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Abstract

Toward Energy-Efficient Actuation of Legged Locomotion Using Handed Shearing Auxetic
Parallel Elastic Structures

Joseph Sullivan

Chair of the Supervisory Committee:
Associate Professor Dr. Samuel Burden
Electrical and Computer Engineering

This dissertation explores the potential of Handed Shearing Auxetic (HSA) structures as

components in energy-efficient robotic actuators. We present a novel parallel elastic actuator

that integrates an HSA with a quasi-direct drive motor, combining passive compliance and

static braking in a compact and mechanically efficient design. To characterize the actuator’s

nonlinear viscoelastic behavior, we develop a structured modeling framework grounded in

Lagrangian mechanics, using convex elastic and dissipation potentials. A variational loss

based on the Euler–Lagrange residual enables tractable system identification from trajectory

data using only motor telemetry.

We validate this approach on a vertically hopping monopod robot, where the learned

models are integrated into a trajectory optimization framework. Experiments demonstrate

improved electrical efficiency during hopping and load-bearing tasks, particularly under op-

timized control. These results suggest that HSAs can contribute meaningfully to compliant

actuation and motivate further research into their use in more general legged locomotion

systems.
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GLOSSARY

HSA (HANDED SHEARING AUXETIC): : A periodic structure with auxetic geometry that

expands diametrically under torsion and transverse strain, featured as a compliant

element in soft robots.

COT (COST OF TRANSPORT): A dimensionless measure of energy efficiency during loco-

motion, defined as energy per unit weight per unit distance.

PEA (PARALLEL ELASTIC ACTUATOR): An actuator configuration where a compliant el-

ement is placed in parallel with a motor, reducing motor load.

VISCOELASTICITY: : A material property that characterized by elastic (reversible) de-

formation and rate dependent hysteresis (viscous dissipation).
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Chapter 1

INTRODUCTION

Legged robots have demonstrated exceptional versatility in environments where wheeled

and tracked systems struggle, making them well-suited for inspection, exploration, and ser-

vice applications. However, their range and endurance remain limited, in large part due

to poor energy efficiency [3]. Compared to animals and wheeled machines, legged systems

consistently exhibit higher cost of transport (COT)—a fundamental metric quantifying the

energy required to move a unit mass over a unit distance [17]. In addition to dynamic

inefficiencies during locomotion, legged robots frequently expend energy simply to maintain

posture, posing a challenge for long-duration tasks such as stationary sensing or manipula-

tion.

One of the most successful strategies to reduce COT has been the integration of mechan-

ical compliance into legged robot actuators [13]. Springs can store and return mechanical

energy during periodic motion, reducing the electrical burden on motors. Series elastic actu-

ators and parallel elastic actuators have been employed to exploit this effect, with examples

ranging from bipedal machines like Cassie [29] to quadrupeds like ANYmal [14]. Addi-

tional mechanisms such as clutches and locks have been used to decouple compliance during

specific phases of motion [20] or to reduce static power consumption [26]. While these de-

signs have proven effective, they often rely on discrete mechanisms and conventional linear

springs.

Recent advances in materials science and additive manufacturing have opened the door

to new actuator designs based on architected metamaterials [23,43]—engineered structures

with tailored geometry and nonlinear mechanics. These systems blur the line between rigid

and soft robotics [31], combining rigid-body motion with deformation-based compliance and

dissipation. One such class of materials, Handed Shearing Auxetics (HSAs) [18], exhibits

unusual mechanical behavior under coupled torsional and axial loads, enabling functions
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such as jamming-based braking and programmable stiffness. Embedding such structures

within robotic actuators presents an opportunity to unify compliance and locking function-

ality, potentially improving both dynamic and static efficiency.

However, these benefits come with new challenges. Architected structures often exhibit

nonlinear, configuration-dependent viscoelastic [6, 42] behavior that lies outside the scope

of rigid-body mechanics and simple models of elastic energy. Capturing their behavior

requires moving beyond traditional design heuristics and toward systematic, data-driven

modeling approaches [4]. While deep learning methods have been used to model soft robotic

dynamics, their black-box nature introduces issues of interpretability and data efficiency. As

an alternative, we explore a physics-informed framework grounded in analytical mechanics,

enabling interpretable and statistically testable models of viscoelastic actuators.

