 8, and expression (4.5), in which a
random interval contains the fixed parameter 6. Both

expressions correspond to the same probability, so the
interval in expression (4.5) is 95% certain to include 8.
Said differently, replicated confidence intervals con-
structed as in expression (4.5) will include the parame-
ter 8 with 95% frequency. If one wishes to be even more
certain that the interval includes 8, one can increase the
interval length; i.e., the value 1.96 can be replaced by
a larger number. The appropriate value for a given
confidence level can be found in standard lookup tables
in most statistics textbooks.

In the above example, confidence intervals are ob-
tained by invoking the asymptotic properties of the
MLEs, in particular the property that the estimates
are asymptotically normally distributed. Small sample
sizes and other factors can result in estimates that are
not well represented by normal theory. Then confi-
dence intervals based on a normal approximation may
overrepresent the frequency with which the parameter
is included in them. For some statistical models (e.g.,
the binomial) exact methods are available to compute
confidence intervals in lieu of a reliance on normal
theory. A more general methodology, applicable to all
MLE;s, is the method of profile likelihood. In profile
likelihood, the likelihood function is used to calculate
a confidence interval on a parameter 6, based on the
function

L(B,, é)J

=2In|——F
¢(B) =2 1n [L(eo, 6) )

where L(B,, 8) is the likelihood function evaluated at the
MLESs for all parameters, and L(8,, 8) is the likelihood
function evaluated at the MLEs of the other model
parameters 8 and with 6, varying over its admissible
range. It can be shown that the random variable ¢(6,)
is asymptotically distributed as chi-square with one
degree of freedom (see Appendix E for a discussion
of the chi-square distribution). A (1.— «) confidence
interval on 6y may be obtained by solving for 6, in

00y = x3(w), (4.6)

where x3(a) is the (1 — @) percentile of the chi-square
distribution with one degree of freedom (Buckland et
al., 1993). There typically are two solutions to Eq. (4.6),
and the confidence interval consists of all values 8,
between them.

Example

Mule deer (n = 100) are outfitted with radio trans-
mitters to estimate survival over winter (a 90-day study
period). Of 100 deer, 10 animals die during the study
period, no radio transmitters fail, and all the animals
remain in the study area. The likelihood for the survival
parameter p is therefore
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Lp[10) = (1100());790(1 —

with a maximum likelihood estimate for p of p = 0.9.
The profile likelihood interval is obtained by

: L@,ff)]: 2
ZIn[L(p’ﬁ) x2(0.05)

or
2[-14.118 — In L(p, §)] = 3.841,

which has solutions for p at 0.788 and 0.966. Therefore
the profile confidence interval (0.788, 0.966) is 95% cer-
tain to contain the parameter p. In contrast, an asymp-
totically normal confidence interval for p is formed by

P = 2(0.05) p~(1—p),
n
where z(0.05) = 1.96 is the 0.05 ordinate for a standard
normal distribution [i.e., P(z > 1.96) = 0.025 if z ~ N(0,
1); see Table 4.1]. This in turn yields the 95% confidence
interval

(0.9 — (1.96)(0.03), 0.9 + (1.96)(0.03)) = (0.84, 0.96).

Thus the profile likelihood interval is a more conserva-
tive (i.e., wider) confidence interval than that produced
by the normal approximation. As expected, the two
intervals converge as sample size increases.

4.3. HYPOTHESIS TESTING

Closely associated with confidence interval estima-
tion is the statistical testing of hypotheses, with an
objective of determining whether parameters differ
from hypothesized values. A testing procedure can be
framed in terms of the comparison of null and alterna-
tive hypotheses. The null hypothesis

HO: 6 = 90

specifies some parameter value that is assumed prior
to the test to be operative, but that is to be considered
for possible rejection depending on the test results (see
Chapter 2). The alternative hypothesis

H: 6=06,

a*

specifies a second parameter value 6,, to be considered
as an alternative to 6 in the event the latter is rejected.
As written, these hypotheses propose one of two values
for the distribution parameter 6, with the true value
of 6 assumed to be either 8y or 0,. The objective of
testing is to determine whether, based on the data from
a random sample, it is reasonable to conclude that the

true value of 0 is given by H, A straightforward
method for testing H, comes directly from the proce-
dure for confidence intervals: if 8, lies within the 95%
confidence interval for 6, then Hy is accepted (at the
5% significance level).

