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Abstract

When humans interact with learning-based control systems, a common goal is to minimize a cost
function known only to the human. For instance, an exoskeleton may adapt its assistance in an effort
to minimize the human’s metabolic cost-of-transport. Conventional approaches to synthesizing the
learning algorithm solve an inverse problem to infer the human’s cost. However, these problems can
be ill-posed, hard to solve, or sensitive to problem data. Here we show a game-theoretic learning
algorithm that works solely by observing human actions to find the cost minimum, avoiding the
need to solve an inverse problem. We evaluate the performance of our algorithm in an extensive
set of human subjects experiments, demonstrating consistent convergence to the minimum of a
prescribed human cost function in scalar and multidimensional instantiations of the game. We
conclude by outlining future directions for theoretical and empirical extensions of our results.
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1. Introduction

Machines — including robots and learning algorithms — are increasingly moving from the confines of
labs and factories to interact with humans in daily life (Hoc, 2000; Cannan and Hu, 2011; Gorecky
etal., 2014; Kun, 2018). Adaptive machines provide an exciting potential to assist humans in every-
day work and activities as tele- or co-robots (Nikolaidis et al., 2017), interfaces between computers
and the brain or body (Perdikis and Millan, 2020; De Santis, 2021), and devices like exoskeletons
or prosthetics (Felt et al., 2015; Zhang et al., 2017; Slade et al., 2022). But designing learning
algorithms that can safely interact with humans and constantly adapt to a dynamic environment
remains an open problem in robotics, neuroengineering, and machine learning (Nikolaidis et al.,
2017; Recht, 2019; Perdikis and Millan, 2020).

In this work, we embrace the broadly-held hypothesis that human behavior is governed by min-
imization of a cost function (Neumann and Morgenstern, 1944; Simon, 1955; Todorov and Jordan,
2002). When this hypothesis holds, an assistive machine’s goal is to find this cost’s minimum. We
propose a new learning algorithm that yields convergence to the human’s optimum in a repeated
game formulation of the human-machine interaction. Rather than having prior knowledge of the
human’s cost function or solving an inverse problem to estimate it as in prior work (Ng and Rus-
sell, 2000; Merel et al., 2013; Li et al., 2019), our algorithm achieves this outcome solely through
observations of the human’s actions over repeated interactions. This feature may be valuable in the
context of the emerging body/human-in-the-loop optimization paradigm for assistive devices (Felt
et al., 2015; Zhang et al., 2017; Slade et al., 2022), where the machine continually interacts with
the human but does not have direct access to the human’s cost function, e.g. metabolic energy con-
sumption (Abram et al., 2022) or other preferences (Ingraham et al., 2022).
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Algorithm 1 1 x 1 Experiments o

Require: Initialize L, A, o, h*[0], m*[0]
fork=0,1,..., K—1do

M plays affine policy,
m'=L(h=R*lk]) + A1K)

observes stationary joint-action (', m’).

(W, m') « trial (L,ﬁ* [k], [k:]) OB, m)
"o . T ~ hm”
(h » ) ¢ trial (L + AR [k]’ m* [k]) im0 M perturbs policy’s linear term,
h*[k+1] « K N m"=(L+ A)(h - E*[k]) + mH[k],
m*[k + 1] + m*[k] + a (m” — m*[k]) %) observes stationary joint-action (h”, m").
end O
Function trial (L, h*’ mr): o M updates estimate of (h*, m*),
hlt] - get_manual_input (¢) ? and
m[t] « I (h[t] _ }NL*> + - m*k + 1] « m*[k] + a(m” — m *[k]).
di splay,co st (C (h[t], m[t])) O H’s optimum H’s best-response to M’s affine policy
end O M estimate of s optimum H’s best-response to M’s perturbed policy

. . ) M:s affine policy
return mean of last ¢ iterations of A and m = peffect of algorithm M's perturbed policy

Game theory is an established field concerned with strategic interactions between two or more
decision-makers (Neumann and Morgenstern, 1944). Prior work has modeled human-machine in-
teraction in a game theory framework, including (Li et al., 2016; Nikolaidis et al., 2017; Crandall
etal., 2018; Lietal., 2019; Cao et al., 2020; March, 2021; Chasnov et al., 2023; Isa et al., 2024). The
game we consider here is repeated continuously in time over continuous action spaces, distinguish-
ing our setting from some prior work. Moreover, we consider a special imperfect information set
wherein both agents seek to minimize a shared cost but one agent (the human) has perfect knowl-
edge of the cost whereas the other (the machine) can only observe actions of both players. We
furthermore assume there is no communication or collusion between the agents other than revealing
their actions. The machine’s task is to find the cost minimum solely by playing actions or policies
and observing the human’s response. Although it may seem to be an impossible task, we in fact
show that a simple learning algorithm yields convergence to the cost’s minimum.