Contributions. This dissertation presents a unified experimental and modeling framework

for a novel parallel elastic actuator based on Handed Shearing Auxetics. The primary

contributions are:

• We present the design, fabrication, and experimental evaluation of an HSA-based

actuator integrated into a monopod hopping robot, demonstrating improved energy

efficiency in both dynamic hopping and static posture maintenance.

• We develop a variational modeling framework that combines rigid-body dynamics with

convex potential representations of elasticity and dissipation, fitted from data using a

convex regression based on the Euler–Lagrange residual.

• We integrate the learned models into a trajectory optimization pipeline, and show

that model-informed control strategies further improve energy efficiency over heuristic

baselines.

• We perform statistical validation of model structure and generalization ability, con-

firming that nonlinear elasticity and dissipation play significant roles in the actuator’s

behavior.
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Chapter 2

BACKGROUND AND RELATED WORK

Legged robots, particularly those incorporating compliant actuation, have motivated a

diverse body of research across mechanical design, materials science, and data-driven mod-

eling. This chapter reviews key developments in each of these domains to contextualize our

work. We begin by comparing series and parallel elastic actuation strategies, highlighting

their tradeoffs in dynamic and static tasks. We then introduce Handed Shearing Auxet-

ics (HSAs), a class of architected metamaterials whose geometric mechanics support both

spring-like and brake-like behavior. To support integration of HSAs into dynamic systems,

we survey relevant models from soft robotics and viscoelastic materials, identifying gaps

in existing approaches. Finally, we review recent advances in physics-informed machine

learning that enable interpretable modeling of nonlinear mechanical systems from data.

2.1 Compliant Actuation in Legged Robots

Despite their mobility advantages, electrically actuated legged robots suffer from poor en-

ergy efficiency relative to wheeled or tracked systems. Several key factors contribute to this

limitation. First, legged locomotion often demands high torques at low speeds—conditions

under which electric motors generate significant thermal losses due to Joule heating [17].

Second, legged systems struggle to recycle energy effectively: while biological locomotion

exploits elastic energy storage and restitution, robotic actuators tend to dissipate impact

energy rather than recover it [3]. Third, during static postures or low-speed tasks, electric

actuators must supply continuous torque to support the robot’s weight [26], resulting in

additional power draw and overheating risk.

To address these challenges, researchers have explored various actuation architectures

that incorporate mechanical compliance and passive elements. Two major paradigms have

emerged: series elastic actuators (SEAs) and parallel elastic actuators (PEAs). On this
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topic, Yesilevsky et al [41] provided a comprehensive theoretical analysis of SEAs vs PEAs

in hopping tasks.

In the general sense of legged-locomotion SEAs are the more common approach. Recent

examples include ANYmal [14], Salto [10], Atrias [12], and the Michigan Prosthesis [1].

Within the SEA paradigm, a compliant spring is placed in series between the motor and

the load, allowing energy storage during motion and shock absorption at impact. Because

SEAs typically use high-reduction gearboxes to improve torque density, they are particularly

effective for tasks involving low-speed cyclic motions. However, they introduce complexity

in control due to phase lag and additional dynamics from the gearbox and spring [13].

SEAs have been shown to improve hopping efficiency when regeneration is ignored, but

they are less effective in regimes where energy must be dissipated or where high-fidelity

torque control is required [29].

PEAs, by contrast, place the spring in parallel with the motor, often using a low-

reduction, quasi-direct-drive actuator. This configuration allows the motor and spring to

share the load, offloading energy demands from the motor during cyclical motion. Legged

robots featuring PEAs include a progenitor of Cheetah [7] and a recent descendant [19],

as well as BioBiped [34], and the SPEAR hopper [40]. PEAs offer improved mechanical

efficiency and simplicity over SEAs, particularly when the motor must track high-speed tra-

jectories or handle variable loads [33]. However, PEAs suffer from poor thermal efficiency

in static conditions and increased impact losses due to higher reflected inertia [17]. This

has prompted investigation into design trade-offs and hybrid actuator configurations that

combine the advantages of both paradigms.

To compensate for these limitations, various locking mechanisms have been explored.