4.3.1. Type I and Type II Errors

The usual procedure for hypothesis testing requires
specification of both the null and alternate hypotheses,
as well as the specification of the significance level of
the test. The test is essentially a binary decision process,
in that the result is either to accept Hy (over H,) or
reject Hy (in favor of H,). Thus there are two ways in
which a testing procedure can reach a correct decision
and two ways that it can make an error (Fig. 4.5). The
correct decisions, of course, are to accept Hy when it
is true and to reject it when it is false. There are two
types of incorrect decisions: rejecting Hy when it is true
(type I error) and accepting Hy when it is false (type
IT error). The probabilities of making these two types
of error are conventionally denoted as o and B, respec-
tively.

One can guard against type I errors by increasing
the significance level of the test. For instance, increas-
ing the size of the confidence interval (i.e., by increasing
the significance level of the test) makes it more likely
that 8, will be included in the interval when Hy is true.
In general, decreasing the probability significance level
of the test will decrease the probability of a type I error.
However, larger confidence intervals also are more
likely to include 6, even if Hy is false. Thus, a decrease
in the probability significance level increases the
chances for a type Il error at the same time that it
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FIGURE 4.5 Possible outcomes for a simple hypothesis test. Off-
diagonal entries correspond to correct inferences; diagonal entries
correspond to incorrect inferences.
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decreases the chances for a type I error. Clearly, there
is a tradeoff between the two types of error that must
be considered when establishing the significance level
of a hypothesis test.

The testing of a simple null hypothesis (i.e., Hy speci-
fies a single value for 8,) against a simple alternative
hypothesis (i.e., H, specifies a single value for 6,) can be
generalized to allow for composite null and alternative
hypotheses, either or both of which can include a range
of parameter values. For example, one might specify
a null hypothesis that includes any value for 6 that
is less than some specified quantity, say 0, with the
alternative hypothesis consisting of any parameter
value larger than 6",

In particular, it is useful to consider simple null
hypotheses against one-sided alternatives. As an ex-
ample, one might investigate whether the body masses
of males and females differ, on assumption that if there
is a difference, it favors larger males. The null hypothe-
sis for this situation specifies that the mean body mass
of females is equal to that of males, with an alternative
that the body mass of males is greater:

HO: Mmales = Mfemales,

H a* “’males> Pfemales.

Thus the test includes a one-sided alternative, with H,,
rejected only if the test results indicate that fip, s 1S
larger than figemares by some minimal amount. In gen-
eral the testing procedure for simple versus one-sided
hypotheses involves rejection of the null hypothesis if
the test statistic exceeds some threshold value. The
rejection region is associated with only one tail of the
probability distribution of the test statistic.

In contrast, one could consider a simple null hypoth-
esis against a two-sided alternative. Using the example
involving body mass of males and females, the alterna-
tive model could allow the average body size of fe-
males to exceed that of males, and vice-versa:

HO: Memates = p‘females,
Ha: p‘males# Hfemales.

Rejection occurs if the mass for either sex exceeds that
of the other by some critical amount, so that the rejec-
tion region is associated with both tails of the probabil-
ity distribution of the test statistic.

The critical values of a test statistic signifying rejec-
tion will differ under one-sided versus two-sided alter-
natives, because the probability of type I error in the
former case is allocated to one tail, whereas in the
second case it is allocated to both tails (Fig. 4.6). This
allows for a lower rejection threshold for the test statis-
tic under a one-tailed test. It therefore is easier to recog-
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FIGURE 4.6 Hypothesis test with probability « = 0.05 of a type
I error in detecting a specified difference in population means. (a)
One-sided alternative. (b) Two-sided alternative. Test statistic is dis-
tributed as N{(0,1).

nize statistically significant differences with one-sided
alternatives. This conclusion supports the intuitively
appealing idea that biological structure is easier to rec-
ognize when its investigation is lim’ite;d to a few, sub-
stantially different, alternatives.

