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Abstract13

Neural interfaces can restore or augment human sensorimotor capabilities by converting high-14

bandwidth biological signals into control signals for an external device via a decoder algorithm.15

Leveraging user and decoder adaptation to create co-adaptive interfaces presents opportunities16

to improve usability and personalize devices. However, we lack principled methods to model and17

optimize the complex two-learner dynamics that arise in co-adaptive interfaces. Here, we present com-18

putational methods based on control theory and game theory to analyze and generate predictions for19

user-decoder co-adaptive outcomes in continuous interactions. We tested these computational meth-20

ods using an experimental platform where human participants (N=14) learn to control a cursor using21

an adaptive myoelectric interface to track a target on a computer display. Our framework allowed us22

to characterize user and decoder changes within co-adaptive myoelectric interfaces. Our framework23

further allowed us to predict how decoder algorithm changes impacted co-adaptive interface perfor-24

mance and revealed how interface properties can shape user behavior. Our findings demonstrate an25

experimentally-validated computational framework that can be used to design user-decoder inter-26

actions in closed-loop, co-adaptive neural interfaces. This framework opens future opportunities to27

optimize co-adaptive neural interfaces to expand the performance and application domains for neural28

interfaces.29

Keywords: Co-adaptation, Game Theory, Myoelectric interfaces30

1 Introduction31

Neural interfaces can restore or augment human capabilities [1–6]. In a neural interface, signals from32

the user are translated via a decoder algorithm to control a device. Decoder algorithms that adapt to33
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users during interface operation can improve performance and enable personalization [2, 7–17]. Users34

also adapt as they learn to control the interface because they receive real-time feedback [3, 18–21].35

Introducing adaptive algorithms into neural interfaces therefore creates a co-adaptive system. Prior work36

has demonstrated the benefits of leveraging co-adaptation to guide or assist user adaptation [10, 22, 23]37

and maintain performance over time [10, 14, 24].38

However, co-adaptive systems are challenging to design because they involve dynamic, two-learner39

interactions: both the user and decoder may adapt simultaneously and in response to one another.40

Experiments have exposed the importance of identifying appropriate decoder parameters, such as the41

rate of decoder adaptation, to ensure stable and predictable interface control [7, 25, 26]. Methods to42

design and analyze two-learner systems are an active area of research in neural engineering [27, 28]43

and dynamic game theory [29], but co-adaptive neural interfaces are largely designed and implemented44

empirically. Theoretically-grounded and experimentally-validated techniques to model and quantify co-45

adaptive dynamics will unlock new ways to design robust interfaces that harness the full potential of46

user and decoder adaptation.47

Existing frameworks for designing co-adaptive interfaces highlight the promise of model-based48

approaches but either do not capture the full range of dynamic interactions that can arise between users49

and decoders, or do not make predictions about interaction outcomes. Past work on neural interfaces50

focused on the user adapting to a leading, optimal (fixed) decoder [30] or the decoder adapting to follow51

the user [31], and most experimental neural interfaces are constrained to this limited range of co-adaptive52

interactions [2, 10, 14, 22]. We instead seek methods that will be able to accommodate a wide spec-53

trum of user-decoder interactions, where the device may shift from ‘leading’ to ‘following’ the user over54

time [32]. Game theory has been used to analyze the joint responses of two learners in human-human55

motor interactions [9, 33] and human-machine interactions [25, 34]. We built on these ideas, adapting56

tools from control theory and game theory to create a flexible, experimentally-validated framework for57

analysis and synthesis of co-adaptive outcomes of continuous interactions in neural interfaces.58

We developed a myoelectric interface platform that allowed us to build experimentally-validated frame-59

works for co-adaptive neural interfaces. We validated that users changed their behavior alongside an60

adaptive decoder to control a cursor via their muscle activity, creating a co-adaptive system. We mod-61

eled this closed-loop system using control theory methods to quantify interactions between users and62

the device. This experimental platform and analysis toolkit allowed us to test analytical predictions63

about user-machine behaviors derived from a model treating the user and decoder as two agents in a64

game. Our experimental results revealed that user learning can be influenced through real-time interface65

adaptation and that these outcomes can be predicted using game-theoretic models. Together, our find-66

ings establish methods to analyze and synthesize co-adaptive systems that can enable next-generation67

approaches for designing and personalizing neural interfaces.68

2 Results69

We created an experimental platform to study co-adaptation using non-invasive myoelectric interfaces,70

which we subsequently used as a testbed to develop and validate computational frameworks for co-71

adaptive interactions. This platform created unfamiliar human-machine interactions for our human72

participants (N=14) which let us systematically manipulate decoder properties to investigate the effect73

of decoder adaptation on user adaptation. Here, we use the term “adaptation” to describe any change74

over time in the decoder or user, and do not aim to draw analogies to particular forms of motor75

learning [35]. Our myoelectric interface had similar properties to many common motor neural interfaces,76

including brain-computer interfaces: it used high-dimensional biosignals to control a lower-dimensional77

movement [36, 37] and was a closed-loop system that can facilitate user adaptation [12]. We first analyzed78

the experimental platform to establish that both users and decoders adapt, creating a co-adaptive system79

(section 2.1). We then leveraged control theory and game theory to develop computational methods80

that can measure and predict co-adaptive outcomes (sections 2.2 and 2.3, respectively). Finally, we81

used our experimental platform to validate model predictions by manipulating the decoder adaptation82

parameters and demonstrating that our framework could predict outcomes of co-adaptive interactions83

(sections 2.4 and 2.5).84
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Fig. 1 Co-adaptative myoelectric interface. a. Experiment schematic. Users tracked a target by controlling 2D
cursor velocity with muscle activity via an adaptive decoder. b. Session schematic. Participants completed two blocks of
eight 5-minute trials with different, randomized, decoder conditions; decoders were initialized randomly and adapted every
20 seconds. c. Example cursor (solid blue) and target (dashed black) trajectories. Orange lines denote decoder updates.
1d. Mean error (N = 14, center shows median; box shows 25th–75th percentiles; whiskers extend to 1.5 × interquartile
range) early (first 30 s) and late (last 30 s) in trials. Error (∥τ − y∥) was averaged across trials for each participant.
One-sided Wilcoxon signed-rank test, **p = 0.0001. e. Mean error (N = 14) separated by decoder initialization (D1,
D2) early and late in trials. Error (∥τ − y∥) was averaged across trials for each participant. Two-sided Wilcoxon signed-
rank test, (Early) ns = 0.67, (Late) ns = 0.43. f. EMG tuning curve for one EMG channel early (dashed light purple)
and late (solid purple) within a single trial. g. Average EMG tuning curve for one channel early (dashed light purple)
and late (solid purple) across all trials (N = 16, median; shading shows the 25th - 75th percentile range). Preferred
directions for each curve shown with vertical lines. h. Norm difference of the average early versus late EMG tuning curves
(∥∆EMG∥ = ∥EMG(late) − EMG(early)∥) (purple) compared to norm difference of the average consecutive 30-second
intervals (∥∆EMG∥ = ∥EMG(t)−EMG(t+ 1)∥) (gray) for all channels, computed for each subject (N = 63, One-sided
Wilcoxon signed-rank test with a Bonferroni correction of n = 14; *p < 0.001 for all subjects). i. Magnitude of angular
change in EMG preferred direction early versus late (∥∆PD∥ = ∥PD(late)− PD(early)∥) (purple) compared to angular
change in consecutive 30-second intervals (∥∆PD∥ = ∥PD(t) − PD(t − 1)∥) (gray)for all channels, computed for each
subject (N = 63, One-sided Wilcoxon signed-rank test with a Bonferroni correction; *p < 0.001 for all subjects). J. Average
change in EMG tuning curves within a trial (∥∆EMG∥ = ∥EMG(late) − EMG(early)∥) for all subjects as a function
of trial number (N = 14, median; shading shows 25th - 75th percentile range). Average change in EMG of first trial is
compared to last trial. (One-sided Wilcoxon signed-rank test, *p = 0.0083). K. Average error as a function of trial time in
block 1 (dashed gray) and block 2 (solid black) (N = 14, median; shading shows 25th-75th percentile range). Black boxes
represent comparisons of mid-trial and end-trial task error between block 1 and block 2 (One-sided Wilcoxon signed-rank
test, **p = 0.00043, *p = 0.015). All boxplots (panels D, E, H, and I) show the median (center line), 25th-75th percentiles
(box; interquartile range), and 1.5 x interquartile range (whiskers).