Cams, ratchets, and clutches can passively redirect the energy of swinging legs by locking

a joint entirely, thereby eliminating some of the negative motor work. These strategies can

be used in combination with compliance to selectively engage springs with the actuator,

improving performance during both dynamic and static tasks [27]. While effective, each

added component increases complexity, weight, and design overhead. This motivates interest

in multi-functional mechanisms that can unify spring-like and brake-like behavior within a

single structure.
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2.2 Properties and Applications of Handed Shearing Auxetics

Handed Shearing Auxetics (HSAs) are a class of architected metamaterials that exhibit

unusual mechanical responses under torsional loading [18]. Unlike traditional materials,

which typically narrow under axial extension, HSAs expand in diameter as they elongate—a

behavior linked to their chiral, helical geometry. This auxetic response allows HSAs to

couple axial stretch with radial and shear deformation, enabling programmable stiffness

and nonlinear energy storage [8]. Because their behavior is geometry-driven rather than

material-dependent, HSAs can be easily fabricated using modern additive manufacturing

tools, and scaled or tuned for different applications. They have been explored in a wide

range of robotic systems, from soft grippers [5] and robot arms [39], and even a quasi-static

quadrupedal robot [16].

In the context of legged robotics, HSAs offer a compelling opportunity to combine par-

allel elasticity and passive braking into a single actuator component. When embedded in

a prismatic leg mechanism, an HSA can behave like a spring under axial compression or

extension. If the auxetic deformation is constrained—for example, by twisting the structure

against an inner insert—the HSA can “lock” into a jammed configuration, providing high

resistance to further motion. This behavior is analogous to a capstan brake and enables

low-power static load support, a feature particularly useful in robots that must pause or

brace during extended tasks.

However, prior applications of HSAs in robotics has focused on quasi-static behavior,

particularly in the small-strain regime where the elastic properties of HSAs has been success-

fully modeled [37,38]. In contrast, the behavior of HSAs under high-speed and large-strain

dynamic loading—such as those encountered during jumping or hopping—remains unex-

plored.

This work aims to fill that gap by integrating a 3D-printed HSA into a parallel elastic leg

actuator, evaluating its behavior under cyclic loads, and modeling its nonlinear viscoelastic

response. At the same time, the leverage the nonlinear auxetic trajectory to lock the leg

joint, creating a passive braking effect. This locking mechanism enables the robot to support

static loads with minimal power. As we will show, this results in a single component that
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combines the functionality of a spring and a brake—a “spring-brake”—with applications in

both dynamic and static tasks.

2.3 Kinematic and Dynamic Models of HSA Robots

While architected metamaterials such as HSAs offer promising mechanical properties for

robotic actuation, their integration into dynamic systems presents a number of modeling

challenges. In particular, HSAs do not conform to the assumptions of classical linear elas-

ticity: their stiffness varies significantly with strain, and they exhibit strong hysteretic ef-

fects over long timescales. To effectively control and optimize systems incorporating HSAs,

it is necessary to develop models that capture these nonlinear behaviors while remaining

tractable and interpretable.

Sustained interest in soft robotics has led to the development of several reduced-order

models to describe the kinematic and elastic properties of rod-like robots [4]. Among the

most successful is the 3D Cosserat rod model, which approximates rod-like structures with

a virtual backbone characterized by constant stiffness. This approach was later extended to

capture piecewise-constant curvature (PCC), and further generalized by Renda et al. [30]

into the Geometric Variable-Strain (GVS) model, which allows curvature to vary continu-

ously along the backbone. Renda’s method, which represents elastic behavior as a linear

combination of basis potentials, is conceptually related to the framework adopted in this

work.

While the PCC and GVS approaches provide effective representations of kinematic and

elastic behavior, the dissipation properties of HSAs have received far less attention. Quasi-

static force characterization experiments show that HSAs often exhibit wide hysteresis loops

across a range of materials [18]. Many HSAs in the robotics literature are printed from

polyurethane resins such as FPU, TPU, and EPU using digital light synthesis (DLS). Several

investigations into the mechanical properties of DLS-printed polyurethanes report significant

viscous dissipation [25], including nonlinear, rate-dependent hysteresis effects in EPU [11].