4.,3.2. Statistical Power

The ability of a test to reject false null hypotheses
refers to the power of the test. Formally, test power is
defined as 1 — P (type II error), so that powerful tests
are unlikely to result in type II errors. The power of a
test typically is high when (1) hypothesized parameter
values in Hy and H, are quite different from each other,
(2) the underlying sample distribution has low vari-
ance, and/or (3) the testing procedure is based on a
sample of large size. Thus a strategy to protect against
both types of errors is to set the probability significance
level high (protecting against type I error) and to
sample intensively enough to control against type II
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error. We will focus on sample sizes that maintain sta-
tistical power when we consider experimental design
(Chapter 6).

4.3.3. Goodness-of-Fit Tests

Often it is important to determine the adequacy of
a statistical model in characterizing field data. The idea
is that if field data reflect an assumed statistical distri-
bution it should be possible, by proper choice of distri-
bution parameters, to demonstrate that the data “fit”
the distribution. That is, it should be possible to choose
parameter values such that the sample data conform
to the statistical distribution underlying them. If the
data reflect a distribution different from the one as-
sumed, then there should be a “lack of fit,” irrespective
of parameter choice.

Goodness-of-fit procedures can be placed in the con-
text of statistical testing, whereby the null hypothesis
is that a particular model fits a set of field data and
the alternative hypothesis is that the model does not
fit the field data. However, there is an important differ-

" ence between goodness-of-fit testing and the standard
parametric testing procedures discussed earlier. Good-
ness-of-fit procedures use sample data to investigate
the mathematical structure of a distribution, rather
than specific values for its parameters. This is in con-
trast to the usual statistical procedures for parameter
estimation and testing, which assume a known form of
the distribution under investigation and utilize sample
data to investigate specific values of the distribution
parameters.

Goodness-of-fit testing is especially appropriate for
multinomial distributions, for which there is a well-
developed theory involving the use of maximum likeli-
hood estimation. For problems for which the
multinomial distribution is an appropriate statistical
model the procedure is as follows:

1. The cell probabilities p;, i = 1, ..., k + 1, of a
multinomial distribution with k + 1 cells are modeled
in terms of a vector §' = (4, ..., 8,) of parameters. The
vector 8 typically contains fewer parameters than the
number of cell probabilities. Cell probabilities for the
model are designated as p; = p,(6).

2. Maximum likelihood procedures are used to esti-
mate the parameter 0. Let § represent the MLE for 6.

3. The expected cell frequency E(x;) = np; for each
cell of the multinomial distribution is approximated
with nf; = np;#), and the statistic

X2 = zg (np; — x)?

i=1 np;

is calculated, where x; is the observed cell frequency.

This statistic is asymptotically distributed as a chi-
square random variable with k — r degrees of freedom,
under the assumption that the mathematical form of
the cell probabilities is correct.

4. The value x? is compared to a tabulated chi-
square value for the specified significance level of the
test. A significance level of 0.95 often is chosen, so that
a computed value of x? exceeding the 0.95 chi-square
quantile for k — r degrees of freedom results in a rejec-
tion of the model. Model rejection essentially means
that the multinomial model with cell probabilities pa-
rameterized by p;(0) is inadequate to characterize the
data, i.e., the model is held not to “fit” the data.

Several alternatives to the above approach for as- -
sessing model fit exist and may have advantages in
particular situations. The deviance, defined as

-2 IH[L(QIE)/L(gsaturatediz)]'

describes the fit of a candidate model compared to a
model containing as many parameters as independent
observations, and is distributed approximately as chi-
square with degrees of freedom equal to the difference
between the candidate and saturated models (Agresti,
1990). The deviance is used in programs such as MARK
(White and Burnham, 1999) to provide some indication
of model fit. However, the chi-square approximation
for either of these statistics is frequently poor in prac-
tice, especially when sample sizes are small, suggesting
the need for approaches such as parametric bootstrap-
ping (Appendix F) to more accurately assess model fit.