The learning algorithm we propose is the first of its kind, yielding convergence to the minimum
of a cost that is unknown from the machine’s perspective. This algorithm may be particularly
valuable in providing optimal assistance for a prosthetic or exoskeleton (Felt et al., 2015; Zhang
et al., 2017; Slade et al., 2022), where the machine does not have direct access to the human’s cost
function, e.g. metabolic energy consumption (Abram et al., 2022) or other preferences (Ingraham
et al., 2022). Similarly, the algorithm may be useful in human-robot interactions where the robot
seeks to assist the human (Li et al., 2016; Nikolaidis et al., 2017), as previously these applications
required solving a costly inverse problem (Ng and Russell, 2000; Li et al., 2019). We evaluate the
performance of this algorithm in extensive human subjects experiments, demonstrating consistent
convergence to the human’s cost minimum.
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Figure 1: Human participant
H provides manual input A
to keep the black circle on
a computer screen as small
as possible while a learning
algorithm M determines in-
put m. The radius of the
circle represents the instanta-
neous value of a prescribed
cost ¢(h,m).

2. Machine’s Learning Algorithm

We consider a repeated game played between two agents: human H and learning algorithm M.
Both agents seek to minimize the cost function ¢ : H x M — R by individually selecting actions
h €M C R, m e M C R, However, there is an asymmetry in the information set: we let H
have perfect knowledge of ¢, whereas M has no knowledge of c. Finally, we assume that H chooses
its action to minimize its cost subject to the constraint imposed by M’s current action or policy. It
is M’s goal to infer the location of the minimum (h*, m*) of ¢ based on H’s responses. In our

experiments, M updated its estimate (ﬁ*, T?L*) of (h*,m*) by observing the human’s responses to

the affine policy m = L(h — iAL*) + m*. We studied the simple quadratic cost
1 1
c(h, m) :§hTh + ime ey

and let (h*,m*) = (0,0) denote the minimum of c¢. Algorithm 1 specifies the computational
procedure and illustrates its three key steps.

We have previously found in repeated games that people can rapidly play their best-response to
machine actions (Chasnov et al., 2023; Isa et al., 2024). This best-response takes the form

arg minc (h, L (h - ﬁ*) + m) - (I + LTL> o (LTLE*T - LTm*T) 2)

when the machine plays the affine policy m = L (h — ﬁ*) + m*. Combining this expression with
the formulas from the learning algorithm defines a discrete-time linear system,

el (I+LTL)'LTL —(I+LTL) LT h*
" |aLa(I+ LALA) 'LALA —aLa I —aLa(I+LALA)"'L)

,fr‘l*

] 3)

S
my
where L is the linear term in M’s affine policy and Ln = L + A is the perturbed linear term. We
use this linear system to simulate the human-machine interaction and assess convergence to to c’s
minimum (h*, m*).
3. Methods

We conducted four experiments corresponding to different pairings of action space dimensions for
the human and machine agents. We denote these pairings as dy X djs where dpg is the dimension of
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the human’s action and d; is the dimension of the machine’s action. The four cases we tested were
1x1,1x2,2x1, and 2x 2. Figure 1 provides a conceptual overview of the game. The instantaneous
cost c(h[t], m[t]) at time ¢ was continuously rendered to participants during the duration of trials
as the radius of a circle on a computer display. This method of prescribing the cost function to the
human was previously tested in (Chasnov et al., 2023; Isa et al., 2024). Before and throughout each
trial, participants were instructed to “keep this circle as small as possible”.

3.1. Participant Population

All human subjects were recruited from the crowd-sourcing research platform Prolific (Palan and
Schitter, 2018). Participants had no prior experience with the game and were selected from the
standard sample available on the Prolific platform.

