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Adaptive machines have the potential to assist or interfere with human behavior in a range
of contexts, from cognitive decision-making-? to physical device assistance.> Therefore
it is critical to understand how machine learning algorithms can influence human actions,
particularly in situations where machine goals are misaligned with those of people.® Since
humans continually adapt to their environment using a combination of explicit and im-
plicit strategies,””® when the environment contains an adaptive machine, the human and
machine play a game.>!’ Game theory is an established framework for modeling interac-

tions between two or more decision-makers that has been applied extensively in economic

11 12

markets” and machine algorithms.”* However, existing approaches make assumptions
about, rather than empirically test, how adaptation by individual humans is affected by
interaction with an adaptive machine.!*1* Here we tested learning algorithms for machines
playing general-sum games with human subjects. Our algorithms enable the machine to
select the outcome of the co-adaptive interaction from a constellation of game-theoretic
equilibria in action and policy spaces. Importantly, the machine learning algorithms work
directly from observations of human actions without solving an inverse problem to esti-
mate the human’s utility function as in prior work.!>® Surprisingly, one algorithm can
steer the human-machine interaction to the machine’s optimum, effectively controlling the
human’s actions even while the human responds optimally to their perceived cost land-

scape. Our results show that game theory can be used to predict and design outcomes of

co-adaptive interactions between intelligent humans and machines.
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We studied games played between humans H and machines M. The games were defined
by quadratic functions that mapped scalar actions of each human h and machine m to costs
cu(h,m) and cp(h,m). Games were played continuously in time over a sequence of trials,
and the machine adapted within or between trials. Human actions h were determined from
a manual input device (mouse or touchscreen) as in Figure 1a, while machine actions m were
determined algorithmically from the machine’s cost function c¢j; and the human’s action h
as in Figure 1b. The human’s cost ¢y (h, m) was continuously shown to the human subjects
via the height of a rectangle on a computer display as in Figure 1a, which the subject was

instructed to “make as small as possible”, while the machine’s actions were hidden.

Game-theoretic equilibria

The experiments reported here were based on a game that is general-sum, meaning that
the cost functions prescribed to the human and machine were neither aligned nor opposed.
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There is no single “solution” concept for general-sum games — unlike pure optimization
problems, players do not get to choose all decision variables that determine their cost. Al-
though each player seeks its own preferred outcome, the game outcome will generally repre-
sent a compromise between players’ conflicting goals. We considered Nash,'” Stackelberg,'®
consistent conjectural variations,'® and reverse Stackelberg®® equilibria of the game (Defi-
nitions 4.1, 4.6, 4.9, 7.1 in'® respectively), in addition to each player’s global optimum, as
possible outcomes in the experiments. Formal definitions of these game-theoretic concepts
are provided in Section S1 of the Supplement, but we provide plain-language descriptions
in the next paragraph. Table 1 contains expressions for the cost functions that defined the
game considered here as well as numerical values of the resulting game-theoretic equilibria.

Nash equilibria!” arise in games with simultaneous play, and constitute points in the
joint action space from which neither player is incentivized to deviate (see Section 4.2 in'?).

In games with ordered play where one player (the leader) chooses its action assuming the

other (the follower) will play using its best response, a Stackelberg equilibrium'® may arise



instead. The leader in this case employs a conjecture about the follower’s policy, i.e. a
function from the leader’s actions to the follower’s actions, and this conjecture is consistent
with how the follower plays the game (Section 4.5 in'%); the leader’s conjecture can be
regarded as an internal model*®?22 for the follower. Shifting from Nash to Stackelberg
equilibria in our quadratic setting is generally in favor of the leader whose cost decreases. Of
course, the follower may then form a conjecture of its own about the leader’s play, and the
players may iteratively update their policies and conjectures in response to their opponent’s
play. In the game we consider, this iteration converges to a consistent conjectural variations
equilibrium!? defined in terms of actions and conjectures: each player’s conjecture is equal
to their opponent’s policy, and each player’s policy is optimal with respect to its conjecture
about the opponent (Section 7.1 inl?). Finally, if one player realizes how their choice of

policy influences the other, they can design an incentive to steer the game to their preferred

outcome, termed a reverse Stackelberg equilibrium?® (Section 7.4.4 in'?).

Experimental results

We conducted three experiments with different populations of human subjects using a pair of
quadratic cost functions cy, ¢y illustrated in Figure 1a,b that were designed to yield distinct
game-theoretic equilibria in both action and policy spaces. These analytically-determined
equilibria were compared with the empirical distributions of actions and policies reached by
humans and machines over a sequence of trials in each experiment. In all three experiments,
we found that empirically-measured actions or policies converged to their predicted game-
theoretic values.

In our first experiment (Figure 1), the machine adapted its action within trials using
what is arguably the simplest optimization scheme: gradient descent.?®2?* We tested seven
adaptation rates a > 0 for the gradient descent algorithm as illustrated in Figure 1c,d,e for
each human subject, with two repetitions for each rate and the sequence of rates occurring

in random order. We found that distributions of median action vectors for the population
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Figure 1. Gradient descent in action space (Experiment 1, n = 20). (a) Each human subject H is instructed to provide manual
input h to make a black bar on a computer display as small as possible. The bar’s height represents the value of a prescribed cost
cg. (b) The machine M has its own cost c¢js chosen to yield game-theoretic equilibria that are distinct from each other and from
each player's global optima. The machine knows its cost and observes human actions k. In this experiment, the machine updates its
action by gradient descent on its cost 2m2 — hm + h2 with adaptation rate o. (c) Median joint actions for each machine adaptation
rate o overlaid on game-theoretic equilibria and best-response (BR) curves that define the Nash and Stackelberg equilibria (NE and
SE, respectively). (d) Action distributions for each machine adaptation rate displayed by box-and-whiskers plots showing 5th, 25th,
50th, 75th, and 95th percentiles. Statistical significance (x) determined by comparing to NE (shown below distributions) and SE
(shown above distributions) using two-sided t-tests (*P < 0.05). (e) Cost distributions for each machine adaptation rate displayed
using box plots with error bars showing 25th, 50th, and 75th percentiles. (f,g) One- and two-dimensional histograms of actions for
different adaptation rates (v € {0,0.003} in (f), o € {0.3, 1} in (g)) with game-theoretic equilibria overlaid (NE in (f), SE in (g)).

of n = 20 human subjects in this experiment shifted from the Nash equilibrium (NE) at
the slowest adaptation rate to the human-led Stackelberg equilibrium (SE) at the fastest
adaptation rate (Figure 1c¢). Importantly, this result would not have obtained if the human
was also adapting its action using gradient descent, as merely changing adaptation rates in
simultaneous gradient play does not change stationary points.?* The shift we observed from
Nash to Stackelberg, which was in favor of the human (Figure 1le), was statistically significant
in that the distribution of actions was distinct from SE but not NE at the slowest adaptation
rate and vice-versa for the fastest rate (Figure 1d; *P < 0.05; two-sided t-tests, degrees of
freedom (df) 19; exact statistics in Table S1). Discovering that the human’s empirical play
is consistent with the theoretically-predicted best-response function for its prescribed cost is
important, as this insight motivated us in subsequent experiments to elevate the machine’s
play beyond the action space to reason over its space of policies, that is, functions from
human actions to machine actions.