3



2.1 An adaptive myoelectric interface created a co-adaptive experimental85

platform86

Participants completed a 2D trajectory-tracking task using a 64-channel adaptive myoelectric interface87

(Fig. 1A, Extended Data Fig. 1A). The task was chosen for its advantages in analyzing user sensorimotor88

transforms [38, 39]. Participants controlled a cursor using surface electromyography (sEMG) signals89

measured from their dominant forearm via a velocity-controlled Wiener filter decoder (see Methods).90

The decoder was randomly initialized at the beginning of each trial and then updated online every 2091

seconds using previously-developed adaptive decoding algorithms [40, SmootBatch]. Decoder adaptation92

conditions varied from trial to trial, and participants completed a total of 16 5-minute trials (arranged93

in 2 blocks of 8 trials) (Fig. 1B, see Methods).94

We first analyze general properties of system behavior independent of decoder adaptation conditions95

before examining the influence of decoder conditions (learning rate and cost functions, sections 2.4 and96

2.5, respectively). Performance improved as the decoder adapted during a trial (Wilcoxon signed-rank97

test, p < 0.001) (Fig. 1C, D) and these performance improvements were not impacted by decoder ini-98

tialization (Wilcoxon signed-rank test, p > 0.05) (Fig. 1E), similar to invasive brain-computer interface99

adaptive decoder studies [27, 40, 41]. These results confirm expected behavior of the adaptive algorithms.100

While past work suggests that users likely adapt alongside the algorithm, we next aimed to confirm101

this behavior in our testbed. System-level performance metrics alone cannot separate the effect of102

user adaptation from that of decoder adaptation because performance changes could be attributed to103

either learner. The decoder adapted during the trial by design, leading to shifts in the decoder matrix104

(D) according to prescribed cost functions (e.g., Fig. 5C, also reported in preliminary studies in 26).105

To validate that our myoelectric interfaces created a co-adaptive system, we examined whether users106

adapted during each trial. We asked whether the user’s behavior changed while controlling the interface107

by estimating the relationship between user sEMG activity and the direction of intended movement –108

i.e., an EMG tuning curve [42–44] (see Methods). Variation in electrode placement and user behavior109

resulted in a wide range of EMG tuning curves that varied across participants and across electrodes110

(Extended Data Fig. 2). EMG tuning curves from a sample participant revealed within-trial changes111

in user behavior (Fig. 1F, G). We saw a range of changes in EMG tuning curves in other participants112

(Extended Data Fig. 3). We quantified EMG changes for each participant by calculating the magnitude113

of the difference between EMG tuning curves (Fig. 1H) and angular differences in the preferred direction114

(Fig. 1I) (see Methods). Because changes in EMG tuning were diverse across electrodes and participants,115

we assayed whether changes across a trial reflected a directed process. We compared the magnitude of116

change in the first 30 seconds (early) versus the last 30 seconds (late) to the magnitude of change on117

consecutive 30 second intervals. All participants showed significantly larger changes in the magnitude118

and tuning angles of EMG activity over the course of the trial than moment-to-moment fluctuations,119

suggesting that users adapted their behavior in a directed fashion during the 5-minute trial (Wilcoxon120

signed-rank test with a Bonferroni correction of n = 14, p < 0.001) (Fig. 1H, I).121

Interestingly, we observed that within-trial differences in EMG tuning curves decreased as trials pro-122

gressed (Fig. 1J). We hypothesized that these longer timescale changes reflected users learning over the123

course of the experiment. We tested this prediction by comparing performance in the first and second124

blocks, which contained trials with matched decoder adaptation conditions. Decoder adaptation param-125

eters were matched across blocks of trials, which means that differences in task performance (determined126

by the joint user-decoder system) must stem from differences in user behavior between blocks. We127

indeed saw that participants’ average mid-trial and final task error was lower in block 2 compared to128

block 1 (Wilcoxon signed-rank test, p < 0.05), suggesting that task performance trajectories improved129

more and more quickly in block 2 than in block 1 (Fig. 1K). Taken together, user EMG and system130

performance suggest that users adapt alongside the decoder in our myoelectric interface, both within131

and across trials, establishing a co-adaptive system.132
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Fig. 2 Control-theoretic analysis allows for user encoder estimation and decoder-encoder analysis. a.
Block diagram model of closed-loop system. The user’s encoder E outputs myoelectric activity u to the decoder D to
follow the target’s position and velocity. The decoder outputs velocity, which is then integrated by system dynamics M
to generate a cursor position. The user sees their cursor moving with some velocity ẏ to position y. Error in the cursor
position and velocity (relative to the target) acts as closed-loop feedback to the user. b. Example reconstructions of
cursor position (top) and velocity (bottom) from encoder estimations (dashed black), compared to the actual position
and velocity (dashed blue) with a time-shuffled baseline (solid gray). Distributions of average R2 values between actual
and reconstructed position (top right) and velocity (bottom right) for actual data versus time-shuffled controls (N = 14,
median; shading shows the 25th - 75th percentile; Two-sided Wilcoxon signed-rank test, (position) **p= 0.0001, (velocity)
**p= 0.0001). c. Product of the decoder matrix with feedforward contributions of the encoder matrix (N = 14, median;
shading shows the 25th - 75th percentile). Black dashed lines represent values that yield perfect trajectory tracking. d.
Product of the decoder matrix with feedback contributions of the encoder matrix (N = 14, median; shading shows the
25th - 75th percentile). Black dashed lines represent values that yield closed-loop stability. e. Average change in angle
between final and initial encoders (∠(R(Ef ),R(Ei))) (dark purple) and consecutive encoders (∠(R(Et+1),R(Et))) (light

purple). Average change in angle between final and initial decoders (∠(N (Df )
⊥,N (Di)

⊥)) (dark orange) and consecutive

decoders (∠(N (Dt+1)⊥,N (Dt)⊥)) (light orange) (N = 14, center shows median; box shows 25th–75th percentiles; whiskers
extend to 1.5 × this interquartile range; two-sided Wilcoxon signed-rank test; (left)**p= 0.00012, (right)**p= 0.00012) f.
Average change in angle between final and initial encoders (∠(R(Ef ),R(Ei))) (dark purple) and final and initial decoders

(∠(N (Df )
⊥,N (Di)

⊥)) (dark orange) as a function of trial number (N = 14, median; shading shows the 25th - 75th
percentile). g. Average change in angle between consecutive encoders (∠(R(Et+1),R(Et))) (light purple) and consecutive
decoders (∠(N (Dt+1)⊥,N (Dt)⊥)) (light orange) over the course of a trial (N = 14, median; shading shows the 25th -
75th percentile).
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2.2 Co-adaptation outcomes matched control theory predictions133

Distinguishing user and decoder contributions to an interface is key to understanding and designing134

closed-loop, co-adaptive systems. While decoders are known exactly, the user model must be estimated.135

The EMG direction-tuning analysis we used above can characterize user activity but does not provide136

a model for the user and, therefore, limits our ability to examine user-decoder interactions. We used137

methods from control theory, a discipline focused on analysis and synthesis of feedback systems, to138

model the behavior of users and the closed-loop system. Prior work shows that control theory can139

estimate changes in user trajectory-tracking behavior by separating their feedback and feedforward140

controllers [38, 45–47]. We extended these techniques to our multi-input, multi-output system to analyze141

co-adaptive outcomes. These approaches involve modeling users as performing position-based control142

with perfect and immediate sensory feedback. These models, therefore, notably simplify computations143

known to contribute to motor control (such as sensory delays). Yet, these and related simplified models144

have proven useful for capturing aspects of motor behavior in humans and other model organisms145

[39, 48, 49].146

We define our model of the user’s encoder as the closed-loop mapping between task information and147