The interactions between material dissipation and the geometric deformation of HSAs are

likely to complicate this picture further. As a result, reduced-order, data-driven models

may be necessary to accurately describe damping behavior in printed HSAs, particularly



7

when used in dynamic regimes.

Few studies to date have attempted to develop viscoelastic models of HSAs in robotic

systems. Stölzle et al. [38] modeled a soft robotic arm actuated by four parallel HSAs

using the PCC framework. They identified the elastic terms of a parametric model by

minimizing the residuals of the Euler–Lagrange equations but did not estimate damping

parameters—instead compensating for dissipation within the control policy. This approach

proved effective in low-strain, quasi-static conditions where geometric nonlinearity was lim-

ited.

The actuator studied in this work departs significantly from that of Stölzle et al. Here,

the HSA is mounted in parallel with a low-reduction actuator and mechanically constrained

to eliminate bending strain. It operates in a high-strain, high-speed regime, mounted to a

half-pantograph leg through rigid ABS components. In this domain, viscoelastic behavior is

likely to be highly nonlinear and configuration-dependent. To model its behavior, we adopt

a structured, data-driven approach that preserves the variational foundations of mechanics.

Specifically, we formulate the actuator’s elastic and dissipative properties as convex poten-

tials—a technique commonly used in rheological modeling and generalized finite element

methods. The net force is expressed as the differential of these convex potential functions

with respect to the relevant kinematic quantities.

This modeling approach balances expressive power with physical interpretability. By

grounding the model in analytical mechanics, we retain direct access to energy and power

quantities, enabling integration with trajectory optimization frameworks and supporting

statistically principled system identification. In the chapters that follow, we demonstrate

how this framework enables both predictive modeling and energy-efficient control of an

HSA-driven hopping robot.

2.4 Related Works of Physics-Informed Machine Learning

In recent years, physics-informed machine learning has emerged as a powerful framework

for discovering dynamical systems from data while preserving the underlying physical struc-

ture. These methods leverage priors from classical mechanics—such as conservation laws

and variational principles—to improve data efficiency, interpretability, and generalization,
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particularly in systems with complex or partially unknown dynamics.

Among the most influential approaches is the Sparse Identification of Nonlinear Dy-

namics (SINDy) framework [2, 36], which casts model identification as a sparse regression

problem over a library of nonlinear functions. SINDy has proven effective in a wide range

of systems, but it is typically formulated for first-order differential equations. As a result,

it often requires finite-difference estimates of derivatives, which can be noisy or inaccurate

for second-order mechanical systems—particularly under nonsmooth dynamics. Integral

formulations of the residual have been proposed to mitigate these issues [?], an idea that

closely relates to the variational approach adopted in this work.

Another line of research incorporates physical structure directly into neural network

architectures. Hamiltonian Neural Networks (HNNs) [9] and Lagrangian Neural Networks

(LNNs) [22] constrain model outputs to satisfy geometric priors from analytical mechan-

ics. HNNs are trained to reproduce the system’s vector field as the gradient of a learned

Hamiltonian, assuming conservative dynamics. LNNs take a similar approach using the

Euler–Lagrange equations, learning both kinetic and potential energy functions from data.

While these models are physically grounded, they generally rely on dense network architec-

tures and do not account for non-conservative forces such as dissipation.

Recent extensions have sought to bridge this gap. Sharma et al. [35] introduced a

reduced-order modeling framework that incorporates dissipation by identifying low-dimensional

operators from data. Their method formulates operator fitting as a constrained least-squares

problem, grounded in the Lagrangian framework. However, their elastic and damping forces

are based on constant-curvature potentials and acceleration-coordinate formulations, which

can obscure the individual contributions of elasticity and damping in complex systems.

In summary, physics-informed learning methods have shown great promise for modeling

mechanical systems, but many existing approaches are either restricted to conservative

dynamics or constrained by black-box architectures. The modeling framework presented in

this work combines the interpretability of analytical mechanics with the flexibility of convex

regression, enabling tractable system identification of viscoelastic structures with physically

meaningful components.
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Chapter 3

DESIGN OF AND EVALUATION THE HSA-PEA HOPPING ROBOT

This chapter presents the design of a parallel elastic leg actuator based on a 3D-printed

Handed Shearing Auxetic (HSA) structure. The work described here was conducted in

collaboration with Dr. Ian Good, Dr. Samuel A. Burden, and Dr. Jeffrey Lipton, and is

currently under review with IEEE Robotics and Automation Letters (RAL). The actuator

prototype, referred to as a ”spring-brake” mechanism, leverages the nonlinear mechanical

properties of the HSA to achieve both elastic energy storage during dynamic hopping and

passive load support during static tasks.