In our second experiment (Figure 2), the machine played affine policies (i.e. m was
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Figure 2: Conjectural variation in policy space (Experiment 2, n = 20). Experimental setup and costs are the same as Figure 1a,b
except that the machine uses a different adaptation algorithm: in this experiment M iteratively implements and updates affine policies
m = Lpsh, m = Ljs + 6 to measure and best-respond to conjectures of the human’s policy. (a) Median actions, conjectures, and
policies for each conjectural variation iteration k overlaid on game-theoretic equilibria corresponding to best-responses (BR) at initial
and limiting iterations (BRo and BRoo, respectively) predicted from Stackelberg and Consistent Conjectural Variations equilibria of
the game (SE and CCVE), respectively. (b) Action distributions for each iteration displayed by box-and-whiskers plots as in Figure 1d,
with statistical significance (x) analogously determined using the same tests by comparing to SE (shown below distributions) and
CCVE (above). (c) Policy slope distributions for each iteration displayed with the same conventions as (b); note that the sign of
the top y-axis is reversed for consistency with other plots. Statistical significance (*) determined as in (b) by comparing to initial
(shown below distributions) and limiting (above) best-responses using two-sided t-tests (* P < 0.05). (d) Cost distributions for each
iteration displayed using box-and-whiskers plots as in Figure le. (e,f) One- and two-dimensional histograms of actions for different
iterations (k = 0 in (e), k = 9 in (f)) with policies and game-theoretic equilibria overlaid (SE and BRg in (e), CCVE and BR« in
(f))- (g) Error between measured and theoretically-predicted machine conjectures about human policies at each iteration displayed
as box-and-whiskers plots as in (b,c).

determined as an affine function of h) and adapted its policies by observing the human’s
response. Trials came in pairs, with the machine’s policy in each pair differing only in
the constant term. After each pair of trials, the machine used the median action vectors

19,25 ( about the human’s

or internal model'®?12%)

from the pair to estimate a conjecture
policy, and the machine’s policy was updated to be optimal with respect to this conjecture.
Unsurprisingly, the human adapted its own policy in response. Iterating this process shifted
the distribution of median action vectors for a population of n = 20 human subjects (distinct
from the population in the first experiment) from the human-led Stackelberq equilibrium
(SE) toward a consistent conjectural variations equilibrium (CCVE) in action and policy
spaces (Figure 2a).  The shift we observed away from SE toward CCVE from the first

to last iteration was statistically significant in policy space (Figure 2c; *P < 0.05; two-
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Figure 3: Gradient descent in policy space (Experiment 3, n = 20). Experimental setup and costs are the same as Figure 1la,b
except that the machine uses a different adaptation algorithm: in this experiment, M iteratively implements linear policies m = Ljsh,
m = (Lps + A)h to measure the gradient of its cost with respect to its policy slope parameter L, and updates this parameter to
descend its cost landscape. (a) Median actions and policies for each policy gradient iteration k overlaid on game-theoretic equilibria
corresponding to machine best-responses (BR) at initial and limiting iterations (BRp and BR, respectively) predicted from the
Stackelberg equilibrium (SE) and the machine’s global optimum (RSE), respectively. (b) Action distributions for each iteration
displayed by box-and-whiskers plots as in Figure 1d, with statistical significance () analogously determined using the same tests by
comparing to SE (shown above distributions) and M's optimum (shown below distributions) using two-sided t-tests (* P < 0.05);
(c) Policy slope distributions for each iteration displayed with the same conventions as (b); note that the sign of the top subplot’s
y-axis is reversed for consistency with other plots. Statistical significance (%) determined as in (b) by comparing to SE (shown
above distributions) and RSE (below) using two-sided t¢-tests (* P < 0.05). (d) Cost distributions for each iteration displayed using
box-and-whiskers plots as in Figures le and 2d. (e,f) One- and two-dimensional histograms of actions for different iterations (k = 0
in (¢), k =9 in (f)) with policies and game-theoretic equilibria overlaid (SE in (e), RSE in (f)). (g) Error between measured and
theoretically-predicted policy slopes at each iteration displayed as box-and-whiskers plots as in (b,c).

sided t-tests, degrees of freedom (df) 19; exact statistics in Table S1) but not action space
(Figure 2b; *P < 0.05; two-sided t-tests, df 19; exact statistics in Table S1). This shift
was in favor of the human at the machine’s expense (Figure 2d). The machines’ empirical
conjectures were not significantly different from theoretical predictions of human policies
at all conjectural variation iterations (Figure 2g; P > 0.05; two-sided t-tests, df 19; exact
statistics in Table S1), suggesting that both humans and machines estimated consistent
conjectures of their opponent.

In our third experiment (Figure 3), the machine adapted its affine policy using a policy
gradient strategy.?* Trials again came in pairs, with the machine’s policy in each pair dif-
fering this time only in the linear term. After a pair of trials, the median costs of the trials

were used to estimate the gradient of the machine’s cost with respect to the linear term in its



policy, and the linear term was adjusted in the direction opposing the gradient to decrease
the cost. Iterating this process shifted the distribution of median action vectors for a popula-
tion of human subjects (distinct from the populations in the first two experiments) from the
human-led Stackelberg equilibrium (SE) toward the machine’s global optimum (Figure 3a),
which can also be regarded as a reverse Stackelberg equilibrium®® (RSE), this time optimizing
the machine’s cost at the human’s expense (Figure 3d). The shift we observed away from SE
toward RSE from the first to last iterations was statistically significant in action space (Fig-
ure 3b; *P < 0.05; two-sided t-tests, df 19; exact statistics in Table S1) while the final policy
distribution was significantly different from both SE and RSE policies (Figure 3c; *P < 0.05;
two-sided t-tests, df 19; exact statistics in Table S1). However, the machines’ empirical pol-
icy gradients were not significantly different from theoretically-predicted values (Figure 3g;
P > 0.05; two-sided t-tests, df 19; exact statistics in Table S1), and the final distribution of
machine costs were not significantly different from the optimal value (Figure 3d; P > 0.05;
one-sided t-tests, df 19; exact statistics in Table S1), suggesting that the machine can accu-
rately estimate its policy gradient and minimize its cost. In essence, the machine elevated its
play by reasoning in the space of policies to steer the game outcome in this experiment to the
point it desires in the joint action space. We report results from variations of this experiment

with different initializations and machine optima in Extended Data (Sections B.1, B.2).

Discussion

When the machine played any policy in our experiments (i.e. when the machine’s action m
was determined as a function of the human’s action h), it effectively imposed a constraint
on the human’s optimization problem. The policy could arise indirectly, as in the first
experiment where the machine descended the gradient of its cost at a fast rate, or be employed
directly, as in the second and third experiments. In all three experiments, the empirical
distributions of human actions or policies were consistent with the analytical solution of the

human’s constrained optimization problem for each machine policy (Figure 1d; Figure 2b,c;



Figure 3b,c). This finding is significant because it shows that optimality of human behavior
was robust with respect to the cost we prescribed and the constraints the machine imposed,
indicating our results may generalize to other settings where people (approximately) optimize
their own utility function. We report results from variations of all three experiments with
non-quadratic cost functions in the Supplement (Section B.3).

There is an exciting prospect for adaptive machines to assist humans in work and activ-
ities of daily living as tele- or co-robots,'? interfaces between computers and the brain or
body,?%27 and devices like exoskeletons or prosthetics.*® But designing adaptive algorithms
that play well with humans — who are constantly learning from and adapting to their world
— remains an open problem in robotics, neuroengineering, and machine learning.'326:28 ‘We
validated game-theoretic methods for machines to provide assistance by shaping outcomes
during co-adaptive interactions with human partners. Importantly, our methods do not en-

tail solving an inverse optimization problem?!® 6

— rather than estimating the human’s cost
function, our machines learn directly from human actions. This feature may be valuable
in the context of the emerging body-/human-in-the-loop optimization paradigm for assistive
devices,>® where the machine’s cost is deliberately chosen with deference to the human’s
metabolic energy consumption®” or other preferences.®”

Our results demonstrate the power of machines in co-adaptive interactions played with
human opponents. Although humans responded rationally at one level by choosing optimal
actions in each experiment, the machine was able to “outsmart” its opponents over the course
of the three experiments by playing higher-level games in the space of policies. This machine
advantage could be mitigated if the human rises to the same level of reasoning, but the
machine could then go higher still, theoretically leading to a well-known infinite regress.?!
We did not observe this regress in practice, possibly due to bounds on the computational

resources available to our human subjects as well as our machines.??



Conclusion

As machine algorithms permeate more aspects of daily life, it is important to understand the
influence they can exert on humans to prevent undesirable behavior, ensure accountability,
and maximize benefit to individuals and society.%33 Although the capabilities of humans and
machines alike are constrained by the resources available to them, there are well-known limits
on human rationality®* whereas machines benefit from sustained increases in computational

3536 Here we showed that machines

resources, training data, and algorithmic innovation.
can unilaterally change their learning strategy to select from a wide range of theoretically-
predicted outcomes in co-adaptation games played with human subjects. Thus machine
learning algorithms may have the power to aid human partners, for instance by supporting
decision-making or providing assistance when someone’s movement is impaired. But when

machine goals are misaligned with those of people, it may be necessary to impose limitations

on algorithms to ensure the safety, autonomy, and well-being of people.
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Cost functions and game-theoretic equilibria

H’s cost function M’s cost function

cp(h,m) = %hz + %mQ - %her lz—sh - %er % cyv(h,m) = %mz +h%? —hm

game-theoretic equilibria H’s and M’s actions H'’s and M'’s policy slopes

H’s optimum (hyy,my) = (4+0.1,+0.7)

M’s optimum (k3> my) = (0,0)

Nash equilibrium (WNE, mNEy = (—0.2, —0.2)

human-led Stackelberg equilibrium (hSE, m5B) = (40.2, 4+0.2) L3E = —0.2, L3P =1

consistent conjectural variations equilibrium (hCCVE7 mCCVE) =~ (0.276,0.373) L%CVE ~ —0.54, Lg{cVE ~ +1.35

machine-led reverse Stackelberg equilibrium (hRSE mBSEY — (0,0) LBSE — 1/7, LRSE = 5/11
(equal to M’s optimum)

Table 1: Cost functions and game-theoretic equilibria of the game studied in Experiments 1, 2, and 3. The Supplement details
how the costs were chosen: Section S2 describes the general approach, and Section S2.7 specializes to the game studied here.