EMG activity in our myoelectric interface (Fig. 2A; see Extended Data Table 1 for a summary of148

variables). Our encoder model, E ∈ R64×8, considers feedforward and feedback inputs to the user, which149

are derived from closed-loop task information presented to the user - target position (τ ∈ R2), target150

velocity (τ̇ ∈ R2), position error (τ − y ∈ R2) and velocity error (τ̇ − ẏ ∈ R2). We formulate an encoder151

model with these feedforward and feedback elements that depend linearly on target position, cursor152

error, and an offset β (to capture resting activity):153

u = E ·


τ
τ̇

τ − y
τ̇ − ẏ

+ β · 1⊤t , (1)

where 1⊤t =
[
1 1 · · · 1

]
∈ R1×t, and t indicates time.154

The encoder matrix has both feedforward (F ) and feedback (B) components:155

E =
[
F0 F1 B0 B1

]
(2)

such that each component of task information, τ , τ̇ , τ−y, τ̇−ẏ, respectively corresponds with an element156

of the encoder, F0 ∈ R64×2, F1 ∈ R64×2, B0 ∈ R64×2, B1 ∈ R64×2. The subscripts 0 and 1 represent157

the 0th- and 1st-order dynamics of position and velocity, respectively. The output of the encoder is an158

EMG activity time series u ∈ R64×t which is input to the decoder, D ∈ R2×64. The decoder outputs159

a cursor velocity, which is integrated by the system dynamics M to a cursor position y. We estimated160

the user’s encoders E ∈ R64×8 within a trial with linear regression using 20 second batches of data,161

corresponding to the time intervals where the decoder was held constant (see Methods). This model162

appeared to capture useful aspects of user behavior, yielding reconstructed cursor position and velocity163

trajectories that were correlated with the actual cursor movements (Fig. 2B).164

We then used our encoder model to quantify decoder-encoder interactions and analyze performance of the165

closed-loop system. One common challenge in co-adaptive systems is convergence to a stable solution or166

performance [25, 27, 28]. Our performance-based analysis above suggested that our co-adaptive interface167

may have converged (Fig. 1C,D), but does not prove stability nor ideal performance. We exploited the168

separation of the feedforward and feedback pathways in our encoder model to empirically measure the169

stability and tracking error properties of the closed-loop encoder-decoder system. Perfect trajectory170

tracking is obtained when the user’s feedforward input F becomes the pseudo-inverse of the decoder D171

and system dynamics M , which results in the following conditions: D ·F0 = 0 and D ·F1 = I, where 0 is172

the zero matrix and I is the identity matrix (see Methods, Equation (13)). We used the known decoder173

values and estimated user encoders to quantify these values in our experimental data, which revealed174

1© 2022 Maneeshika M. Madduri, Momona Yamagami, Augusto X.T. Millevolte, Si Jia Li, Sasha N. Burckhardt, Samuel A.
Burden, Amy L. Orsborn. Reproduced with permission from “Co-Adaptive Myoelectric Interface for Continuous Control.” IFAC
PapersOnLine, 55/41 (2022), pp. 95-100. https://doi.org/10.1016/j.ifacol.2023.01.109
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that D · F1 approach the analytically-ideal values on average across all trials (Fig. 2C). Interestingly,175

we found that D · F0 slighly deviated from the expected values for perfect tracking (Fig. 2C). These176

deviations from analytical ideal were found to correlate with user tracking error (Extended Data Fig. 4),177

suggesting that our encoder estimates capture meaningful properties of user behavior. Similarly, closed-178

loop stability can be achieved if the feedback components of the decoder-encoder product (D · B0 and179

D ·B1) are approximately negative-definite diagonal matrices. In this case the eigenvalues of the closed-180

loop system’s dynamics are approximately located at the diagonal entries (i.e. in the left half complex181

plane), ensuring stability [50, Chapter 5]. Our experimental data observations matched the predictions182

for a stable system (Fig. 2D).183

We also used our encoder estimation model to revisit user-learning-related changes in experiments.184

We found that user encoder subspaces showed larger changes across the 5-minute trial compared to185

subsequent time-intervals (Wilcoxon signed-rank test, p < 0.001) (Fig. 2E, left; see Methods), consistent186

with directed changes observed in the EMG tuning curves (Fig. 1H, I). As expected, decoder subspaces187

also showed directed changes within each trial (Wilcoxon signed-rank test, p < 0.001) (Fig. 2E, right; see188

Methods). We further observed that the within-trial change in user encoder subspaces decreased across189

sequential trials (Fig. 2F), mirroring our EMG and performance-based analyses showing that users also190

learn over the course of the experiment (Fig. 1J, K). Decoder changes within each trial, in contrast, did191

not notably vary across trials in the experiment since the decoders were re-initialized randomly at the192

beginning of each trial (Fig. 2F). Our models therefore revealed evidence of co-adaptation between the193

encoder and decoder that was consistent with our EMG-based analyses.194

Finally, encoder and decoder changes within each trial, paired with system-level analyses, revealed195

nuances of how the co-adaptive system converged (Fig. 2G). The amount of change between consecutive196

decoders starkly decreased over the course of a trial, consistent with the algorithm converging towards197

a solution from its random initialization. User encoders, in contrast, changed a similar amount over the198

trial. This is consistent with users learning across trials, where they do not “re-initialize” their encoder199

on each trial. Importantly, both encoders and decoders do not converge towards zero change within200

the five minute trial, despite the fact that encoder-decoder pairs (Fig. 2C,D) and task performance201

(Fig. 1K) appear to converge. Considered together, our analyses suggest that the joint user-decoder202

system converges, yet neither agent becomes completely stationary. By modeling the user, our control-203

theoretic encoder model allowed us to more precisely resolve user-decoder interactions within the closed-204

loop, co-adaptive interface.205

2.3 Game theory model generated predictions for co-adaptation outcomes206

Having established an experimental platform for co-adaptive interfaces and validated tools to analyze207

user-decoder adaptation, we next aimed to build tools to predict how users and decoders will interact.208

We leveraged game theory to model the co-adaptive interactions that arise between these two agents209

optimizing their individual objectives [51, 52] (Fig. 3A). The two agents in our experiment—the user and210

decoder—co-adapt to achieve a shared goal: reduce task error. However, the user likely trades off error211

with effort, preferring strategies that achieve reasonable performance while reducing muscle activity [53].212

The decoder’s adaptation algorithm was analogously designed to trade off error with the magnitude of213

the transformation (or gain) it defines between EMG inputs and cursor velocity outputs. We therefore214

defined cost functions for the user’s encoder E and the decoder D as a linear combination of task error215

e and agent effort f ,216

cE(E,D) = e(E,D) + λEfE(E), cD(E,D) = e(E,D) + λDfD(D), (3)

where λE and λD are effort penalties. For tractability, we limit our analysis in this section to the 1-217

dimensional case where E and D are scalars as in [54]. In our simplified case, the error in our task is the218

square difference between the feedforward decoder output and target velocities, e(E,D) = (τ̇ −DEτ̇)2.219

We similarly defined effort as fE(E) = E2, fD(D) = D2.220

The structure of these cost functions define a potential game [55] (Fig. 3B), which can be analyzed in221

terms of a single potential function,222

ϕ(E,D) = e(E,D) + λEfE(E) + λDfD(D). (4)
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Using this potential function, we can characterize the existence of and convergence to stationary points223

(E∗, D∗) defined by the conditions ∂Eϕ(E∗, D∗) = 0 and ∂Dϕ(E∗, D∗) = 0. These game-theoretic224

stationary points represent joint strategies in the co-adaptive system that persist for a prolonged period225

of time. Such stationary points in a neural interface could correspond to stable neural representations226

(neural “encoding”) and stable decoder parameters, which have been observed in co-adaptive BCIs [2,227

10, 14, 27, 40].228

We model encoder and decoder adaptation in discrete time using gradient descent for E and smoothed229

best response for D,230

E+ = E − αE∂Eϕ(E,D), D+ = αDD + (1− αD) argmin
D

ϕ(E,D), (5)

where αE > 0, αD ∈ (0, 1) are learning rate parameters. The update for D is consistent with what is231

implemented in the experiments (see Methods) and was based on the methods in [10, 40]. We propose232

a gradient-based update for E as a model for user learning that incrementally improves performance,233

which is consistent with our findings for how encoders change (Fig. 2E-G).234

Analyzing game dynamics (see Methods for calculation details) shows that the existence of stationary235

points is unaffected by learning rates αE , αD, but these parameters determine the system’s overall rate of236

convergence—or, indeed, whether convergence occurs at all (Fig. 3D, Fig. 4A). When λE and λD are less237

than unity, there are three stationary points (E∗, D∗): one at the origin and a mirror pair (see Methods238

for analytical expressions). The stationary point at the origin is a saddle, and the other two are local239

minima of the agents’ shared potential function (see Methods). Existence of multiple stationary points240

in the co-adaptive model suggests the same for the experimental co-adaptive system, and initialization241

of either agent could affect the stationary point the system converges to. This prediction is tested in242