Example

The goodness-of-fit procedure can be illustrated
with an example involving the banding of mallards in
the preseason of year 1 and the subsequent recovery
of bands during the next three hunting seasons. As-
suming that survival and recovery rates are constant
over time, the appropriate model for this situation is

X144X244X3
) PipPaPs
X1, X9, X3

flo) = (

XA =pr=pp—p" 72"

_ n X1 X3 2\ x
B <x1, X2, x3> fREHSY
X (1 . f — fS _ f52)11~x1~x2-x3l

where 7 is the number of birds banded and f and S
are the recovery and survival rates, respectively. Four
multinomial cells are defined for this model, with re-
coveries (x;, Xy, X3, 1 — X; — X, — X3) and expected
recoveries [np,, np,, npz, n{l — p; — p, — p3)]. Now
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assume that a total of 1000 mallards are banded in the
preseason of year 1, and recoveries over the next three
hunting seasons are x; = 95, x, = 62, and x5 = 39. The
corresponding likelihood function is

1000
L(f, Slx) = <95 62 39> PP —p — 2~ )™
_ 1000 95£C\62 (£C2y39
(95, 62, 39>f (8= (%)

X (1—f—fS = f5?)5%,

from which the maximum likelihood estimates f=
0.095 and § = 0.64 are obtained. Thus the actual cell

counts (95, 62, 39, 804) correspond to expected cell

counts of (95, 61, 39, 805). Using these values in the
goodness-of-fit statistic gives a value of x* = 0.013,
with k — 7 = 1. When compared against the 0.05 signifi-
cance value of 3.84 for a chi-square distribution with
one degree of freedom, the model is seen to fit the data
exceptionally well. Band recovery models of the kind
used in this artificial example are developed in greater
detail in Chapter 16.

Example

In an effort to determine the size of a population of
fish, electroshocking sometimes is used in a removal
experiment. A proposed model for this situation incor-
porates the assumptions that all fish have the same
probability of removal and removal probability is con-
stant over time. To test these assumptions for a particu-
lar species, 100 fish are subjected to an electroshocking
experiment over four periods. The appropriate statisti-
cal model is

100
f@@:<x>ﬂm_PW”

X [(1 — p)?pIr

X[ - pPpr

X [~ pAeo-3s,
where p is the probability of removal of any randomly
selected fish. The expected cell frequencies for this
model are E(x;) = 100p(1 ~ p¥~". Based on a sample

with (x;, x,, x5, x4) = (42, 23, 13, 10), the likelihood
function is

f@@:<fﬂfﬂl—mfﬁl~w%ﬁ

X [(1 _ 17)3?7]10[(1 - P)4]]2/

with MLE p = 0.41. Using E(x) = 100(1 — p)/"! the
expected cell counts for the model are approximately

(41, 24, 14, 9, 12). That the expected cell counts
closely resemble the actual counts is confirmed by
the goodness-of-fit statistic, which gives a value of

2 = 049 with k — r = 3 degrees of freedom. When
compared against a 0.95 significance level of 7.81
for a chi-square distribution with three degrees of
freedom, the model is seen to fit the data. Removal
studies of the kind used in this example are described
in more detail in Chapter 14.

It is important to recognize the relationships be-
tween goodness of model fit and the probability signifi-
cance of the goodness-of-fit test statistic. From the
computing formula for step 3 above, it is clear that
the goodness-of-fit statistic varies in magnitude to the
extent that “expected” cell frequencies 1p; deviate from
“observed” cell frequencies x;. On assumption that the
model is appropriate for the data, large deviations
occur only infrequently, according to a chi-square dis-
tribution with k — r degrees of freedom. Thus, the
larger the computed value of x?, the smaller the proba-
bility that randomly collected data will generate a
value that large or larger. The mathemahcal relation-

~ ship between the magnitude of x? and the probability

mgmﬁcance level is parameterized by the chi-square
“degrees of freedom” (see Appendix E).

Most of the statistical models we will use for estima-
tion can be formulated in terms of cell counts for a
multinomial distribution, and most have associated
goodness-of-fit testing procedures. In particular, Part
IIT presents goodness-of-fit tests for a class of statistical
models that are useful for estimating population size
and other population parameters.