Methods

Experimental protocol. Human subjects were recruited using an online crowd-sourcing re-
search platform Prolific.>® Experiments were conducted using procedures approved by the
University of Washington Institutional Review Board (UW IRB STUDY00013524). Partici-
pant data were collected on a secure web server. Each experiment consisted of a sequence of
trials: 14 trials in the first experiment, 20 trials in the second and third experiments. During
each trial, participants used a web browser to view a graphical interface and provide manual
input from a mouse or touchscreen to continually determine the value of a scalar action
h € R. This cursor input was scaled to the width of the participant’s web browser window
such that h = —1 corresponded to the left edge and A = +1 corresponded to the right edge.
Data were collected at 60 samples per second for a duration of 40 seconds per trial in the first
experiment and 20 seconds per trial in the second and third experiments. Human subjects
were selected from the “standard sample” study distribution from all countries available on
Prolific. Each subject participated in only one of the three experiments. No other screening
criteria were applied.

At the beginning of each experiment, an introduction screen was presented to participants
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with the task description and user instructions. At the beginning of each trial, participants
were instructed to move the cursor to a randomly-determined position. This procedure
was used to introduce randomness in the experiment initialization and to assess participant
attention. Throughout each trial, a rectangle’s height displayed the current value of the
human’s cost ¢y (h, m) and participant was instructed to “keep this [rectangle| as small as
possible” by choosing an action h € R while the machine updated its action m € R. A
square root function was applied to cost values to make it easier for participants to perceive
small differences in low cost values. After a fixed duration, one trial ended and the next
trial began. Participants were offered the opportunity to take a rest break for half a minute
between every three trials. The experiment ended after a fixed number of trials. Afterward,
the participant filled out a task load survey* and optional feedback form. Each experiment
lasted approximately 10-14 minutes and the participants received a fixed compensation of $2
USD (all data was collected in 2020). A video illustrating the first three trials of Experiment
1 is provided as Movie S1. The user interface presented to human subjects was identical
in all experiments. However, the machine adapted its action and policy throughout each

experiment, and the adaptation algorithm differed in each experiment.

Cost functions. In Experiments 1, 2, and 3, participants were prescribed the quadratic cost
function

cy(h,m) = h* + o=m® — thm + Zh — Zm + 1= (1)

the machine optimized the quadratic cost function
_ 1,2 2
cy(h, m) = gm* + h* — hm. (2)

These costs were designed such that the players’ optima and the constellation of relevant
game-theoretic equilibria were distinct positions as listed in the Table 1. During each trial
of an experiment, the time series of actions from the trials were recorded as human actions

ho, ..., hs, ..., hy and machine actions mq,...,my,...,my, for a fixed number of samples
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T. At time ¢, the players experienced costs cg(he, m:) and cpr(hy, my). See Supplement Sec-
tion S1 for formal definitions of the relevant game-theoretic equilibria and Supplement Sec-

tion S2 for how the parameters for the costs were chosen.

Experiment 1: gradient descent in action space. In the first experiment, the machine

adapted its action using gradient descent,

m* =m — ad,cy(h,m), (3)

with one of seven different choices of adaptation rate o € {0,0.003,0.01,0.03,0.1,0.3,1}. At
the slowest adaptation rate a = 0, the machine implemented the constant policy m = —0.2,
which is the machine’s component of the game’s Nash equilibrium. At the fastest adaptation
rate o = 1, the gradient descent iterations in (3) are such that the machine implements the
linear policy m = h. Each condition was experienced twice by each human subject, once per
symmetry (described in the next paragraph), in randomized order.

To help prevent human subjects from memorizing the location of game equilibria, at the
beginning of each trial a variable s was chosen uniformly at random from {—1,+1} and
the map h — sh was applied to the human subject’s manual input for the duration of the
trial. When the variable’s value was s = —1, this had the effect of applying a “mirror”
symmetry to the input. The joint action was initialized uniformly at random in the square

[—0.4,40.4] x [-0.4,+0.4] C R%. Each trial lasted 40 seconds.

Experiment 2: conjectural variation in policy space. In the second experiment, the ma-
chine adapted its policy by estimating a conjecture about the human’s policy. To collect
the data that was used to form its estimate, the machine played an affine policy in two

consecutive trials that differed solely in the constant term,

nominal policy m = Lyh, (4a)

perturbed policy m’ = Lyh' + 6. (4b)
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The machine used the median action vectors (h,m), (', ') from the pair of trials to estimate

a conjecture about the human’s policy using a ratio of differences,

- W-—h 5)

which is shown to be an estimate of the variation of the human’s action in response to machine
action in Proposition 4 of Supplement Section S3.2. The machine used this estimate of the
human’s policy to update its policy as

1—2L
Li = —=1 (6a)
1— Ly

which is shown to be the machine’s best-response given its conjecture about the human’s
policy in Supplement Section S3. In the next pair of trials, the machine employs m =
Lih + €3, as its policy. This conjectural variation process was iterated 10 times starting

from the initial conjecture Ly = 0, which yields the initial best-response policy m = h.

In this experiment, the machine’s policy slopes Laro, Lari, .-, Larg, - - -, L k-1 and the
machine’s conjectures about the human’s policy slopes IjH,O, IjHjl, R ZNLHJC, cee ZNLHﬁK_l were
recorded for each conjectural variation iteration k € {0,..., K — 1} where K = 10 iterations.

In addition, the time series of actions within each trial as in the first experiment, with each
trial now lasting only 20 seconds, yielding 7" = 1200 samples used to compute the median

action vectors used in (5).

Experiment 3: gradient descent in policy space. In the third experiment, the machine
adapted its policy using a policy gradient strategy by playing an affine policy in two consec-

utive trials that differed only in the linear term,

nominal policy m = Lyh, (7a)

perturbed policy m' = (Ly; + A)N. (7b)

The machine used the median action vectors (h,m), (', ') from the pair of trials to estimate

the gradient of the machine’s cost with respect to the linear term in its policy, and this linear
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term was adjusted to decrease the cost. Specifically, an auxiliary cost was defined as
en(Lag) i= ear (b Lag(h — hiy) +myy) (8)

and the pair of trials were used to obtain a finite-difference estimate of the gradient of the

machine’s cost with respect to the slope of the machine’s policy,

O, it (Las) = (Gi(Las + 8) = (L)), )

The machine used this derivative estimate to update the linear term in its policy by descend-
ing its cost gradient,

Lir = Ly — v 0u,cn (L) (10)

where + is the policy gradient adaptation rate parameter (7 = 2 in this Experiment).

Statistical analyses. To determine the statistical significance of our results, we use one-
or two-sided t-tests with threshold P < 0.05 applied to distributions of median data from
populations of n = 20 subjects. To estimate the effect size, we calculated Cohen’s d by
subtracting the equilibrium value from the mean of the distribution then dividing that by

the standard deviation of the distribution.

Data availability
All data are publicly available in a Code Ocean capsule, codeocean.com/capsule/6975866.
Code availability

The data and analysis scripts needed to reproduce all figures and statistical results reported
in both the main paper and supplement are publicly available in a Code Ocean capsule,
codeocean. com/capsule/6975866. The sourcecode used to conduct experiments on the

Prolific platform are publicly available on GitHub, github.com/dynams/web.
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Summary of supplementary materials

This Supplementary Information supports the claims in the main paper.