Extended Data Fig. 5.243
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Setting learning rates of adaptive decoders has attracted significant interest in part because of its notable244

impact on overall neural interface performance [7, 25, 27, 28, 40]. Our model allows us to make principled245

predictions that could be used to design and optimize adaptive algorithms. We assessed convergence of246

Equation (5) to the stationary points (E∗, D∗) with E∗, D∗ ̸= 0 by linearizing the dynamics about that247

point and then computing the eigenvalues of this linearization [56, Chapter 5]; the linearization was the248

same for both stationary points. We refer to the larger eigenvalue as the error decay rate, as it is the249

smallest number ρ > 0 such that the error e(i) is bounded above by e(0)ρi where i is iteration number.250

Interestingly, this analysis predicts a “goldilocks” effect of decoder learning rate on system convergence,251

consistent with past models [25], for one regime of user learning; but predicts a monotonic relationship252

between system convergence and decoder learning rate for other user learning rate regimes (Fig. 3D,E).253

This complex landscape illustrates that empirical optimization is challenging and demonstrates the254

value of our computational framework for theory-guided optimization. The prediction that learning rate255

affects error decay rate is tested in Fig. 4.256

We then explored the contribution of penalty terms λE , λD, which influence user-decoder phase portraits257

(Fig. 5A). Altering these penalties shifts the stationary points (E∗, D∗) and, thus, affects the user and258

decoder efforts, fE and fD. We find that an inverse relationship holds between E∗ and D∗ for a range259

of λE and λD: fixing λE and varying λD from 0 to 1/4λE , D∗ decreases monotonically and E∗ increases260

monotonically (Fig. 3F). This prediction is tested in Fig. 5.261

To summarize, our game theoretic model generates the following predictions about user-decoder co-262

adaptation:263

1. Overall system convergence and performance are influenced by both user and decoder learning rates.264

2. Decoder penalty terms affect the location of stationary points in the overall system, which determines265

user effort. This finding predicts that users and decoders, effectively, “trade-off” effort to maintain266

system performance.267

3. Because multiple stationary points exist, each learner’s initialization will affect the final stationary268

point reached by the system. This predicts that decoder initialization will influence a user’s final269

learned encoder.270

2.4 Decoder learning rates can disrupt co-adaptation271

Our game-theoretic model emphasizes the importance of both the user and decoder learning rates272

for convergence to stationary points. One agent adapting faster than the other may limit or prevent273

convergence to stationarity (Fig. 4A). Our model predictions echo results from previous models [25]274

and experimental findings from both invasive neural and non-invasive body-machine interfaces [7, 57].275

We examined the validity of our model’s predictions by testing the effect of decoder learning rates276

in our co-adaptive myoelectric interface system. Because the user’s learning rate was unknown and277

could not be estimated a priori, we varied the decoder learning rate, testing two extremes: slow and278

fast (see Methods). Our model makes two alternate predictions for the outcome of this manipulation,279

depending on user learning rate: if users learn relatively rapidly, these two extremes should yield similar280

performance; if users learn more slowly, fast decoder learning rates should reduce performance (Fig. 3E).281

Decoders for both learning rate conditions were initialized randomly, matching all other conditions,282

and then adapted according to the specified cost function. Task performance was worse for co-adaptive283

interfaces where the decoder adapted with the fast learning rate compared to the slow learning rate284

throughout all trials (Fig. 4B), and performance improved more within the trial in the slow condition285

compared to the fast condition (Wilcoxon signed-rank test, p < 0.001) (Fig. 4C).286

We found that the decoder learning rate also affected the user’s encoders. We used our encoder estimates287

(Fig. 2) to quantify how much users’ encoders changed over the course of the 5-minute trial in each288

decoder condition (see Methods). User encoders changed less within trials when the decoder adapted289

fast compared to slow (Wilcoxon signed-rank test, p < 0.001) (Fig. 4D), suggesting that the decoder290

may have adapted too fast for the user’s encoder to match. We then analyzed user-decoder interactions,291

which confirmed that rapid decoder adaptation disrupted co-adaptation. The decoder-encoder pairs in292

the slow condition approached the system ideal for perfect trajectory tracking and closed-loop stability,293

but the fast condition decoder-encoder pairs deviated from the system ideal state in both the first-294

order feedforward (Fig. 4E) and feedback conditions (Fig. 4F), showing that the fast learning rate295
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negatively impacted the co-adaptive interactions for both trajectory tracking and closed-loop stability.296

Our experimental results corroborated our game-theoretic prediction that decoder learning rates will297
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represent values that yield closed-loop stability.
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influence system behavior, though precise validation experiments will require improved methods to298

estimate user learning rates (see Discussion).299

2.5 Decoder “effort” penalty influenced user “effort” without changing300

performance301

Our game-theoretic framework includes the regularization terms, ∥D∥ and ∥E∥, which correspond to302

what we refer to as “effort”. Including regularization terms enforces convergence to a stable stationary303

point (See Game Theory Methods). In the model, the scaling of the decoder regularization term, con-304

trolled by λD, influences the decoder effort. In turn, the user effort is also influenced by λD due to the305

linear relationship between the decoder and cursor velocity (Eq. 1). As the decoder penalty changes in306

our model, the stationary point and encoder effort correspondingly shift (Fig. 5A). Our model there-307

fore predicts that changing decoder effort will not impact convergence to stationarity in the co-adaptive308

interface, but will influence user behavior by shifting their effort. Past work suggests that users can309

adapt their encoder to “trade-off” with a decoder in a co-adaptive interface where the decoder only310

prioritized optimizing task performance [10]. Yet, many studies highlight limitations on the degree of311

user flexibility in a range of neural interfaces [58, 59]. It is therefore unknown whether users will flexibly312

trade-off with a decoder that aims to optimize multiple objectives, including its own individual “effort”.313

We tested the impact of two penalty terms – low penalty and high penalty – on decoder-encoder314

co-adaptation in our myoelectric interface experiments. Decoders for both penalty conditions were ini-315

tialized randomly, matching all other conditions, and then adapted according to the specified cost316

function (see Methods). Performance was not impacted by the penalty terms (Wilcoxon signed-rank317

test, p > 0.05) (Fig. 5B), suggesting the co-adaptive systems converged similarly for both decoder con-318

ditions. Decoder effort was influenced by the penalty term as expected: higher decoder penalty resulted319

in decreased decoder effort (Wilcoxon signed-rank test, p < 0.001) (Fig. 5C). As predicted by our model,320

the decoder effort affected the encoder effort to reflect the trade-off in effort between the two learners.321

Thus, higher decoder penalty terms resulted in increases in the encoder effort (quantified by the norm322

of the F1 component of the encoder; Wilcoxon signed-rank test, p < 0.05)(Fig. 5D). These results held323

regardless of the learning rate of the decoders (Extended Data Fig. 6).324

While our experimental results broadly matched model predictions, we noticed that the relative decrease325

in encoder magnitude with respect to the increase in decoder magnitude was smaller than predicted by326

the theory (Fig. 5C vs. 5D). Importantly, decoder “effort” controls the magnitude of D, which defines327

the gain between user EMG and cursor velocity. If users do not change their effort to perfectly mirror328

changes in the decoder effort, the cursor’s speed - an aspect of task performance not captured in our329

model and not directly linked to task performance - would change. We found that decoder penalty terms330

influenced the cursor speed during tracking, with a lower decoder penalty term leading to faster cursor331

speeds on average across users (Wilcoxon signed-rank test, p < 0.001)(Fig. 5E). Interestingly, these332

trade-offs differed across our participants (Fig. 5F), potentially capturing individual preferences. We333

noticed clear outlier participants who chose to decrease their effort and maintain a similar cursor speed,334

or alternately maintain a similar effort to go faster; the remainder of our participants changed both effort335

and speed to varying degrees. This suggests three broad groups of strategies adopted by users (Fig. 5G).336

These different strategies, however, did not correlate with task performance, suggesting that users may337

identify compromise solutions to trade-off with the decoder without sacrificing task performance. These338

findings highlight experimental deviations from our model predictions for strict encoder-decoder trade-339

offs. We also found only subtle evidence to support our model’s predictions related to the influence340

of decoder initialization (Prediction 3; Extended data Fig.5; see Discussion). Despite these deviations,341

our experimental results broadly confirmed our game-theoretic model predictions and highlighted the342

potential of decoder adaptation to influence the user’s encoder during closed-loop co-adaptation.343