4.3.4. Likelihood Ratio Tests for
Model Comparisons

In the development of statistical models we are con-
cerned not only with the adequacy of a model in char-
acterizing data, but also with a comparison of the
model with other models that differ in their parametric
structures. Like goodness-of-fit testing, model compar-
ison procedures can be seen as an example of a hypoth-
esis test. The difference is that the general alternative
of a goodness-of-fit test is replaced with an alternative
of a specific model. Thus the test compares the fit of
a hypothesized model versus the fit of an alternative
model. Specifically, the null hypothesis is that the hy-
pothesized model fits the data as well as the alternative
model; the alternate hypothesis is that the alternative
model fits the data better.

Typically the alternative model is more general in
its parametric structure than the model of the null
hypothesis, so that the null hypothesis can be couched
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in terms of restrictions on the parameter structure of
the alternative model. The objective of a model com-
parison is to determine whether the fit of a hypothe-
sized model can be improved by relaxation of its
parameter restrictions. For example, the two-parame-
ter model above for band recovery data can be general-
ized to include time-specific survival rates, and a
comparison of the restricted and generalized models
would give an indication of the importance of the addi-
tional parameters in characterizing the data.

As with goodness-of-fit testing, maximum likeli-
hood estimation theory provides a mechanism for
model comparisons. Let § be the MLE Correspondmg
to a model w1th parameterization 6 [e.g., 8’ = (S, ...,
Se f )] and 8 be the MLE for a model with 8 restricted
le.g., 8" = (S, f) with 5, = = = S, = S]. Let L(§|x) and
L(GO(x) represent the hkehhood function evaluated at
§and , respectively. Then the likelihood ratio statistic

) In[L@Olgc)/L(ng)} 4.7)

is asymptotically distributed as a chi-square random
variable, on condition that the restricted model is cor-
rect. The degrees of freedom A for this statistic are
given by the difference in the number of independent
parameters in 6 and 6, (in our example A = k — 1
degrees of freedom, because 8 and 6, contain k + 1
and two parameters, respectively).
A procedure for comparing models is as follows:

1. Goodness-of-fit procedures are used to identify
a general statistical model “fitting” the data. Model
generality is defined here in terms of the number of
independent parameters, with the most general model
defined by a lack of restrictions on the model parame-
ters. Denote the corresponding parameter vector by 8
and its MLE by . Let kg denote the dimension of §
and L(0|x) represent the hkehhood function evaluated
at f.

2. Restrictions are imposed on the parameters in
6, to produce a restricted parameterization 6, for the
model. The corresponding likelihood function L(6,|x)
is evaluated at the MLE 60 of 8y. Denote by k, the
dimension of the reduced parameter 8.

3. The likelihood ratio statistic x? is calculated as
above. This statistic is asymptotically distributed as a
chi-square random variable with k, — k, degrees of
freedom, under the assumption that 9 is the appro-
priate parameterization.

4. The value x? is compared to a tabulated chi-
square value with k, — k, degrees of freedom. If x?
exceeds the tabulated value for a specified significance
level, the model with the more general parameteriza-
tion is held to improve the fit of the model over that
of the more restricted parameterization.

Example

In a study of harvest rates for mallards, an investiga-
tor releases 100 each of banded male and female birds
prior to the hunting season, with the intent of examin-
ing harvest recoveries from each release sample. The
objective is to determine if there are differences in har-
vest rates between the sexes. Let p,, and p; represent
the harvest probabilities for male and female birds
respectively. Assuming that the harvest of males is
independent of that of females, an appropriate statisti-

cal model is
100\ . —[(100Y .
fGm xp = ( )Pin'“ﬂ = P “‘( >Pf‘
Xm Xg

X (] _ pf)lOO‘x{.
If (x,, xp = (30, 17) the likelihood function is

70 100
) <17 )”

and the maximum likelihood estimate for pis ﬁ ={0.30,
0.17}. Substituting these values into the likelihood func-
tion yields

L(p, P30, 17) = ( 00)19?3(1

L P30, 17) = (1(’0) (0.30)%°(0.70) 70

% <100> (0.17)17(0.83)%.