The formal mathematical definitions of the game-theoretic equilibrium solutions are in
Section S1. The parameters of a pair of quadratic costs are determined by the equilibrium so-
lutions in Section S2. The analysis of the game from the main paper is provided in Section S3.
Experiments 1 on gradient descent in action space is analyzed in Section S3.1. Experiment
2 on conjectural variations in policy space is analyzed in Section S3.2. Experiment 3 on
gradient descent in policy space is analyzed in Section S3.3.

Interpretations of the conjectural iteration are provided in Section S4. The related eco-
nomic idea of comparative statics is described in Section S4.1 and Taylor approximation is

used to characterize consistent conjectures in Section S4.2.
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S1 Game theory definitions

We model co-adaptation between humans and machines using game theory.®1% In this model,
the human H chooses action h € H while the machine M chooses action m € M to minimize

their respective cost functions cg,cpyr - H X M — R,

min cr(hym), (11a)

min cy(h,m). (11b)

It is important to note that the optimization problems in (11) are coupled. Since both
problems must be considered simultaneously, there is no obvious candidate for a “solution”
concept (in contrast to the case of pure optimization problems, where (local) minimizers of
the single cost function are the obvious goals). Thus, we designed experiments to study a
variety of candidate solution concepts that arise naturally in different contexts. We demon-
strate that Nash, Stackelberg, consistent conjectural variations equilibria, and players’ global

optima are possible outcomes of the experiments.

S1.1 Nash and Stackelberg equilibria

In games with simultaneous play where players do not form conjectures about the others’

policy, a natural candidate solution concept is the Nash equilibrium (Definition 4.1 in'?).

Definition: The joint action (KN, mNE) € H x M constitutes a Nash equilibrium (NE) if

NE = arg min cir(h, mN®), (12a)

m™F = arg min car(RNE m). (12b)

In games with ordered play where the leader (e.g. human) has knowledge of how the
follower (e.g. machine) responds to choosing its own action, a natural candidate solution

concept is the (human-led) Stackelberg equilibrium (Definition 4.6 in'?).
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Definition: The joint action (A5, m5F) € H x M constitutes a (human-led) Stackelberg

equilibrium (SE) if

RSE = arg min {CH (h,m) | m = argmin cy(h, m’)} , (13a)

mSF = arg min e (BSE, m). (13b)

The Stackelberg equilibrium is a solution concept that arises when one player (the leader)

anticipates or models another player’s (the follower’s) best response.

S1.2 Consistent conjectural variations equilibria

In repeated games where each player gets to observe the other’s actions and policies, play-
ers may develop internal models or conjectures for how they expect the other to play. A
natural candidate solution concept in this case is the consistent conjectural variations equi-
librium (Definition 4.9 in'?).

For a given pair! (v5°VE 0{FVE) € {M — H} x {H — M}, denote the unique fixed

points (hCVE mCCVE) € H x M satisfying

hOCVE — (,CCVE CCVE (CCVE) (14a)
JCOVE _ (COVE | COVE () COVEY (146)

Let
AUV = o) o) 159
AFVE(h) = o (R) — ofVE(ROE), (15b)

CCVE UCCVE)
H » Y M

be the differential reactions of each player under their policies (v to a deviation

from the joint action (RCCVE m VE) to (m, h).

Definition: The joint action (h““VE mPCVE) € H x M together with the conjectures

VEVE D H — M, 0§EVE - M — H constitute a consistent conjectural variations equilib-

1We use the shorthand {A — B} to denote the set of functions from A to B.
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rium (CCVE) if we have the consistency of actions

hCVE — arg m}jn {CH(h, m) | m= UJ%CVE(h)} ,

mVE = arg min {cM(h, m) | h= UEICVE(m)} )

and consistency of policies

CCVE

vSVE(m) = arg mhin ca(h,m+ Avy = (h)),

WSEVE(h) = arg min enr(h+ AvSCVE(m), m).

The consistent conjectural variations equilibrium is a solution concept that arises when

players anticipate each other’s actions and reactions.

S1.3 Reverse Stackelberg equilibria

In games where one player (the leader) has the ability to impose a policy before the other
player (the follower) who responds to the policy, the candidate solution concept for this case

20,37 The machine acts as the leader in this game, and

is the reverse Stackelberg equilibrium.
announces policy is m : H — M. Assume the human’s best response to machine policy 7 is

r: (H — M) — H given by a constrained optimization problem:

r(m) = arg min {ca(h,m) | m=m(h)}.

hRSE mRSE)
9

Definition: The joint action ( € H x M together with machine policy 7R5F :

H — M constitute a reverse Stackelberg equilibrium (RSE) if

5 = arg min {cg (h,m) | m =x(h), h=r(w))}, (16a)
RSP — (7RSE), (16b)
mRSE — RSE(RSE) (16¢)

If the reverse Stackelberg problem is incentive-controllable®” then the reverse Stackelberg

equilibrium is the machine’s global optimum.
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S2 Game design

In this section, the equilibrium points are derived by solving linear equations while enforcing

certain second-order and stability conditions. The general quadratic costs are given by
cr(h,m) = 3h" Agh + h" Bgm + tm" Dym +byh + djym + ag, (17a)
ca(hym) = Im" Aym +m" Byrh + LT Dych + bym + djh + an (17b)

where actions h € RP, m € R? are vectors with p > 1 and ¢ > 1, cost parameters Ay €
RP*P. Dy € R Ay € R Dy, € RPXP are symmetric matrices, By € RP*?, B, € R?*P
are matrices, by € RP, dy € RY, by € RP, dy; € RY are vectors and ay € R, ay € R are
scalars.

The cost parameters are chosen so that the equilibrium points are located at chosen points
in the action spaces. Without loss of generality, Ay and A,,; are the identity matrices to set
the (arbitrary) scale for each player’s cost. Subsequently, ay,ays are determined such that
the minimum cost values for both players are 0. Finally, and also without loss of generality,
byr = dy = 0 is determined to center the machine’s cost at the origin in the joint action
space. The six coefficients that remain to be determined are By, By, Dy, Dy, by, dy. The
parameters will determine the location of the equilibrium solutions of the game.

In the main paper, the action spaces are scalar, i.e. p = ¢ = 1. The parameters were
chosen to be Ay = 1, By = —1/3, Dy = 7/15, by = 2/15, dyg = —22/75 for the human
and Ay =1, By = —1, Dy =2, by = 0, dyy = 0 for the machine. The players’ optima

for this game are
(hy»my) = (0.1,0.7),

( >Jk\/17m}k\/[) = (070)7
and the game-theoretic equilibria are

(RNE, mNE) = (—0.2, -0.2),
(R m5F) = (0.2,0.2),
(RCCVE mCCVE) ~ (0.276,0.373),

(hRSE’ mRSE) = (0,0).
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In the follwoing subsections, the first and second order conditions for the solutions of opti-

mization problems are written out for the costs ¢y, ¢y in (17a) and (17b).

S2.1 Global optima

The global optimization problems for the two players are

( *Ham;-l> - argmin CH(ham)7

,m

(hyy,myy) = ar%min ey (h,m)

which have first-order conditions

Ag Byl | by bu| Dy Bl [ hy dy|
.. Ay Bpg Dy Bl .. . .
and second-order conditions that [BE DHi| and |:B]\/[ Aiﬂ are positive semi-definite. See

Proposition 1.1.1 in? for the formal statement of these conditions.

S$2.2 Nash equilibrium

The coupled optimization problems for a Nash equilibrium (ANE, mNE) are

hNE NE)

= arg}anin cu(h,m
mNE = argg@nin car(RNE m),
which have first-order conditions
Ay Byl [ RNE by
o e+ ] =0
and second-order conditions Ay > 0 and A;; > 0. If the Jacobian {gfj ABZ } has eigenvalues
with positive real parts, then the Nash equilibrium is stable under gradient play.

See Proposition 1 in*' for necessary conditions for a local Nash equilibrium and for
the stability result for continuous-time gradient play dynamics h = —Ohe(h,m), m =
—0mear(h,m). See Proposition 2 in?* for the corresponding discrete-time gradient play dy-
namics h™ = h — Bopcy(h,m), m*™ = m — adycp(h,m) for learning rates o, 5 > 0 and
learning rate ratio 7 = a//3. As the learning rate ratio 7 tends to oo, the machine’s action
m adapts at a faster rate than h, which imposes a timescale separation between the two

players.
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S$2.3 Human-led Stackelberg equilibrium

The coupled optimization problems for a human-led Stackelberg equilibrium (h5%, mSE) are
hSF = argmin {CH(h, m')| m' = argmin cg(h, m)} ,
h m

m > = argmin ¢ (h°F, m),
m

which have first-order conditions

Ag+ Li; 0By By + LoDyl | hSE by + L odr

g e ] i
with Lyo = — A3} By, and second-order conditions Ay, > 0, Ay — By Ay By > 0. See
Proposition 4.3 in'? for a quadratic game formulation of the Stackelberg equilibrium, which
admits only a pure-strategy Stackelberg equilibrium. See Proposition 1 in*? for conditions

for a local Stackelberg equilibrium.