3.2. Human Input

Participants provided manual input via a computer mouse to continuously determine the value of h.
For the 1 x 1 and 1 x 2 experiments only the horizontal position of cursor was used to determine
the value of a one-dimensional input action h € [—1,1] C R. For the 2 x 1 and 2 X 2 experiments,
participants provided both horizontal and vertical manual input to determine the value of a two-
dimensional input action h € [—~1,1]2 C R2 To ensure that the location of the joint-actions
corresponding to the human optimum was not at the center of the screen, the participant’s playable
input actions were translated to place the location of h* to be % the width or height of the game
screen away from center.

To help prevent human participants from memorizing the location of the game equilibria, we
included a “mirroring” effect. For the 1x 1 and 1 x 2 experiments, a variable s was chosen uniformly
at random from {—1, +1} at the beginning of each trial and the map h[t] — sh[t] was applied to the
participant’s manual input for the duration of the trial. For the 2 x 1 and 2 x 2 experiments, where
the human had two-input actions, the map h;[t] — s;h;[t] was applied to the participant’s manual
input for the duration of the trial, where ¢ denotes the horizontal (¢ = 1) or vertical (¢ = 2) input.
When the variable’s value was —1, this had the effect of applying a “mirror” symmetry to the input.

3.3. Experiment Initialization

For the 1 x 1 experiment, we tested 8 different initializations for the machine’s estimate of c’s
minimum. We collected data from 10 naive human subjects for each of the 8 initialization points,
totaling 80 subjects for the 1 x 1 experiment. For the 1 x 2, 2 x 1, and 2 X 2 experiments, the
machine’s initial estimate of ¢’s minimum was sampled uniformly at random from a ball of radius
0.65 centered at (h*, m*), ensuring that the machine’s initial estimate is sufficiently far away from
the optimum (h*, m*). We collected data from 20 participants for each of the 1 x 2,2 x 1, and 2 x 2
versions of the game. Each subject only participated in one of the experiments.

3.4. Protocol

The 1 x 1 experiment follow the protocol in Algorithm 1. Participants repeated the game for 10 iter-
ations, K, containing 2 trials per iteration, trial (L + AR [k], m* [k:]) and trial <L, h* [k], ﬁz*[k]) .

Each trial was 10 seconds long and returned the mean action (h, m) of the last 5 seconds of the trial.
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At the beginning of each 1 x 1 experiment, participants were given one of eight predetermined ini-
tialization points for the machine’s initial estimate of the human optimum, (h*, m*) spaced equally
around a circle of radius 0.65 as shown in Figure 2a.

For the 1 x2 and 2 x 1 experiment participants repeated the game for 10 iterations (K') containing
3 trials per iteration (2 trials for perturbing each element of the L matrix and 1 trial for a non-
perturbed L matrix). For the 2 x 2 experiment participants repeated the game for 10 iterations (K)
containing 5 trials per iteration (4 trials for perturbing each element of the L matrix and 1 trial for
a non-perturbed L matrix). For the 1 x 2 experiment, each trial was 10 seconds long and returned
the mean action (h, m) of the last 5 seconds of the trial. For the 2 x 1 and 2 x 2 experiment, each
trial was 25 seconds long and returned the mean action (h,m) of the last 5 seconds of the trial;
the increased duration was chosen because subjects found the 2-dimensional minimization problem
more challenging.

Each experiment contains attention check trials in the beginning (before iteration 1), middle
(after iteration 5), and end (after iteration 10) of the experiment. Each attention check trial lasted
the same amount of time, had the same controls, and same instructions as a normal trial in the
experiment. To allow for different optimum action locations on the player’s game screen, the opti-
mum action for these attention check trials are placed randomly :t% the width of the game screen
away from the center in the horizontal direction for the 1 x 1 and 1 X 2 experiments and :l:% the
width/height of the game screen away from the center in the horizontal and vertical direction for
the 2 x 1 and 2 x 2 experiments. When participants complete an attention check trial with a mean
of the last 5 seconds, selected action within i% the width/height of the game screen away from the
optimum action, the participant is moved forward in the experiment. If participants fail to meet this
condition, an attention check trial is repeated. Participants are given 5 attempts to pass the attention
check trials before being screened out of the experiment.