3 Discussion344

We extended quantitative modeling techniques from control theory and game theory to reveal how345

decoding algorithms can shape user adaptation in neural interfaces. The critical first step was developing346

a myoelectric interface testbed that enabled systematic experiments examining how users learn to control347

an unfamiliar interface alongside different adaptive algorithms. Our platform provides advantages over348
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existing human-in-the-loop simulators and related approaches, which may not fully capture how people349

respond to adaptive algorithms in closed-loop settings [60–64].350
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the potential scenarios of how decoder penalty can shift encoder effort and velocity.
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We then created control theory-based estimations of user encoder transformations that allowed us to351

quantify critical closed-loop properties like trajectory-tracking and stability (Fig. 2C,D) and illustrated352

how decoder design impacted these properties (Fig. 4E,F). Prior work has shown that encoder-decoder353

stability likely contributes to interface performance and user learning [2, 7, 10], but efforts to quantify354

stability in adaptive neural interfaces have focused on the decoder alone [27, 28]. By developing methods355

to analyze encoder-decoder pairs, we were able to characterize stability in the full co-adaptive system356

(Fig. 2, Fig. 4E,F) and reveal how decoding algorithms can influence user adaptation. While our approach357

used a simplified model of user closed-loop control policies, our results highlight the promise of these358

frameworks for designing and analyzing neural interface systems. Expanding the accuracy of our models,359

by incorporating details like sensory processing delays, will likely lead to further advances.360

We also developed a game-theoretic model to generate predictions about the behavior of different361

co-adaptive systems. Designing co-adaptive interfaces requires confronting a vast space of algorithm362

parameters that can influence decoder and interface performance [7, 25, 27, 40, 65]. Our approach pro-363

vides experimentally-validated methods to quantitatively model and predict outcomes of co-adaptive364

dynamics. These tools will enable principled interface design and optimization by considering multiple365

objectives and user-decoder interactions. Current neural interfaces largely aim to maximize performance366

on a task without considering other aspects of interface performance, such as stability or robustness.367

Our results demonstrate an example of training algorithms to consider multiple objectives, balancing368

task error with decoder effort, which in turn influences user effort (Fig. 5). Future interfaces might369

be designed to consider additional objectives like stability, robustness, or performance across multiple370

tasks. We foresee our game-theoretic optimization-based framework becoming especially useful as the371

functionalities of neural interface tasks grow.372

Our game-theoretic model is particularly valuable for predicting user-decoder interactions that influence373

system performance, such as decoder learning rates (Fig. 3D-F). We found that a faster decoder learning374

rate yielded worse overall performance (Fig. 4C) and altered trajectory-tracking and stability in encoder-375

decoder pairs (Fig. 4E,F) in our experimental myoelectric interface. Our results add to prior experimental376

observations from co-adaptive kinematic [7, 25] and brain-computer interfaces [25, 57]. Interestingly,377

many high-performance adaptive algorithms in invasive neural interfaces adapt rapidly [13, 28, 66].378

Other co-adaptive interface models and experiments suggest intermediate learning rates are optimal379

[25]. We found that fast decoder learning rate condition disrupted co-adaptive dynamics in our inter-380

face, and our data suggest a more monotonic relationship between decoder learning rates and system381

performance. Our model highlights that the learning rates of both the user and decoder determine sys-382

tem dynamics (Fig. 3D-F) and our experimental data are most consistent with a regime where users383

learned slowly. While we cannot yet verify user learning rates, it is plausible that our näıve participants384

may have adapted at different rates than the more experienced participants in invasive brain-computer385

interface studies and participants using well-learned input interfaces (e.g., a computer mouse) in a co-386

adaptive system [25]. Indeed, user learning rates may vary across different bio-signal modalities [20].387

Our framework provides a path to optimize neural interfaces by tailoring the algorithm adaptation rates388

based on user behavior. This raises important future challenges to develop methods that can perform389

on-the-fly estimates of critical properties of user behavior, such as learning rate.390

Our game theory model and experimental results also revealed user-decoder interactions that influence391

user behavior, such as decoder “effort” (Fig. 5D). This demonstrates the feasibility of using our frame-392

work to optimize interfaces for particular goals. In myoelectric interfaces, manipulating decoders to393

encourage users to learn encoders that use less muscle activity could be desirable to maximize interface394

usability for extended periods. Alternately, decoders that encourage users to increase muscle activation395

towards a desired target could be desirable for motor rehabilitation applications [23, 67]. Interestingly,396

we saw that users responded differently to varying decoder penalty terms, potentially reflecting per-397

sonal preferences for effort versus cursor speed (Fig. 5F). Customizing interfaces based on dynamic user398

preferences has been shown to be beneficial in exoskeleton interfaces [68]. Individual preferences for399

cursor dynamics have also been seen in invasive neural interfaces [69]. Extending our game-theoretic400

frameworks to include user preferences will enable design of fully personalized, custom neural interfaces,401

which may make these technologies more widely accessible [70].402

Our game theory model highlighted that multiple decoder-encoder stationary points exist in neural403

interfaces. This raises the possibility that the initial decoder can affect the final stationary point and, in404
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turn, the final user encoder, without significantly impacting performance (Extended Data Fig. 5A). Our405

experimental results confirmed that performance was not impacted by decoder initialization (Fig. 1E),406

consistent with prior work testing random decoder initializations in neural interfaces [40]. While perfor-407

mance was not different, we found that initialization did subtly impact the stationary points as identified408

by the final decoder-encoder matrices (Extended Data Fig. 5E). Our findings suggested that decoder409

initialization might bias the encoders learned by users, which could be particularly beneficial for reha-410

bilitation applications, which aim to shape users’ behavior towards a particular goal. Our results also411

suggest that it may be critical to carefully consider initial training protocols for any neural interface, as412

it may influence user learning trajectories.413

Our experiments revealed occasional deviations from model predictions, including deviations from strict414

encoder-decoder trade-offs (Fig. 5F) and only subtle impacts of the decoder initialization (Extended415

Data Fig. 5). This finding suggests that the actual user’s cost might differ from our model’s assumptions.416

For instance, our model predicts that decoder initialization would lead users to completely invert the417

relationship between EMG/movement and cursor velocity (Extended Data Fig. 5A), which ignores the418

likely possibility that users have some bias in strategies to control the interface. Additionally, there may419

be multiple ways to represent “effort”, and these definitions may also become unclear in less embodied420

invasive neural interfaces. Prior work has considered that users minimize effort [53, 71] via muscle421

activation [72], metabolic cost [73, 74], and motor variability [75]. Studies into how users learn to control422

neural interfaces suggest that other features, such as correlations between neurons or muscles, may be423

key factors [58, 59]. Deeper insights into how users learn to control different kinds of interfaces will424

improve our ability to model their cost functions to predict user-decoder interactions.425

By developing computational and experimental methods to study co-adaptive systems, our results reveal426

how interface algorithms can influence user behavior and system performance. Specifically, our model427

and experimental findings show that decoder learning rate, penalty terms, and initialization influence428

encoder-decoder dynamics in co-adaptive interfaces. These observations are consistent with recent work429

suggesting that adaptive algorithms can influence neural representations learned in brain-computer430

interfaces [76]. Our framework provides paths to harness the complex interactions between users and431

algorithms in closed-loop interfaces. For example, our results hint at the eventual possibility of designing432

a “curriculum” to help naive users learn to control neural interfaces, which is a task that some find433

challenging [47]. Decoder learning rates may need to be significantly slower early in learning when users434

widely explore control strategies [77–79] and adapt as users master the interface. Strategic decoder435

manipulations during a user’s initial exploration could be designed to bias users towards particular436

strategies. We can borrow concepts from training neural networks [80] to envision a decoder adaptation437

curriculum to intelligently shape user learning, fully harnessing the power of co-adaptive interfaces. Our438

framework provides a versatile and principled way to model and design the next generation of smart,439

personalized adaptive neural interfaces.440
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Methods441

Experimental Methods442

Participants443

Fourteen volunteers were recruited for this study and gave their written consent prior to experiments,444

according to study procedures approved by the University of Washington’s Institutional Review Board445