S2.4 k-level conjectural variations equilibrium

The coupled optimization problems for an intermediate conjectural variations equilibrium
where the human maintains a consistent conjecture of the machine are

hiii = argfrbnin {cH(h, m')| m' = Ly r(h — hyy) + m}‘w},
mVE = argnrlnin {cM(h’,m)| h' = Lyg_1(m—mj)+ h}}},

which have first-order optimality conditions

T T BT cve| T T =0
By + Ly 1Dy Anr+ Ly 1By | | by + Ly j—qdu

with initial condition Ly, ¢ = —A;jBM and iteration

LH,k—f—l = —(AH + L—]\;,kB]—S)_%BH + LL,kDH>

Ly = —(Am + L;k_1BJ\T4)_1(BM + Lg,k—lDM>

for k = 0,1,2,... with and the assumption that Ay + ByLy i and Ay + By Ly -1 are
invertible. See Section S3 for more information about conditions under which this iteration

converges for the particular parameters of the costs used in the main experiments.
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S$2.5 Consistent conjectural variations equilibrium

From (Definition 4.9 in'%), the coupled optimization problems for the consistent conjectural
variation equilibria are
RCVE — argmin {cH(h, m') | m' = L§EVE(h — hy,) + m}‘\/[}
h
m®VE = argmin {cM(h’,m) | W = LEVE(m —m?,) + h}‘w}
m
L%}JVE7 L%CVE

where solves the optimality conditions in the policy space equations from

(Definition 4.10 in'%):
Ay LSOVE 4 L%CVETBAEL%JCVE + L%CVETDM 1+ By =0,

T T
AHL](:—}CVE + LCMCVE B;L%CVE + LCMCVE DH + BH =0.

The first-order optimality conditions in the action space of the coupled optimization problems

are

A+ LSVE B B+ LSEVE Dy [RCVET [y + L§VE | _
By + LSVE Dy Ay + LEOVET By | M Y] T |bas + LECVE T dy,

Proposition 4.5 in'? states that if a game admits a unique Nash equilibirum, then the Nash

equilibrium is also a CCVE with the Nash actions as constant policies.

S$2.6 Machine-led reverse Stackelberg equilibrium

The coupled optimization problems corresponding to a machine-led reverse Stackelberg equi-
librium are given by:
rRSE(Ly) = argmin {CH<h, m') | m' = Ly (h— hy) + m*M}
h

LY = ar%min {CM(T%SE(LM), m') | m' = Ly (r5>2 (L) — b)) + m’]‘w)}
M

where the human forms a consistent conjecture of the machine, and the machine assumes
that the human responds optimally to the machine’s policy slope. The reverse Stackel-
berg equilibrium is (ARSE, mBSE) | which by the,*®4* satisfies the same conditions that the

machine’s optimum satisfies, i.e.
A M B M hRSE + b M| 0
B]—\Z DM mRSE dM o
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as well as first-order optimality conditions

Ay +IBETB] By + Lﬁ}SETDH] [hRSE] . [ b + L dy ] 0

—LRse Ji 1 RSE 7\4_ LJ\R;ET hr
where we need to also guarantee that the Jacobian is stable. The second-order condition is
Ap+ By LRPE > 0. See Section I11.B in®” for a method to solve reverse Stackelberg problems,
relying on the property of linear incentive controllability. See* for an overview of results and

the computation of optimal policies. See Proposition 1 of* for existence of optimal affine

leader policies.

S2.7 Choosing parameters for a two-player game with single-dimensional
actions

Given quadratic costs with scalar actions h € R, m € R,
cu(h,m) = %AHh2 + Bghm + %DHm2 +bgh +dgm + ag,
cy(hy,m) = %AMm2 + Byrhm + %DMh2 + bayrm + dyrh + ayy.
Without loss of generality, Ay = 1 and Ay, = 1 to set the scale for each player’s cost. The

parameters expressed in terms of the optima (h};, m};) and (h},, m},) are

ag = 3Aphy” + Bulymi + 1Dymy®, by = —Aghy — Bymjy,  dg = —Bgh}y — Dpmjy,
apyr = %14]\/[77”&*]\/[2 + BMh}kV[mM 1DMh s bM = —AMm}kV[ — BMh*M, dM = —BMm}k\/[ — DMh*M
The parameters expressed in terms of the optima and the Nash equilibrium (hNE, mNE) are
ht — hNE * NE
By = _fiNE’ By = _%'

The parameter expressed in terms of the optima and the human-led Stackelberg equilibrium
(hSE’ mSE) is

By (h}kme + hiymi, — (myy +mi, — mSERSE — (%, + Ry, — hSE)mSE)

i = Gy~ Y %)
(s — mSE)(m ~ E)
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and Ay — BHA]T;BM must be positive definite.
The remaining parameter to be chosen is Dy;. It must satisfy the following conditions:
(AgAy — DyDyy)? — 4(Ay By — By Dy )(Au By — BuDyy) >0,
(AviBy — By Dy)(Ag By — BgDyy) # 0
The CCVE is determined by the solution of two quadratic equations. The policy slopes for

each agent are

2AHBM — QBHDM ’
DHDM — AHAM + \/4(AMBH — BMDH)(BHDM — AHBM) + (AHAM — DHDM)2
2AMBH — QBMDH ’

CCVE _
LH —

CCVE _
LM —

and the actions are

hCCVE B AH + L%CVEBH BM + L%CVEDH -1 bH + L%/ICVECZH
TTLCCVE BM + L%CVEDH AM + L%CVEBM bM + L%CVEdM

The reverse Stackelberg equilibrium is determined by policy slopes

JRSE _ Py =Py rrse ApLif® + By
" mi —mi, M ByL¥® 4+ Dy’

RSE __ *

and actions h®5E = ht, mBSE =m1
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S3 Analysis of the quadratic game from the main paper

This section provides mathematical statements about the two-player game (cy,cp) with

each player having an objective to optimize the functions:

c(h,m) = 3h* + o=m? — thm + Zh — Zm + 2. (1)

for the human and

ey(h,m) = %m2 + h* — hm. (2)
for the machine. In Experiment 1, the machine optimizes its action by gradient descent. In
Experiment 2, the machine optimizes its policy by conjectural variations. In Experiment 3,
the machine optimizes its policy by gradient descent. In all experiments, the human updates
its action h by making the cost ¢y (h, m) as small as possible.

In this section, the three main experiments from the paper were analyzed. Outcomes
were predicted by the equilibrium solutions of coupled optimization problems. The three
subsections contain mathematical propositions proving statements about the three respective
experiments. Propositions 1 and 2 apply to Experiment 1. They prove convergence to the
unique Nash and Stackelberg equilibrium solutions. Propositions 3, 4, 5, 6 and 7 apply to
Experiment 2. They prove that the machine can perturb its own policy to estimate the
human’s conjectural variation, and in turn use the estimate to form a best response iteration
that converges to a consistent conjectural variations equilibrium. Propositions 8, 10, 9, 11
apply to Experiment 3. They prove that the machine can perturb its own policy to estimate
its policy gradient, and in turn use the estimate to update its policy to converge to its global
optimum. The formal definitions of the equilibrium solutions are stated in Section S1.

A human-machine co-adaptation game is a two-player repeated game determined by two
cost functions — one for each player. The game is played as follows: at each time step t, the
human chooses action h; € H. The machine best responds by choosing action m; € M. The
human observes cost cg(hy, m¢) via the interface. The next action pair (hyi1,m41) is chosen
at the next time step ¢ + 1 for a fixed number of steps 7. In each of our experiments, the

method that the machine uses to update its action is varied.
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S3.1 Experiment 1: gradient descent in action space

The following Proposition 1 describes the o = 0 case of Experiment 1, where the outcome
is the unique stable Nash equilibrium of the game is (m,h) = (—=1/5,—1/5). This outcome

is observed empirically (Figure 2 of main paper).