3.5. Data Collection

Data for all experiments were collected at a rate of 60 samples per second. The data consisted
of the time samples ¢, human input h[t], machine input m/[t], cost c¢(h[t], m[t]), machine’s current

Nk

estimate /2*[t] of h* and current estimate 771*[¢] of m*, and cost ¢ (ﬁ* [t], m [t]) Different numbers

of samples were collected for the 1 x 1,1 x 2, 2 x 1, and 2 X 2 experiments corresponding to their
differing trial durations.

3.6. Simulations

We implemented simulations for all versions of our human subjects experiments based on the linear
system derived in Section 2. All simulations ran for 10 iterations and the cost function and algorithm
parameters in the simulations are the same as those used in the human subject experiments: the cost
function was given by Equation 1 and the algorithm parameters A = 1, « = 1, and L = 0.

4. Results
4.1. Convergence to (h*,m*) in the 1 x 1 game

Figure 2 shows summary results for the 1 x 1 game. From each of 8 symmetrically-arranged ini-

tialization points in (a), the machine’s estimate (h*, T/T\L*> rapidly converges to the human’s cost
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Figure 2: 1 x 1 Experiment (n = 80, n = 10 per initialization point): (a) M’s median estimate of h*
and m™ over iterations for each initialization point. (b) Distributions of L-1 error of M’s estimate of
h*; box-and-whiskers plot showing 5th, 25th, 50th, 75th, and 95th percentiles. (c) Distributions L-1
error of M’s estimate of m™*; box-and-whiskers plot showing same as (b). (d) Cost distributions;
bar plots with quartiles. The total L-1 error distributions of M’s estimate of the optimum (h*, m*)
can be obtained by adding the L-1 errors from (b) and (c).

minimum (h*, m*) in (b,c), leading to corresponding convergence to the minimal value of the cost
¢* = 0 in (d). These results are split apart in Figure 3 into symmetric pairs of initialization points,
whose data are combined by applying mirror symmetry across the line bisecting the two points in
(a). The advantage of visualizing the data in this way is that we can observe the signed conver-
gence of the machine estimates to their optimal values in (b,c). Simulation data is overlaid on the
experiment data, showing excellent agreement between theory and experiment.

4.2. Convergence to (h*,m*)inthe 1 x 2,2 x 1,and 2 x 2 games

Figure 4 shows data from the 1 x 2, 2 x 1, and 2 x 2 experiments in an analogous layout as Fig-
ure 2(b,c,d). We observe consistent convergence of (ﬁ*, ﬁz*) to (h*,m*) in all three experiments,

and corresponding convergence to the minimizing cost c*.

5. Discussion

We showed consistent convergence of our algorithm to the minimum of a cost function prescribed
to human subjects across scalar and multidimensional instantiations of the game. In particular, the
distance in action space between the machine’s estimate of the human’s cost minimum decreased
rapidly, yielding a correspondingly quick decrease in the value of the cost toward its minimum.
These experimental results correspond closely with simulations, providing further evidence that our
algorithm works as expected. This machine’s learning algorithm enables the human-machine system
to converge to the human’s cost minimum without knowledge or measurements of the cost function.
Results from pilot experiments (not reported here) demonstrated convergence for the quadratic cost
functions from (Chasnov et al., 2023; Isa et al., 2024), suggesting generalizability of our results.

A key limitation of the present work is that the cost function is prescribed to the human subjects
by the experimenter. We adopted this paradigm since it provided the cleanest proof-of-concept,
as there is no uncertainty about the cost function the human subjects seek to minimize. Going
forward, we plan to apply our algorithm in more realistic scenarios, a few of which we outline
here. The context where it is best established that humans minimize a measurable cost function is
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Figure 3: 1 x 1 Simulation vs Experiment (n = 80; n = 10 per initialization point): Grey lines
correspond to simulation data. (a) M’s median estimate of h* and m* over iterations for each
initialization point. (b) Distributions of M’s estimate of h*; box-and-whiskers plot showing 5th,
25th, 50th, 75th, and 95th percentiles. (c) Distributions M’s estimate of m*; box-and-whiskers plot
showing same as (b). (d) Cost distributions; bar plots with quartiles.

