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Isolated transitions can be “smoothed”
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— Combinatorial increase in complexity
— Intrinsically nonsmooth transitions

New challenges require new tools
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1. Metrization & Simulation

Using intrinsic state space metric, simulations converge
uniformly and at a linear rate.

2. First–Order Approximation
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If x is orbitally stable then ρε(xε, zε,h) ∈ O(ε) +O(h).
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Intrinsic state space metric and convergent numerical simulation

— Quantification of performance degradation through discrete transitions
— Reliable simulation for model–based design and predictive control
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1. Metrization & Simulation

Using intrinsic metric space (M ε, dε), simulations converge:
ρε(xε, zε,h) = O(ε) +O(h)

2. First–Order Approximation

Nonsmooth flow of networked CPS is piecewise–differentiable;
can approximate it using a nonclassical “derivative”.
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∀(t, x) ∈ F ⊂ R× Rd : φ(t, x) = x+

∫ t

0
F (φ(s, x)) ds.

φ is nonsmooth since Dtφ is undefined e.g. at α ∈ H1 ∩H2
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Theorem (arXiv:1407.1775)

φ possesses a nonclassical derivative Dφ : TF → TRd, i.e.

∀(t, x) ∈ F : lim
δ→0

1

‖δ‖ ‖φ((t, x) + δ)− (φ(t, x) +Dφ(t, x; δ))‖ = 0.
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φ possesses a nonclassical derivative Dφ : TF → TRd, i.e.

∀(t, x) ∈ F : lim
δ→0

1

‖δ‖ ‖φ((t, x) + δ)− (φ(t, x) +Dφ(t, x; δ))‖ = 0.

Dφ is piecewise–affine; it satisfies chain rule, fundamental
theorem of calculus, inverse & implicit function theorems
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1. Assess stability of nonsmooth
Poincaré map P : S → Σ using
nonclassical derivative DP (α)

evaluated at fixed point α = P (α).

2. Compute sensitivity of
trajectory (i.e. Lyapunov exponents)
w.r.t. state x and parameters ξ using
nonclassical derivatives Dxφ, Dξφ.

3. Determine controllability by
applying implicit function theorem to
nonclassical derivative Dφ of flow.

4. Perform scalable optimization
of control inputs u using first– or
second–order descent algorithms.
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nonclassical derivatives Dxφ, Dξφ.

3. Determine controllability by
applying implicit function theorem to
nonclassical derivative Dφ of flow.

4. Perform scalable optimization
of control inputs u using first– or
second–order descent algorithms.

(1.)–(4.) require nonclassical derivative for
networked CPS
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1. Metrization & Simulation

Using intrinsic metric space (M ε, dε), simulations converge:
ρε(xε, zε,h) = O(ε) +O(h)

2. First–Order Approximation

Nonsmooth flow φ : F → D is piecewise–differentiable:
φ(t+ u, x+ v) = φ(t, x) +Dφ(t, x;u, v) +O(|u|2 + ‖v‖2)
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1. Metrization & Simulation

Intrinsic state space metric and
convergent simulation algorithm.

(arXiv:1302.4402)

2. First–Order Approximation

Nonsmooth dynamics of networked
CPS are piecewise–differentiable.

(arXiv:1407.1775)
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	Motivation: dynamics of CPS are nonclassical
	Requires new techniques for analysis and computation.
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	Enables reliable model–based design and performance evaluation.

	2. Nonsmooth dynamics are piecewise–differentiable
	Yields scalable tools for optimization and control of networked CPS.