Proposition 1. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine’s action is m = —1/5, then the human's best response is h = —1/5.

Proof. From the human's perspective, the goal was to solve the optimization problem
mhin cu(h,m) (18)
The second order condition of (18) is
Oicg(h,m) =1> 0.
The first order condition of the optimization problem (18) is
Oner(h,m) =h —tm+ 2 =0. (19)

By solving for h in (19), the human's best response to m is

Solving for h gives the human'’s best response h = 3m—&. Thus, if m = —1, then h = —1. [

1
3 15 5

The following Proposition 2 describes the o = 1 (or “infinity”) case of Experiment 1,
where the outcome is the unique stable human-led Stackelberg equilibrium of the game at

(m,h) = (1/5,1/5). This outcome is observed empirically (Figure 2 of main paper).

Proposition 2. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine’s policy is m = h, then the human'’s best response is h = 1/5.
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Proof. From the human'’s perspective, the optimization problem is
min{cy (h,m) | m = h) (20)
The cost experienced by the human is

c(h,h) = 20> — th+ L2

The first order condition of (20) is

Solving for h gives h = % ]

Remark 1. Given a human-machine co-adaptation game determined by cost functions (1) and
(2), if 0 < o < 1 and the machine updates its action m;.1 = my — aOpcp(hy, my), then
myy1 approaches h, as t increases. This result can be shown by writing the update as m;; =
(1—a)my+ah, showing that the sequence my, my1, ... is generated by an exponential smoothing

filter of time-varying signal h;.

Remark 1 is observed in the 2D histograms in Figure 2 from the main paper as the

distribution of points on the line of equality m = h for larger a values.

S3.2 Experiment 2: conjectural variation in policy space

In Experiment 2, the machine iterated conjectural variations in policy space. From the hu-
mans’s perspective, the goal was to choose h to optimize cg(h, m). But how m is determined
affects the solution of the coupled optimization problems. From the machine’s perspective,
the goal was to choose m to optimize ¢y (h,m). Similarly, what A is assumed to be affects
the machine’s response. The machine estimates the conjectural variation that describes how
h is affected by a change in m.

The following Proposition 3 describes the machine’s policy perturbation in Experiment
1. The human’s response is linear in the machine’s constant perturbation d, but non-linear

in the machine’s policy slope L.
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Proposition 3. Given a human-machine co-adaptation game determined by cost functions (1)
and (2), if the machine’s policy is m = Lh + 0 and L satisfies %LQ — %L +1 > 0, then the

human'’s best response is
B 22L — 10 — (35L — 25)0
3512 —-50L+75

Proof. The human's optimization problem is
mhin {cyg(h,m) | m = Lh+ 6} (21)
The second order condition of (21) is
E=L2—2L+1>0.
The first order condition of (21) is

(EL? = 2L+ 1)h— 2L+ 2 — (ELy+1)5=0

Solving for h gives the result.

O

The following Proposition 4 describes how the machine estimates the slope of the human’s

policy using two points generated by perturbing the constant term of the machine’s policy.

Proposition 4. Given a human-machine co-adaptation game determined by cost functions (1)
and (2), if the machine’s policies are m = Lh and m’ = Lh' + § and the human best responds

with h and h', then
h'—h  7L—-35
m' —m 5L —15

Proof. Using Proposition 3 for 4’ and h,

35L — 25

h' —h=— .
35L2 —50L + 75

Using the definitions of m’ and m,

m' —m = L(h — h) +9.
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The ratio of the differences is therefore

W-h () 35L — 25 7L -5

= — - —or) _ 2 _ 5L _15
m'—m L (B 5) 45 L(35L - 25) — (350 —50L+75) 5L 15

[]

Remark 2. In the main paper, the human’s policy slope is Ly and the machine’s policy slope

is Lys. For a machine policy m = Lh in Experiments 2 and 3, the relationship between these

terms are
L]\/[ = L:
7L —5
Ly = .
T 5L —15

In this case, the human's conjecture of the machine is consistent with the machine’s policy. The

equilibrium solutions are described by linear equations

h:LHm+€H

22L-10

where €3y = 0 and g = — s

Remark 2 can produce the curves seen in Figure S6 as the solid-line ellipse for when H
has a consistent conjecture about M by sweeping L along the real line.
The following Proposition 5 describes the machine’s best response to the human adopting

a policy based on the conjectural variation in Proposition 4.

Proposition 5. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the human’s policy is h = (575:155) m+{ for some {, then the machine’s best response

is
o 9L +5
2L+ 10

Proof. The machine’s optimization problem is

min {cM(h, m) | h= (57LL__155) m + E} . (22)

The first order condition of (22) is

Oment (h,m) + dnen(h,m) (F55) = 0. (23)
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The second order condition is

2(2=5) —2(i=8) + 1> 0.

Taking the first order condition in (23), the equation is

m—h+ (2h—m) (=) =0

5L—15

Sovling for m gives the machine's best response

7n_9L+5h
2L+ 10

[]

Remark 3. The constant term { in Proposition 5 can be estimated from the joint action measure-

ments. However, it is not necessary to do so to arrive at the optimality condition in Equation (23).

The following Proposition 6 shows the existence of a consistent conjectural variations
equilibrium. The equilibrium solution concept is defined in Section S1. It describes the

situatuion where both players have consistency of actions and policies.

Proposition 6. Given a human-machine co-adaptation game determined by cost functions (1)
and (2), there exists two consistent conjectural variations equilibrium solutions uniquely defined

by the machine response slopes

RV
_?.

L

Proof. Using Equations (1) and (1') from Definition 4.10 in,° the stationary conditions for a

consistent conjectural variation in the policy space is

L-L(#=E)+2(38) —1=0, (24)

5L—15 5L—15

Simplifying the numerator of (24), the following quadratic equations defines the machine's con-
sistent policy slope:

2L+ L —5=0.
The solution to the quadratic equation gives us the result. O
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Remark 4. The human's policy slope can be determined by substituting in L = %‘/ﬂ, which

results in

TL—-5 1F+/4l
5L—15 10

So the two consistent conjectural variational policies are

_—1i\/ﬁh

4
1F /41 3+ 741
= m —
10 100

m

h

and the actions (m, h) that solve the linear equation.
The following Proposition 7 shows that Experiment 2 converges to a stable equilibrium.

Proposition 7. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), if the machine updates its policy using the difference equation L™ = JE£% then
P B
-

is a locally exponentially stable fixed point of this iteration.

Proof. Define the map F': R — R as

9L +5
F(L) := 25
(L) 2L+ 10 (25)

To assess the convergence of Experiment 2, the fixed points of (25) are determined along with

their stability properties. The fixed point L* that satisfies
L*=F(L")
are determined by the solutions to the quadratic equation
2L + L —5=0. (26)

There are two solutions to (26) and they are real and distinct. The fixed points are

—1++41
1 .
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Exactly one fixed point is stable, and it is a stable attractor of the repeated application of F.
The stability can be determined by linearizing (25) at the particular fixed point and ensuring that

its derivative gives a magnitude of less than one. The linearization of F' at fixed point L* is

F(L)=0F(L*)(L— L") (27)
where
20
OF(L) = m

If L* = _1%@, then |OF (L*)| =~ 0.5 < 1, so the fixed point L* is stable. On the other hand, if
L* = *1%\/@, then |OF(L*)| > 1, so the fixed point L* is unstable. O

For a quadratic game with single-dimensional actions, there are two consistent conjectural

variations equilibria. One is stable, the other is unstable.

Remark 5. Another way to assess the convergence of the fixed point map (25) is by inspecting

the normal form of the linear fractional transformation. The normal form of (25) is

F(L)-L* L-1L"
— A 2
F(Ly—L* "L-L* (28)

where L* and L** are fixed points of F' and X\ is a real number given by

Vo4 val
S —19— V41

Since |A\| = 0.5 < 1, the fixed point L* is semi-globally stable.

Remark 5 is a based on a known result from complex analysis and conformal mapping

theory.

S3.3 Experiment 3: gradient descent in policy space

In Experiment 3, the machine implemented gradient descent in policy space. The machine
estimated the policy gradient using cost measurements from a pair of trials. The machine’s
cost depends on its own policy and the human’s best response to it.