Maximum likelihood estimates can be obtained in a
similar way under the hypothesis of equal harvest
rates, ie., p, = py = p. Under these conditions the
likelihood function is

L(p|30, 17) = (13%());930(1 - p)7°<11070 >p]7(] - %,

with maximum likelihood estimate p = 0.235. Substi-

tuting this value into the likelihood function yields

L(p|30, 17) = ( lOO) (0.235)%°(0.765)7°

X ( 100) (0.235)17(0.765)%,

and Eq. (4.7} gives a likelihood ratio statistic of
~2 In[L o)/ 10, 0]

XZ

i

4.749.

Cbmparison of this value with a tabulated chi-square
value of 3.84 for one degree of freedom and 5% signifi-
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cance indicates that the less restrictive parameteriza-
tion significantly improves the fit of the model (at the
5% significance level). Thus, the study results provide
evidence that there are differences in parameters for
the two models, and in particular, that the harvest rates
differ between sex categories.

The above sequence of steps began with an initial
goodness-of-fit test for the more general model. In fact,
the theory underlying likelihood ratio testing is based
on the assumption that the more general model (corres-
ponding to the alternate hypothesis) provides an ade-
quate fit to the data. If the goodness-of-fit test for the
most general model under consideration provides evi-
dence of lack of fit, then the procedure for testing be-
tween models must be modified. Lack of fit often is a
result of overdispersion of the data, in which case the
goodness-of-fit statistic can be used to compute a “vari-
ance inflation factor,” which in turn can be used to
translate the likelihood ratio test statistic into a new test
statistic distributed as F (see Section 17.1.8) (Lebreton ef
al., 1992).

4.4, INFORMATION-THEORETIC
APPROACHES

Though appropriate for many situations, the likeli-
hood ratio testing procedure is not always satisfactory
for model selection. First, there are philosophical prob-
lems with treating model selection as a hypothesis test-
ing problem versus an estimation problem, particularly
when the data have not been collected under an experi-
mental design (e.g., Burnham and Anderson, 1992).
Second, model comparisons based on likelihood ratio
tests can only be used when the parameter space under
one likelihood is a nested subset of that of a more
general alternative. We will encounter instances later
in which the parameter spaces of two competing mod-
els, fit to a common data set, will not be nested. To
illustrate, suppose that data in the previous example
are collected by both age and sex, so that a general
parameterization would allow for both age and sex
variation in harvest rates:

91 = (pamr pymr Pats ny)r

where the subscripts a and y now denote age-specific
(adults and young) harvest rates within each sex. Two
restrictions on this parameterization are

9; = (Pam/ pym/ pf)/
where

Par = Py = Py

and

82 = (P Pap Pye)
with

Pam ™ Pym = Pm:

Though the parameterizations 6, and 6, are subsets of
6 and can be formed from 8 by imposing constraints
on 6, neither 8; nor §, can be formed by constraining the
parameter space for the competing model. Attempts to
apply Eq. (4.7) would result in a chi-square statistic
with zero degrees of freedom, because each model has
the same number of parameters.

An alternate approach based on information theory
addresses the tradeoff between model fit (which favors
more parameters) and estimator variance (which fa-
vors fewer parameters) in an optimization rather than
hypothesis-testing framework. The approach is based
on a statistic known as Akaike’s information criterion
(AIC) (Akaike, 1973), which utilizes the likelihood for
each model via the term —2 In(L) and a penalty term
for the number of parameters in the model:

AIC = ~2 In(L) + 24, 4.8)

where L is the likelihood for a model under consider-
ation and g is the number of parameters in the model.
The idea is to select the model for which AIC is mini-
mum. Although Eq. (4.8), especially the “penalty,”
seems somewhat arbitrary, AIC hasa strong theoretical
basis in information theory (Burnham and Anderson,
1998). In addition to expression (4.8), other forms for
AIC also can be used; these incorporate a correction
for small sample size (AIC) and a “quasilikelihood”
adjustment (QAIC) for extra binomial variation (Sec-
tion 17.1.8) (see Burnham and Anderson, 1998). Model
selection based on minimization of an appropriate one
of these information measures will account for the
bias-variance tradeoff in model parameterizations and
if properly applied should result in the selection of a
“best approximating model,” i.e., the best data-based
approximation to “full reality” (Burnham and Ander-
son, 1998).