The experiments and results in this chapter provide the physical foundation for the

modeling and control framework developed in Chapter 4. In particular, the dynamic hop-

ping tests described here expose complex viscoelastic behaviors—such as configuration-

dependent stiffness and dissipation—that motivate the need for data-driven system iden-

tification. These behaviors are later quantified through a variational modeling approach,

and the resulting models are used in Chapter 5 to generate optimized hopping trajecto-

ries. Together, these chapters form a cohesive narrative from hardware design, to model

development, to performance-aware control of HSA-actuated legged robots.
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Figure 3.1: System Overview. We use Handed Shearing Auxetics (HSA) as a combined
Spring and Break mechanism in a hopping leg to improve system efficiency in hopping and
standing.

3.1 The Spring-Mass Oscillator Template

In this chapter presents the design of a hopping robot capable of hopping at 5cm height

at frequency f > 2 Hz. Our approach combines a low-reduction motor with an HSA in

parallel. We selected a quasi direct-drive motor for its favorable ratio of torque to reflected

inertia and ample regeneration capability.

To guide the design of the HSA, we approximated the stance-phase dynamics of the

robot using a spring-mass oscillator model:

mẍ+K(x� x0) +mg = 0;

where m = 1:3 Kg is the total system mass, x represents the leg length, K is the effective
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stiffness, and g is the gravitational acceleration.

We estimated the required spring constant K by equating the mechanical energy at the

lowest point of stance with the potential energy needed for a hop of height h:

mgh =
1

2
K∆x2 �mg∆x:

Rearranging for K,

K = 2mg(h+∆x)∆x�2:

Setting ∆x = h = 5 cm gives an effective spring rate of K � 1kN
m .

To verify this stiffness yields a hopping frequency above 2 Hz, we calculate the stance

and flight durations:

tF = 2
q

2h
g ; tS(m;K) � �

p
m
K

and the total hopping frequency:

f(m;K) �

 
2

s
2h

g
+ �

r
m

K

!�1

: (3.1)

Substituting K = 1 kN
m , we find:

f(1:3; 1000) � 3:2 Hz:

This analysis yields the following actuator design requirements:

• Stroke length: ∆x > 5 cm

• Effective Stiffness: K � 1000 N
m

• Load capacity: Fmax � 1:5�K � 5 cm = 75 N

3.2 HSA Selection and Fabrication

We selected an HSA configured at 0% of its auxetic trajectory to maximize stroke length and

minimize stiffness, following design guidelines from prior studies [8,39]. An 8-row, 3-column

HSA geometry was chosen to balance jamming capability with stroke range. The structure

was printed in FPU50 using a Carbon M1 DLS printer per manufacturer specifications.
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Figure 3.2: HSA average stiffness over five-centimeters stroke is shown for different twist
angles. Data was collected on an instron UTM. For large twist angles (red region), the HSA
jams against the inner cylinder, dramatically increasing its stiffness.

The HSA was made from FPU50 on the Carbon M1 DPL printer following manufactures

best practices. FPU50 HSAs can easily support cyclic loads of 50% strain so the HSA was

scaled to a length of 100 mm, with an additional 16 mm added for mounting, resulting in

a 3D printed part that is 116mm long and 34mm in diameter. The minimum cross section

in the design is 36 mm2, and with the assumed loading conditions, we see internal stresses

of 2:1 MPa, which is well below UTS (25 MPa). Characterization of the printed HSAs were

performed on an Instron UTM, sweeping twist angles from �150� to 120� in 10� increments,

and displacement from 0 to 5cm in 5mm increments. Under positive twist, the average

spring constant reached 912N
m , with peak stiffness exceeding 16kN

m —a 21� increase over the

minimum. These results confirm that the fabricated HSA meets all design specifications.