The following Proposition 8 describes the machine’s policy perturbation in Experiment

3. The human’s action response varies non-linearly.
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Proposition 8. Given a human-machine co-adaptation game determined by cost functions (1)
and (2), if the machine’s policy ism = (L+A)h and L, A satisfy 1=(L+A)?—2(L+A)+1 > 0,
then the human's best response is

22(L+ A) —10
35(L+ A)2—50(L+ A)+75

h—
Proof. The human's optimization problem is
min {ca(h,m) | m = (L+ A)h}. (30)
The second order condition of (30) is
LZ(L+AP? —2(L+A)+1>0.
The first order condition of (30) is
(E(L+AP=2(L+A)+Dh—Z(L+A)+2=0

Solving for h gives human'’s response

22(L + A) — 10

h= 35(L+ A)2 —50(L + A) + 75

(31)
O

The following Proposition 9 describes how to estimate the policy gradient using two trials
as done in Experiment 3. Suppose the machine plays policy m = Lh, then the human’s

response is given by

922 — 10
L) =
") = 35— son 78

as determined by Proposition 3 or Proposition 8 with the perturbations set to zero.

Proposition 9. Given a human-machine co-adaptation game determined by cost functions (1)
and (2), if the machine’s policies are m = Lh and m' = (L + A)h' and the human’s best

responses are h = r(L) and h' = r(L + A), then

lim CM<h,7 m,) - CM<h7 m)
A—0 A

= Drey(r(L), Lr(L))
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Proof. From Proposition 3, if machine's policy is m = Lh and the human's best response is

B 221 — 10
3512 —50L 475

The machine's cost written as a function of L is

ca(h,m) = ey (r(L), Lr(L)) = L% (L)* 4+ r(L)* — Lr(L)?

= 1(L* —2L +2)r(L)’
~ (L?—2L+2)(22L — 10)?
~ 2(35L% — 50L + 75)2

The difference term is
car(B'ym') — epr(hym) = ep(r(L+ A), Lr(L 4+ A)) — ey (r(L), Lr(L))

Expanding out the terms, ignoring the terms of order A2 or higher, we have

(L +A)? = 2(L+ A) +2)(22(L + A) = 10)*  (L* — 2L +2)(22L — 10)?
2(35(L + A)? — 50(L + A) + 75)?2 2(35L2 — 50L + 75)2
A(11L — 5)(2L* 4 181L2 — 380L + 305)

= A SOYAZ L
25(7L% — 10L + 15)3 AT

ey (W, m"y —epr(hym) =

Dividing by A and taking A to zero gives us the same expression as directly computing the

derivative of the cost:

A(11L — 5)(2L3 4 181L2 — 380L + 305)

Irem(r(L), Lr(L)) = 25(7L2 — 10L + 15)3

Hence, we get the desired result. O

The following Proposition 10 shows that there is a unique machine-led reverse Stackelberg
equilibrium of the game. The equilibrium solution concept is defined in Section S1. It
describes the scenario where the leader announces a policy and the follower responds to the
policy. In contrast, the Stackelberg equilibrium in Proposition 2 describes the scenario where

the leader announces an action and the follower response to the action.

Proposition 10. Given a human-machine co-adaptation game determined by cost functions (1)

and (2), there exists a reverse Stackelberg equilibrium.
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Proof. The machine's global optimum solves
r}rLlin ey (h,m).
The machine's global optimum is (h, m) = (0, 0).
Suppose the machine's policy is m = Lh, then the human's optimization problem is

mhin{cH(h, m) | m = Lh}

and the best response is
22010
3502 —50L +75

h=r(L)

The machine wants to drive the human to play 0 = r(L). Hence the machine chooses L = 5/11.

The second order condition is
T2 2
L —5L+1>0.
which is satisfied by L = 5/11. Hence (0, 0) is a machine-led reverse Stackelberg equilibrium. [
The following Proposition 11 shows that Experiment 3 converges to a stable equilibrium.

Proposition 11. Given a human-machine co-adaptation game determined by cost functions (1)
and (2), if the machine plays policy m = Lh and the human responds with h = r(L) and

machine’s updates its policy by gradient descent,
Lyy1 = Ly, — aOren(r(Li), Lir(Ly))

then L* = 5/11 is a locally exponentially stable fixed point of this iteration for all o > 0

sufficiently small.

Proof. The roots of drcp(r(Ly), Lgr(Lg)) = 0 are determined by the solutions to a quartic
equation

(11L — 5)(2L% + 181L* — 380L + 305) = 0. (32)
There are two real solutions to (32), the first one L* = = can be seen by inspection, and the

second one is, approximately, L** ~ —92.6.
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The stability is determined by linearizing at the particular fixed point and ensuring that the

second derivative is positive. The linearization the derivative at root L}, is
Orenr(r(L), Lr(L)) = 0 2car(r(L¥), L*r(L*))(L — L*) (33)

The second derivative 0,2 ¢y ~ 0.18 evaluated at L* is positive, so the fixed point L}, is stable.

The second derivative evaluated at L** is negative, so the fixed point is unstable. O

S4 Interpretations of consistent conjectural variations

In this section, interpretations of the consistency conditions with regards to conjectural
variations are provided. They relate to partial differential equations that arise in economics

and non-cooperative dynamic games.

S4.1 Comparative statics

A quintessential microeconomics tool, comparative statics (or sensitivity analysis more gen-
erally) is a technique for comparing economic outcomes given a change in an exogenous
parameter or intervention.!! If the expression f(x,y) = 0 defines the equilibrium conditions
for an economy where z is an endogenous parameter (e.g., price of a product) and y is an
exogenous parameter (e.g., demand for a product), then up to first order the change in z
caused by a (small) change in y must satisfy 0,f - de + 0,f - dy = 0, and under sufficient
regularity, we may write dz/dy = —(9,f)~"' - 9,f. Comparative statics can also be applied
to equilibrium conditions for an optimization problem.

This is precisely how it is used here: comparative statics analysis is applied to the first-

order optimality conditions for
argmin{cy(h,m) | m = my(h)} (34)

wherein the machine’s action is treated as the intervention. Specifically, given an affine
policy mar(h) = Lyh+ £y and (34), we use this microeconomics analysis tool to understand

how changes in m induce changes in h that are consistent with the optimality conditions
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of (34). This leads to a process by which we derive an expression for the human’s (best-
Jresponse in terms of the policy parameters (Lyy, £57) and the machine’s corresponding action

m. First-order optimality conditions for (34) are given by

0 = Onenr (B, mar (h) s (my=m + Omer (B war (1)) |y (hy=m - Onar (R), (35a)

= One (b, mar(R)) |rps (y=m + Omcrr (B, Tar (B)) |z pr (hy=m = Lina- (35b)

Using comparative statics as described above, we have that
0 = dicy(h,m)dh + 02, cr(h,m)dm + (87, cr(h, m)dh + 0%,.cir(h,m)dm) Ly;. (36)

Hence, we deduce that

_dn

Ly =
" dm

== —(QicH + athH . LM)_I(athH + LL . 872ncH), (373)

— —(Ag + Ly;By) (B + L}, Dy). (37b)

In Experiment 2, we will see a procedure for estimating the human’s response h as a function
of m by affinely perturbing my;(h) = Lysh+ €3 The machine then uses the estimate for the

human’s response as its conjecture in
arg mniln{cM(h, m)| h=Lym+ly} (38)

and obtain the policy it should implement at the next level.

S4.2 Order of consistency via Taylor series approximation

Basar and Olsder!® derives different orders of consistent conjectural variations equilibrium by
taking the Taylor expansion of a conjecture to the cubic order. Let (h¢, m¢) be the consistent
conjectural variations equilibrium, (LS;, L§,) be the consistent conjecture policy slopes. Let
05 = h® — LEmS® and (5, = m® — L§,;h°. The first order representation of a conjecture, that

is an affine conjecture
he = L§m + (5 + O(m?),

m® a LSh+ (5, + O(h2)
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The partial differential equations that describe stationarity are

ey (h,m) N Ocy (h,m) ' O(LS;h + £5)

=0, for h = Lym + (%,

oh om oh
dcyr(hym)  Oepr(h,m)  O(LSm + £5) B e .
o + oh . - =0, for m = L5 h+ (5,

Writing what basar calls the “first-order” CCVE has stationarity conditions

Poy | WLymtlyy) | Pey (1 WLgmily) AL | ey | AL _ g
Oh? am ohom am oh om? h =%
oy | ALy htlyy) | 9Py (1 | UGG, OUsmtts)\ | ey OLgmtts) _ ()
om? oh omoh h am oh? om

¢ m°). Hence

with arguments at (h,m) = (h
AyLS, + By(1+ LY LS,) + DyLS, =0,
Ay LS, + By (14 LS, LS) + Dy LS, =0,

Solving for L%, L§, from the above equations gives

. By + LS, Dy
Ly =t oMH
Ay + L, By

. By + LDy
LM _—_——
Ay + LBy

which shows that L, L5, are fixed points of the conjectural iteration.