(IRB #STUDY00014060). All participants were compensated monetarily for their time. All participants446

had no known motor disorders. Participant demographic information (including gender, weight, height,447

age, and handedness) was collected via a demographics survey that participants completed before the448

experiment (see Table 1). Only forearm circumference was measured by the experimenter, all other449

information was self-reported.450

Table 1 Participant Demographics

Responses

Gender
Women: 9
Men: 4
Prefer Not to Answer: 1

Weight (mean ± std, lbs.) 140 ± 21.6

Height (mean ± std, in.) 65 ± 3.4

Age (mean ± std, yrs.) 23 ± 3.9

Forearm Circumference (mean ± std, in.) 10 ± 0.8

Handedness
Right-Handed: 12
Left-Handed: 2

Level of Ambidexterity
Dominant: 8
Mostly Dominant: 5
Ambidextrous: 1

Experimental design451

Participants were asked to control a cursor on the screen – using muscle activity from their forearms452

measured via electromyography (EMG) – to follow a 2-D continuous target trajectory as closely as453

possible (Extended Data Fig. 1A). Participants were told that they might not be able to control the454

cursor at the beginning of the trial but to expect that their cursor control would improve as the trial455

progressed. Participants received no other cues or information about the decoder or study conditions. If456

the participant’s cursor was stuck in the corner or edge of the screen for longer than 3.33 seconds, the457

cursor was automatically reset to the center of the screen. Participants sat in a chair with no restraints458

facing a computer screen (HP Compaq L2206tm, 1900 x 1600, 46.5cm x 24.5cm). The computer screen459

displayed a red target circle (RGB: 1, 0, 0). The cursor was a blue circle (RGB: 0, 0, 1). The target460

was three times the area of the cursor (Extended Data Fig. 1A).The target and cursor positions were461

updated and displayed at 60 Hz. The task was programmed using the pygame and LabGraph Python462

packages.463

Following prior work [38, 39, 48], the target traversed a pseudorandom trajectory, which was generated464

by a sum-of-sinusoids with randomized phases with frequencies that were prime multiples of 0.05 Hz465

(x-axis frequencies = 0.10 and 0.25 Hz, y-axis frequencies = 0.15 and 0.35 Hz). We randomized the466

phase of the sum-of-sines so that the reference trajectory would be unpredictable to the participants.467

Distinct prime multiples were chosen in each direction to provide separability in the x- and y-axes for any468

frequency-based analysis. To ensure constant signal power, the magnitude of each frequency component469

was normalized by the frequency squared. The trajectory was different every trial. Each trial was 5470

minutes with a 5-second ramp period during which the cursor and target speed slowly increased from471

stationary to the experimentally-prescribed speeds. This ramp period followed prior experiments [48] and472
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was added to give participants time to recognize the starting cursor and target movements. Participants473

completed 16 trials of 5-minutes each in 2 blocks; each block consisted of 8 trials. Participants were given474

a 5-minute break in between each block but their EMG array and placement did not change throughout475

the experiment.476

EMG signal collection and preprocessing477

EMG signals were obtained using a Quattrocento system (Bioelettronica, Italy). A 64-channel high-478

density surface EMG electrode array (8mm inter-electrode spacing, 5x13 electrode rectangular layout)479

was placed on the dominant forearm of each participant, targeting the Extensor Carpi Radialis480

(Extended Data Fig. 1B). Electrodes were placed on the dominant arm for each participant. Once481

placed, the electrode array was wrapped with Coban self-adherent wrap (3M, Saint Paul, Minnesota).482

The electrode cables from the Quattrocento to the array were secured to minimize motion artifacts.483

EMG signals were acquired using Biolite Software (Bioelecttronica, Italy) at 2048 Hz on Differential484

Mode with the built-in low-pass filter of 130 Hz and a high-pass filter of 10 Hz. We filtered and rectified485

the EMG data following prior preprocessing techniques to compute the EMG linear envelope [81, 82].486

A moving average filter was applied to downsample EMG signals from 2048Hz to 60Hz (Extended Data487

Fig. 1C).488

Myoelectric Interface Decoder489

Real-time myoelectric control was implemented with a velocity-controlled Wiener filter that output a490

cursor velocity vt ∈ R2,491

vt = D · ut , (1)

where ut ∈ RN is the processed EMG signals of N = 64 channels and D ∈ R2×N is the decoder mapping.492

The cursor velocity is integrated to output a cursor position yt ∈ R2,493

yt = yt−1 + vt∆t . (2)

where ∆t is the time between cursor updates.494

Myoelectric Interface Decoder Adaptation495

Decoder adaptation consisted of two steps: (1) calculate the optimal decoder D∗ by minimizing the cost496

function cD based on the previous 20 seconds of user and trial data:497

D∗ = argmin
D

cD(D) , (3)

and (2) update the next decoder D following the SmoothBatch approach [40], which uses a weighted498

combination of the prior decoder D− and the optimal decoder D∗:499

D = αD− + (1− α)D∗, (4)

where α ∈ (0, 1) is the learning rate. The decoder cost function was minimized using SciPy. To satisfy500

real-time timing constraints on decoder cost minimization, we initialized D∗
0 = (τ − y) · s+ using the501

previous 20 seconds of data [26]. At the start of each trial, the decoder was initialized by randomizing502

the decoder weightings from a uniform distribution (using numpy.random.rand) and multiplying by503

a scalar factor. Each user had two different decoder initializations, referred to as D1 and D2. Initial504

decoders for each participant’s trial were set to D1 or D2. Note, while we programmed the decoder505

to update every 20 seconds, due to slight software imprecision, the decoder update actually occurred506

approximately every 18 seconds.507
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Decoder Cost508

The decoder cost function was formulated in earlier work [54] and aims to minimize both the track-509

ing error and decoder effort as the decoder adapts. Minimizing velocity error is a common goal in510

user-machine interfaces, seen widely across neural interfaces [10, 83], body-machine interfaces [84], and511

myoelectric interfaces [43, 65]. Decoder effort is considered as part of the decoder cost since our prior512

theoretical analysis suggested that a regularization term in the user and decoder costs is necessary to513

ensure convergence in the user-decoder co-adaptation game to stable stationary points [54].514

The decoder cost cD is constructed as a linear combination of the task error and decoder effort :515

error = ∥D · u− 1

∆t
(τ − y)∥22 , effort = ∥D∥2 ; (5)

here ∥x∥2 denotes the 2-norm of signal x : [0, t] → Rd, and ∥X∥ denotes the Frobenius norm of matrix516

X ∈ Rm×n. The decoder cost cD is then,517

cD = ∥D · u− 1

∆t
(τ − y)∥22 + λD∥D∥2, (6)

where λD is the penalty term of the decoder effort.518

Decoder Conditions519

We varied the decoder cost function and parameters of decoder adaptation to determine how it influ-520

enced system performance and user behavior. Specifically, we varied: (1) learning rate α, (2) decoder521

effort penalty term λD, and (3) decoder initialization. We tested two learning rates: slow (α = 0.75)522

and fast (α = 0.25), two penalty terms: low (λ = 102) and high (λ = 103), and two randomized initial-523

izations of the D decoder matrix (D1 and D2): positive (matrix elements chosen uniformly at random524

in the range [0, 10−2]) and negative (elements chosen uniformly at random in [−10−2, 0]). We tested all525

combinations of learning rates, penalty terms, and initializations, leading to a total of eight different526

decoder conditions.527

Data Analysis Methods528

Performance Metrics529

Our primary metric for quantifying performance was the tracking error, calculated as the Euclidean dis-530

tance between the target and the cursor, |τ − y|2. We assessed changes in task performance within a trial531

by comparing the mean tracking error in the first (early) and last (late) 30 seconds of the trial (exclud-532

ing ramp-up time). Because participants’ proficiency in tracking varied, we quantified improvements533

over time by calculating the relative error:
errorfi

errori
× 100%, where errorfi = errorfinal - errorinitial.534

Statistical Analyses535

All analyses treated participants as individual data points and computed the mean across decoder536

conditions (learning rate, penalty terms, initialization) and trials. To assess statistical signifi-537

cance across time and conditions for each participant, we used a one- or two-sided Wilcoxon538

signed-rank test (scipy.stats.wilcoxon), which is a paired, non-parametric test. We chose a non-539

parametric statistical test because of subject-to-subject variability. Figure boxplots were plotted with540

matplotlib.pyplot.boxplot (center line, median; box limits, upper and lower quartiles; whiskers, 1.5x541

interquartile range; fliers not plotted).542

EMG Analysis543

To quantify the relationship between user EMG activity and cursor movement, we computed EMG544

direction tuning curves, a well-established analysis used for neural and myoelectric interfaces [42–44].545
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We first down-sampled and grouped intended user cursor velocities into 10 equally-spaced directions546

and then fit raw EMG activity to the binned directions to form EMG tuning curves. These EMG tuning547

curves were created for each participant, each trial, and each EMG signal (Fig. 1F). Note, since the548