Example

Consider the previous waterfowl harvest example,
in which data are collected on both age and sex of the
harvested animals, and 100 individuals of each age-sex
stratum are banded and released prior to harvest. Let
{Pats Pams Pyts Pyml Tepresent the probabilities of harvest
for adults and young (subscripts a and y) of both sexes
(subscripts m and f), with {x, X, Xy Xy} the num-
bers harvested in'each category. Then an appropriate
statistical model is
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— 100 af _ 100—x4¢
f(xafl Xams xyf/ xym) (x )paf a Pas )

% (19 )pier — poon

“ram

00 .
(x )pyff(l pyp) 10

100 .
x <x )py%'n d-p
ym

(35, 20, 47, 44) the likelihood

ym)IOO—xym'

If (xaf, xa.m, xyf, Xym) =
function is

100
L(paf/ Pams pyfl pymi35/ 20/ 47/ 44) = < )paf - paf)65
100 20 _ 80
X <20 )Pam(l Pam)
100 =
X < e )P‘é?ﬂ = pyd)

100) .
X <44 >pym(1 _pym> .

with a maximum likelihood estimate ﬁ = {0.35, 0.20,
0.47, 0.44}. These estimates result in a value for the log
likelihood function of In L = —9.8464 and AIC value
of

AIC=-2InL +2g
= —2(-9.8464) + 8
= 27.6928.

On the other hand, the parameterization
93 = (pa/ pyml pyf)

results in the likelihood function

100
L1(Pay Py, Pyml35, 20,47, 44) = ( 35 )Pgs(l A
100 20, _ . 80
100
* ( 47 )pyf =™

100 -
* < 44 >p (= Pym)™
with the maximum likelihood estimates

87 = (0.275, 0.47, 0.44)

and log likelihood of In L; = —12.695265. The corres-
ponding value of AIC for this parameterization is

AIC = —2(~12.695265) + 6
= 31.3905.
By comparison, the parameterization
82 = (Pagy Pamy Py)-
yields the likelihood function

Lo(Pags Pame PyI35, 20, 47, 44) = < 050> 35(1 — p )
<12000>P20 (1 = Par)™

< (Dpra g

(14(110))7 a-p)%

with maximum likelihood estimate
85 = (0.35, 0.2, 0.455)

and log likelihood of In L, = —9.93716. The value for

AIC in this case is
AIC

—2(—9.93716) + 6

25.874.

Based on AIC values of 27.6928, 31.3905, and 25.874
for the parameterizations 6, 8;, and 8,, respectively, we

conclude that parameterization 8, provides the best
variance-bias tradeoff among the three alternatives.

I

Some important points about AIC should be noted.
First, AIC is appropriate only for comparison among
models that all have been fit to a common set of sample
data; comparison among AIC values from models fit to
different data sets is meaningless. Second, a hypothesis
testing framework for model selection may be prefera-
ble in those situations in which an experimental or
quasiexperimental design provides a context for test-
ing predictions based on theory, models, or both (see
Chapters 2 and 3). Third, whereas AIC can be used to
rank a number of competing, nonnested models, it
does not always result in clear selection of a single
model. Small differences in AIC can be expected to
occur by chance and thus are indicative of virtually
identical information content in the competing models.
Burnham and Anderson (1998) advocate the computa-
tion of “model weights” based on the difference be-
tween each model’s AIC value and that of the lowest
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ranked model. These weights, which are normalized
to sum to 1 over all models considered, are roughly
interpretable as the probability a given model is the
best approximation to truth among the models consid-
ered. Closely ranked models with high weights (e.g.,
>(.25) should be retained for further consideration
with other model selection criteria. Alternatively, the
AIC weights may be used to compute weighted aver-
ages of parameter estimates across all the models con-
sidered. Buckland et al. (1997) and Burnham and
Anderson (1998) recommend taking into account the
(weighted) deviation of model-specific estimates from
such a weighted average and inflating variance esti-
mates accordingly. This approach accounts for the un-
certainty in estimation induced by the process of model
selection and seems preferable to the usual approach
of reporting only sampling variances, conditional on
an assumed true model. In Section 17.1.8 we discuss
in greater detail the computation of mode] weights and
corresponding variance components for capture-re-
capture models.