in assisted mobility, where people are known to minimize metabolic cost-of-transport, which can be
measured using respirometry (Felt et al., 2015; Zhang et al., 2017; Slade et al., 2022; Abram et al.,
2022). In this context, our algorithm could be compared against state-of-the-art human-in-the-loop
optimization algorithms that rely on cost measurements. Another possible application domain is
human-robot interaction (Li et al., 2016; Nikolaidis et al., 2017), though a key challenge there is
that the human’s cost function is unknown, so the algorithm can be applied but there will not be a
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Figure 4: 1 x 2, 2 x 1, 2 x 2 Experiments (n = 20 each): (a) Distributions of L-1 error of M’s
estimate of h*; box-and-whiskers plot showing 5th, 25th, 50th, 75th, and 95th percentiles. (b)
Distributions of L-1 error of M’s estimate of m*; box-and-whiskers plot showing same as (a). (c)
Cost distributions; bar plots with quartiles.

“baseline” to compare against. Finally, the algorithm could be tested in the context of personalized
Al (Zhang et al., 2020; Rastogi et al., 2022), e.g. Al-assisted decision makers who optimize human-
user trust, which is unknown and varies between individuals.

6. Conclusion

We presented a new learning algorithm that enables a human-machine interaction to converge to the
minimum of a shared cost function. The novelty in our algorithm is that the cost function is only
known to the human, leaving the machine to iteratively update its estimate of the minimum solely
by observing the human’s response to its actions and policies. In the case where the cost function is
quadratic, our algorithm defines an affine discrete-time system, facilitating analysis of convergence.
Future work could further explore this system’s dynamics, potentially providing conditions that
guarantee convergence or bounding the convergence rate.
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Appendix A. Additional Algorithms

In this section, we provide the modified algorithm for the 1 x 2, 2 x 1, and 2 x 2 experiments.

Algorithm 2 1 x 2 Experiments Algorithm 3 2 x 1 Experiments
Require: Initialize L, A, o, h*[0], . *[0] Require: Initialize L, A, a, h*[0], (0]
fork=0,1,..., K —1do fork=0,1,..., K —1do
(W', m') « trial (L,E*[k},m*[k]) (W, m') « trial (L,E*[k}ﬁ*[k])
(", m") « trial (L + [ﬁ] R [k]) (R, m") « trial (L +[a 0], R k], w7 [k])
01 - (R, m") « trial (L +[0 A] Rk, @ [k:])
(K", m"") + trial (L + { } SR [k],r’ﬁ*[k}) ~ ,
A R*k+1]+ h
h*[k+1] < B m [k + 1] + m* k] + a(m” +m"" — 2m*[k])
m*[k + 1] + m*[k] + a (m” + m"" — 2m*[k]) end
end N Function trial (L,h*,m"):
Function trial (L,h*,m"): fort =0,1,...,7 — 1do
fort =0,1,...,7 — 1do h[t] + get manual_input(t)
hlt] - get manual_input (t) mlt] « L (h[t] - 71*) +
mlt] < L (h[t] - h*) +m” display_cost (c(h[t],m[t]))
display-cost (¢ (h[t], m[t])) end
end return mean of last ¢ iterations of h and m

return mean of last ¢ iterations of A and m

Algorithm 4 2 x 2 Experiments

Require: Initialize L, A, «, h* [0], m*[0]
fork=0,1,..., K —1do

(', m’) + trial (L,E*[k},ﬁl*[lc])

(W', m") « trial (L + [ﬁ 8] ,E*[ksz*[k])

(W, m"™)  trial <L+ {0 A] B[k, [k])

0 0
" " . 0 0 Tx ~ %
(""" m )<—tr1_a]_(L—|—{A O},h[kLm[k})
1 1" . 0 0 7u A~ x
(""", m"") « trial { L+ 0 A ,hr k], m” k]
W k+1] « 1
771*[164—1] <—ﬁ1*[k]+a(m”—|—m/”—|—m””—|—m’""—47?1*[]@])
end
Function trial (Z,Tl*, m*):

fort=0,1,...,7 — 1do
h[t] + get manual_input(t)
mlt] « L (h[t] - E*) +
display-cost (¢ (h[t], m[t]))

end

return mean of last ¢ iterations of h and m
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