EMG channels are differentially-recorded, we selected 63 EMG signals for the EMG tuning analysis.549

To quantify the within-trial EMG changes from early to late trial segments (Fig. 1G) we computed the550

norm difference between the early and late EMG tuning curves:551

∥∆EMG∥ = ∥EMGdir,i − EMGdir,j∥ (7)

where EMGdir is the average EMG activity per direction and i and j indicate time points. All tuning552

curves were calculated by reconstructing 30-second segments of trial data that equally sampled all cursor553

directions. To measure how the EMG activity changed across the entire experiment per participant554

(Fig. 1H), we averaged the |∆EMG|2 across all channels for each participant to compute a mean555

|∆EMG|2 per participant per trial.556

To find the preferred direction of the EMG activity, we performed cosine-fitting analysis [42]. Specifically,557

average EMG activity for each intended cursor direction was modeled as:558

EMG = B1 cos θ +B2 sin θ +B3 (8)

where θ represents intended cursor direction and B1, B2 and B3 are model coefficients. The preferred559

direction (PD) is:560

PD = arctan 2(B2/B1). (9)

The change between early and late preferred direction (Fig. 1I) was calculated as |∆PD| = |PDlate −561

PDearly|.562

Encoder Estimation Methods563

To model the user’s transformation from task space to user signals, we estimated the user’s encoder E.564

We model the user’s signal as being produced by a combination of feedforward (F ) control on position565

(τ) and velocity (τ̇) data, as well as feedback (B) control on position error and velocity error data566

((τ − y) and (τ̇ − ẏ), respectively):567

u = F0 · τ + F1 · τ̇ +B0 · (τ − y) +B1 · (τ̇ − ẏ). (10)

Or, in matrix formulation:568

u = E · P + β · 1⊤t =
[
F0 F1 B0 B1

]
·


τ
τ̇

τ − y
τ̇ − ẏ

+ β · 1⊤t , (11)

where 1⊤t =
[
1 1 · · · 1

]
∈ R1×t, u ∈ RN×t, E ∈ RN×d, P ∈ Rd×t, N is the number of signals, d is569

the dimension of task information, and β is an offset factor for estimation (β ∈ RN×1). In this paper,570

N = 64 EMG channel inputs, d = 8 (target position, target velocity, position error, and velocity error571

for both x and y dimensions). The selection of t determines the timescale on which E is estimated.572

We numerically estimated users encoders E using linear regression of experimentally measured data for573

u and P . We estimated E every 20 seconds. This corresponds to the timescale on which decoders were574

updated, thereby generating matched encoder-decoder estimate pairs to analyze co-adaptive dynamics575

(e.g., Fig. 2C,D). Linear regression was done by constructing a u matrix of EMG signals for t = 1200576

samples (20 seconds of data at 60 Hz) for the 64 EMG electrodes, and a corresponding matrix P of577

position, velocity, position error, and velocity error (τ ∈ R2×t, τ̇ , τ − y. and τ̇ − ẏ, respectively). These578

data were used to fit equation (11) using linear regression (sklearn.linearmodel.LinearRegression)579

with an intercept offset.580
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We estimated the accuracy of the myoelectric encoder model by reconstructing EMG signals from the581

encoder estimation and compared the coefficient of determination (R2) for the cursor velocity and582

position decoded from the reconstructed EMG to the actual cursor velocity and position recorded in583

the trial. To establish a baseline for the predictive power of our encoder model, we also computed the584

accuracy of cursor velocity and position decoded from time-shuffled EMG data (Fig. 2B). The time-585

shuffled EMG data was created by permuting the EMG signals within each trial, so that the EMG data586

came from the same subject and trial but different time points.587

Closed-loop Decoder-Encoder Predictions588

We used control theory principles to predict relationships between elements of the encoder E and decoder589

D. The decoder is velocity-based, meaning that the cursor position y is related to the user’s EMG signal590

u via ẏ = D · u where D is the decoder matrix. We model the user’s signal as being produced by a591

combination of feedforward and feedback control on position and velocity data:592

u = F0 · τ + F1 · τ̇ +B0 · (τ − y) +B1 · (τ̇ − ẏ). (12)

This controller can achieve exact tracking, defined as y = τ , if D · F0 = 0 and D · F1 = I where 0 is the593

2×2 zero matrix and I is the 2×2 identity matrix. To see this, suppose at time t that τ(t) = y(t). Then594

τ̇(t) = ẏ(t) = D · u(t) = D · F0 · τ(t) +D · F1 · τ̇(t) ⇐⇒ D · F0 = 0, D · F1 = I. (13)

Note that M is a simple integrator, so the condition for τ̇(t) = ẏ(t) in Equation (13) together with595

τ(t) = y(t) ensures τ = y at all times. To ensure closed-loop stability, it suffices that D ·B0 and D ·B1596

are negative-definite diagonal matrices [50, Chapter 5].597

Decoder-Encoder Pairs598

We calculated decoder-encoder pairs by multiplying the decoder (D ∈ R2×64) at each update with the599

feedforward and feedback contributions to the encoder (E ∈ R64×8) at each update. Each decoder-600

encoder pair (D · F0, D · F1, D · B0, and D · B1) resulted in a 2 × 2 matrix representing the dynamics601

between the encoder and the decoder.602

Encoder Differences603

We calculated changes in encoders and decoders over time using the principal angle between subspaces604

(range space of E and orthogonal complement to the null space of D) [85] and the norm-difference of605

encoder matrices: ∥Ei−Ej∥, where i and j indicate time points. Since we started from a decoder that was606

initialized with randomized weightings and resulted in poor user control, the details of the first encoder607

E0 were not readily interpretable. We did not include E0 in computing or plotting the encoder differences608

in Fig. 2E - G. To compute encoder changes within a trial, we calculated the difference between the609

final (Ef ) and initial (Ei) encoders, estimated by averaging the first three and last three encoders in610

a trial, respectively (excluding E0). To compare data from consecutive encoders to the average change611

across a full trial (Fig. 2G), we computed the consecutive encoder difference by averaging across three612

subsequent, non-overlapping encoders and calculating the norm difference. This method ensured that613

the same number of encoder data points would be compared.614

Game Theory Methods615

We modeled the co-adaptive system in a game theory framework involving two agents: the user and616

decoder. The user and decoder decision variables were the entries in the matrices E and D, respectively.617

For tractability, we limit our analysis to the scalar case E,D ∈ R. Each agent was modeled as having a618

cost function defined by a linear combination of task error and agent effort. Agent effort was quantified619

using the square of the scalars E and D. Task error was defined as in Equation (5) as the norm squared620

of D · u − (τ − y)/∆t. Considering the scalar case and focusing solely on feedback control (i.e. setting621
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u = B0(τ − y)) yields error (DB0∆t− 1)2(τ − y)2/∆t. For simplicity in the analysis we relabel E = B0,622

normalize by (τ − y)2/∆t, and choose coordinates for D so that e(D,E) = (DE − 1)2 = (1−DE)2.623

Stationary points624

In the 1-dimensional game formulation, the potential function takes the form625

ϕ(E,D) = (1−DE)2 + λEE
2 + λDD2, (14)

where D,E ∈ R. We solved the nonlinear equations ∂Eϕ(E,D) = 0 and ∂Dϕ(E,D) = 0 to compute626

stationary points as a function of penalty parameters E∗(λE , λD), D∗(λE , λD), finding a saddle at E∗ =627

D∗ = 0 and the following mirror pair of local minima:628

E∗(λE , λD) = ±
√√

λD/λE − λD, D∗(λE , λD) = ±
√√

λE/λD − λE . (15)

That these points are local minimizers was verified for λE , λD ∈ (0, 1] by numerically determining that629

the eigenvalues of the Hessian of the potential function ϕ were positive at these points.630