4.5. BAYESIAN EXTENSION OF
LIKELIHOOD THEORY

There is yet another important application of likeli-
hood theory in statistical estimation and hypothesis
testing, which is especially useful for updating one’s
understanding of biological processes via predictive
models (Section 3.3.2; see also Chapter 24). This appli-
cation utilizes Eq. (4.1), along with a Bayesian defini-
tion of probability as “a measure of the degree of belief
inan outcome” (Lee, 1992). On substitution of hypothe-
sis H; for event E,, and x, a sample outcome, for event
E; in Eq. (4.1), one has

P(H,IE) = —W 4.9

The value P(H,) in this expression is called the prior
probability for hypothesis H;, because it precedes the
collection of the sample data x, and P(H,[x) is called
the posterior probability for H; by reason of its being
computed posterior to data collection (see Appendix
A). Assuming that

H ={H,, .., H,}
represents the set of all possible alternative hypotheses

under investigation, by Bayes’ Theorem we can rewrite
P(x) as

P(x) = >} P(x|H,)P(H,,)

m=1

and therefore Eq. (4.9) can be expressed as

P(H{x) = PH)PGIH)/ Y PH,)PlH,). (4.10)

m=1

Equation (4.10) now gives us a procedure for evaluat-
ing the probability of any hypothesis in the hypothesis
set based on the prior probabilities P(H;) and the likeli-
hoods of each model given the sample data.

Example

Suppose there are three competing biological mod-
els (i.e., three hypotheses H;, H,, and Hj) for a system
of interest, to which are assigned the prior probabilities
P(H,), P(H,), and P(H;), respectively, based on previous
information. Additional sample data x are collected in
a field study, and these are used to obtain maximum
likelihood estimates under each model. When evalu-
ated at their respective maximum likelihood estimates,
the three likelihood functions take values of P(x|H,;) =
0.10, P(x]H,) = 0.20, P(x|H3) = 0.15. These values then
can be used to compute the posterior probability of
each hypothesis using Eq. (4.10). For example, equal
prior probabilities result in

3
P(HyJx) = P(Hl)P(lel)/mgl P(H,,)P(x|H,,)

3 1/3(0.10)
©1/3(0.10) + 1/3(0.20) + (1/3)0.15

= 0.22.

This same approach can be applied to determine
P(H,|x) = 0.44 and P(H,|x) = 0.33. The new triple {0.22,
0.44, 0.33} of hypothesis probabilities reflects the fact
that hypothesis H, fits the data x better than the other
two hypotheses, and hypothesis H; fits the data more
poorly than the others. These posterior probabilities
now can serve as prior probabilities, to be updated
with additional data in subsequent investigations.

In many situations the set H’ of hypotheses consists
of specific values 6; that a parameter 6 may assume.
Then Eq. (4.10) can be written as

PO = ) = POIPI)/ 2 P(6,)P(,)

If the prior probability distribution for 6 is character-
ized by a continuous probability density function f(6),
the updating process is governed by

flx) = £(8) f(x|8)/ [, f) f(x|v) dv.

In either case, once we have obtained updated (poste-
rior) probabilities for the parameter values under con-
sideration, these in turn can be used as new prior
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probabilities, in anticipation of another round of data
collection and posterior updating (see Appendix A).
This provides a powerful procedure for sequential up-
dating, as we will see in Chapter 24 (also see Section
3.3.2).

4.6. DISCUSSION

In this chapter we have provided basic principles
for estimation and hypothesis testing of parameters
for animal populations. In Chapters 5 and 6 we explore
how surveys and controlled experiments can be de-
signed to assure that data are suitable for estimating

model parameters and making comparisons of param-
eters over space or time, or with respect to other attri-
butes. This background will be utilized in Part III to
focus on statistical modeling techniques that are appro-
priate for animal populations, taking into account the
conditions under which data from populations and
communities are collected. These conditions affect the
nature of inferences that can be made and make it
necessary to develop specialized statistical models. In
Part IV we explore the use of both deterministic and
stochastic population models for optimal decision
making in an adaptive framework, wherein monitor-
ing and estimation contribute to the simultaneous pur-
suit of understanding and management of animal
populations.