Model for adaptation631

We modeled agent adaptation using the discrete-time dynamics in Equation (5). To assess convergence632

of this model for adaptation to stationary points, we linearize the discrete-time dynamics about a633

stationary point and compute eigenvalues of this linearization. A sufficient condition for stability is that634

the magnitude of all eigenvalues is less than 1.635

Calculation of error decay rate636

Given a matrix A that is the linearization of the discrete-time gradient descent dynamics in Equation 5,637

we compute the spectral radius as ρ = max{|λ| : λ is an eigenvalue of A}. Then the error decay rate is638

equal to the spectral radius ρ, and satisfies the bound e(i) ≤ e(0)ρi where i is iteration number.639
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Extended Data Figure 1 Experimental testbed. a. Photograph of experiment. User tracks target (dashed red) by
controlling the velocity of a 2D cursor (solid blue) with their forearm muscle activity. Muscle activity is collected via
surface EMG electrodes that are placed on the participant’s dominant forearm and wrapped with Coban tape. b.
Electrode placement on dominant forearm. Surface EMG electrodes are placed on user dominant forearm to target
Extensor Carpi Radialis. c. Schematic of EMG preprocessing and decoding pipeline. EMG signals recorded from the user
forearm are preprocessed and then input to the adaptive decoder. The decoder output is the cursor velocity that is
integrated to display cursor position (blue) on the screen.
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Extended Data Figure 2 Surface EMG electrode and example tuning curves. Diagram of surface EMG
electrode and sample EMG tuning curves from representative subjects taken from late segments within trial, black line
represents median across trials with shaded area indicating the the 25th - 75th percentiles. Pink dashed lines show fitted
tuning curves. Vertical lines represent preferred direction from late trial segments.
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a b c

Extended Data Figure 3 Example tuning curve changes from participants. Sample EMG tuning curves from
range of participants taken from early (blue) and late (black) trial segments. For all plots, lines represent the median
across trials with shaded area indicating the the 25th - 75th percentiles. Vertical dashed lines represent preferred
direction (PD) from early (blue) and late (late) trial segments. Examples were chosen to illustrate the diversity of
qualitative changes observed. a. Example EMG tuning curves showing qualitative differences in EMG amplitude and PD
from early to late in the trial. b. Example EMG tuning curves showing minimal qualitative differences in EMG
amplitude and PD from early to late in the trial. c. Example EMG tuning curves showing qualitative differences in EMG
amplitude but minimal to no differences PD from early to late in the trial.
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Extended Table 1 List of Model Variables

Description Symbol

Time t
Task Dimensionality d = 2
Number of EMG Channels N
User Activity (sEMG Activity) u ∈ RN×t

Encoder/User E ∈ RN×8

Encoder Feedforward F ∈ RN×4

Encoder Feedback B ∈ RN×4

Decoder D ∈ Rd×N

Target Position τ ∈ Rd

Target Velocity τ̇ ∈ Rd

Cursor Position y ∈ Rd

Cursor Velocity ẏ ∈ Rd

4
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Extended Data Figure 4 Effect of error on Decoder-Encoder Feedforward Pairs. a. Block diagram model
of closed-loop system. The user’s encoder E outputs myoelectric activity u to the decoder D to follow the target’s
position and velocity. The decoder outputs velocity, which is then integrated by system dynamics M to generate a cursor
position. The user sees their cursor moving with some velocity ẏ to position y. Error in the cursor position and velocity
(relative to the target) acts as closed-loop feedback to the user. (Duplicated from Fig. 2A for completeness.) b. Product
of the decoder matrix with first-order feedforward contributions of the encoder matrix (N = 14, median; shading shows
the 25th - 75th percentile). Black dashed lines represent values that yield perfect trajectory tracking. Purple dashed lines
represent values that yield near perfect trajectory tracking. (Duplicated from Fig. 2C, left for completeness.) c. Average
tracking error (left: x-direction, right: y-direction) vs average D · F0 value for each individual participant (dot).
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Extended Data Figure 5 Decoder initialization slightly influences decoder-encoder pairs. a. Model
predictions. All panels show the gradient field of the user and decoder cost functions. Purple (user) and orange (decoder)
curves show nullclines (where the agent’s gradient equals 0) that intersect at stationary points (black stars). Decoder
initialization D1 (light orange) and initialization D2 (dark orange) are noted on the vertical axis of the diagram.
Assumed user initialization (purple) is noted on the horizontal axis. b. Left: Average magnitude of the decoder matrix
(norm) as a function of time in the trial for D1 (solid light orange) and D2 (dashed dark orange) initializations in slow
learning rate conditions (N = 14, median; shading shows the 25th - 75th percentile). Right: Boxplots are average decoder
effort across the trial for each subject (N=14, center shows median; box shows 25th–75th percentiles; whiskers extend to
1.5 × this interquartile range; two-sided Wilcoxon signed-rank test, ns = 0.27). c. Left: Average magnitude of the user
encoder matrix (norm) as a function of time in the trial for D1 (solid dark purple) and D2 (dashed light purple) decoder
initializations in slow learning rate conditions (N = 14, median; shading shows the 25th - 75th percentile). Right:
Boxplots are average effort for each subject across the trial (N = 14, center shows median; box shows 25th–75th
percentiles; whiskers extend to 1.5 × this interquartile range; two-sided Wilcoxon signed-rank test, ns = 0.86). d.
Percent change in error from the start of the trial (first 30 seconds) to the end of the trial (last 30 seconds), separated by
D1 (dark gray) and D2 (light gray) initializations in slow learning rate conditions (N=14, center shows median; box
shows 25th–75th percentiles; whiskers extend to 1.5 × this interquartile range; two-sided Wilcoxon signed-rank test, ns
= 0.33). e. Last minute in trial of product of the average decoder matrix of each initialization with first-order
feedforward (F1) contributions of the average encoder matrix of each initialization, separated by learning rate. Fast
learning rate conditions are shaded gray. The matched conditions are the decoders and encoders of the same
initialization and the mismatched conditions are the decoders and encoders of different initializations (N=28, center
shows median; box shows 25th–75th percentiles; whiskers extend to 1.5 × this interquartile range; two-sided Wilcoxon
signed-rank test, ns > 0.05; *p < 0.05; **p < 0.001). f. Last minute in trial of product of the average decoder matrix of
each initialization with first-order feedback (B1) contributions of the average encoder matrix of each initialization,
separated by learning rate. Fast learning rate conditions are shaded gray. The matched conditions are the decoders and
encoders of the same initialization and the mismatched conditions are the decoders and encoders of different
initializations (N=28, center shows median; box shows 25th–75th percentiles; whiskers extend to 1.5 × this interquartile
range; two-sided Wilcoxon signed-rank test, ns > 0.05; *p < 0.05; **p < 0.001).
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Extended Data Figure 6 Effect of penalty parameter in slow learning rate condition only. a. Left: Average
magnitude of the decoder matrix (norm) as a function of time in the trial for low (dashed light orange) and high (solid
dark orange) decoder penalty terms (N = 14, median; shading shows the 25th - 75th percentile). Right: Boxplots are
average decoder effort across the trial for each subject (N=14, center shows median; box shows 25th–75th percentiles;
whiskers extend to 1.5 × this interquartile range ; one-sided Wilcoxon signed-rank test, **p = 6.1e− 5). b. Left: Average
magnitude of the user encoder matrix (norm) as a function of time in the trial for low (dashed light purple) and high
(solid dark purple) decoder penalty terms (N = 14, median; shading shows the 25th - 75th percentile). Right: Boxplots
are average effort for each subject across the trial (N = 14, center shows median; box shows 25th–75th percentiles;
whiskers extend to 1.5 × this interquartile range; one-sided Wilcoxon signed-rank test, *p = 0.018). c. Percent change in
error from the start of the trial (first 30 seconds) to the end of the trial (last 30 seconds), separated by high (dark gray)
and low (light gray) decoder penalty term conditions (N=14, median; shading shows the 25th - 75th percentile;
two-sided Wilcoxon signed-rank test, ns = 0.24). d. Left: Average cursor speed as a function of time in the trial for low
(light gray) and high (dark gray) decoder penalty terms (N = 14, median; shading shows the 25th - 75th percentile).
Right: Boxplots are average cursor speed across the trial for each subject (N=14, center shows median; box shows
25th–75th percentiles; whiskers extend to 1.5 × this interquartile range; Wilcoxon signed-rank test, **p = 6.1e− 5).
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