47



Supplementary References

40 Bertsekas, D. P. Nonlinear Programming (Athena Scientific, 1999), 2nd edn.

41 Ratliff, L. J., Burden, S. A. & Sastry, S. S. On the characterization of local Nash equilibria

in continuous games. IEEE Transactions on Automatic Control 61, 2301-2307 (2016).

42 Fiez, T., Chasnov, B. & Ratliff, L. Implicit learning dynamics in Stackelberg games: Equi-
libria characterization, convergence analysis, and empirical study. In ACM International

Conference on Machine Learning (ICML), 3133-3144 (PMLR, 2020).

43 Bagar, T. & Selbuz, H. Closed-loop Stackelberg strategies with applications in the opti-
mal control of multilevel systems. IEEE Transactions on Automatic Control 24, 166-179

(1979).

4 Groot, N. B., De Schutter, B. & Hellendoorn, J. Reverse Stackelberg Games: Theory and

Applications in Traffic Control. Ph.D. thesis, Delft University of Technology (2013).

45 Zheng, Y .-P. & Basar, T. Existence and derivation of optimal affine incentive schemes for
Stackelberg games with partial information: A geometric approach. International Journal

of Control 35, 997-1011 (1982).

46 Debreu, G. Valuation equilibrium and Pareto optimum. Proceedings of the National

Academy of Sciences of the United States of America 40, 588-592 (1954).

4"Van Rossum, G. & Drake, F. L. Python 3 Reference Manual (CreateSpace, Scotts Valley,
CA, 2009).

48



Extended data sections

The additional methods are in Section A. The details on Experiments 1, 2 and 3 are in
Section A.1, Section A.2, and Section A.3. Numerical simulations of the adaptive algorithms
used in Experiments 1, 2 and 3 are in Section B.6. The experiments are shown to be
generalizable through additional experiments in Section B, where experiment parameters
and cost structures are varied. The user study task load survey and feedback forms are

provided in Section C.
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A Additional Methods

Additional experiments, whose results are reported in this Supplement but not the main
paper, were conducted with different quadratic and non-quadratic costs to demonstrate the
generality of the experiment and theory. First (Section B.1), Experiment 3 was repeated with
a different initialization of the machine’s policy: instead of initializing the machine’s policy
tom = h, it was initialized to m = 0. Next (Section B.2), Experiment 3 was repeated 9 times
with different global optima for the machine: the machine’s quadratic cost re-parameterized
as
exrlh,m) = S m =) = (= 3, ) (b — B3) + (h =

with b}, € {—0.1,0,40.1} and mj, € {—0.1,0,+0.1} to test whether the machine can drive
the behavior to any one of a finite set of points in the joint action space, and to test whether
the reverse-Stackelberg equilibrium (RRSE mBSE) = (%, m3,) is a stable equilibrium of
policy gradient.

Subsequently (Section B.3), Experiments 1, 2, and 3 were repeated with non-quadratic

cost functions in the Cobb-Douglas form (modified from the example in Section C.2 of*®):
ca(h,m) =1—2(1—h)*'(h + 1.1m)%° (39)
was used in replicates of Experiments 1, 2, and 3;
eavr(h,m) =1 —2(1 —m)%?*(m + 1.1h)%° (40)
was used in replicates of Experiments 1 and 2, and
en(hym) = (m —miy,)* + (h — hi,)? with (m,, i) = (0.5,0.5) (41)

was used in replicates of Experiment 3. Pairing cy from (39) with c¢j; from (40) yields the

following game-theoretic equilibria in the replicates of Experiments 1 and 2:

(RN, mNE) =~ (0.590,0.529),
(RSF, mF) ~ (0.429,0.579),
(h¢,m®) ~ (0.392,0.336).
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Pairing ¢y from (39) with ¢); from (41) yields the following equilibrium in the replicates of

Experiment 3:

(RRSE mBSE) = (0.5,0.5).

The human’s actions were constrained to [0.2,0.8] in these replicates of the experiments
and the manual input was accordingly normalized to this range. The machine’s actions
were constrained to [0, 1]. Experiment-specific changes to protocol designs are described in

subsequent subsections.
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A.1 Experiment 1: gradient descent in action space

Protocol S1 summarizes the procedure for Experiment 1.
The preceding methods were modified as follows for the experiments with non-quadratic
costs in Section B.3: the policy implemented for the case a = oo was m = —+-h + 22; the

270 27

joint action was initialized uniformly at random in the square [0.3,0.7] x [0.3,0.7] C R.

A.2 Experiment 2: conjectural variation in policy space

Protocol S2 summarizes the procedure for Experiment 2.
The preceding methods were modified as follows for the experiments with non-quadratic

costs in Section B.3: given non-quadratic cost in Cobb-Douglas form
ear(hym) = 1= 2(1 = m)™ (m + dygh)"™ (42)

where ayr, by > 0 and dp; > 1, the machine’s conjectural variation iteration is

anrds
L S 43
M k+1 aar + bor + brrdai L’ (43a)
by + bprdys L
€M7k+1 - al Mo (43b)

A.3 Experiment 3: gradient descent in policy space

Protocol S3 summarizes the procedure for Experiment 3.
See Propositions 9 and 11 in Section S3.3 for the theoretical results on the policy gradient

estimate and convergence.

B Additional experimental results

Additional experiments were conducted with different quadratic and non-quadratic costs to

demonstrate the generality of the experimental and theoretical results.
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B.1 Machine initialization (Experiment 3)

To demonstrate that the outcome of the machine’s policy gradient adaptation algorithm
does not depend on the initialization of the machine’s policy, we repeated Experiment 3
with initial policy slope to Ly, = 0. Iterating policy gradient shifted the distribution of
median action vectors for a population of human subjects to the machine’s global optimum

(Figure S2).
B.2 Machine optimum (Experiment 3)

To demonstrate that the machine can drive the human action to any point in the action
space so long as the joint action profile is stable, the three experiments were conducted with
differing machine minima. A grid of machine minima were tested h}, € {—0.1,0,+0.1}
and mj; € {—0.1,0,40.1}. Iterating policy gradient descent shifted the distribution of
median action vectors for a population of human subjects to the machine’s global optimum

(Figure S3).
B.3 Non-quadratic costs (Modified Experiments 1, 2, and 3)

To demonstrate the generality of the experiments and theory, we conducted modified Exper-
iments 1, 2 and 3 using non-quadratic costs. In Experiment 1, the distributions of median
action vectors for a population of human subjects shifted from the Nash equilibrium at the
slowest rate to the human-led Stackelberg equilibrium at the fastest adaptation rate (Fig-
ure S4A). In Experiment 2, iterating the process of estimating conjectural variations shifted
the distribution of median action vectors for a population of human subjects from the human-
led Stackelberg equilibrium to a consistent conjectural variations equilibrium (Figure S4B).
In Experiment 3, iterating policy gradient descent shifted the distribution of median action

vectors for a population of human subjects to the machine’s global minimum (Figure S4C).
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B.4 Numerical simulations

The three experiments were numerically simulated. The results from the simulation are
overlaid on top of the violin data plots from the main paper (Figure S5). In Experiment
1, the simulation captures the transition from the Nash equilibrium at the slowest rate to
the human-led Stackelberg equilibrium at the fastest rate (Figure S5A). In Experiment 2,
the simulation captures the transition from the human-led Stackelberg equilibrium to the
consistent conjectural variations equilibrium (Figure S5B). In Experiment 3, the simulation
captures the transition from the human-led Stackelberg equilibrium to the machine’s global

optimum (Figure S5C).
B.5 Consistency vs. Pareto-optimality

To demonstrate that the equilibrium points reached in the experiments are not Pareto-
optimal, except for the machine’s global minimum, the sets are compared with the consistent

conjecture conditions (Figure S6). The Pareto-optimal set of actions solve

min yeg (h,m) 4+ (1 —y)ep(h, m) (44)

,m

for v between 0 and 1. See® for the definition of Pareto optimality. The consistency
conditions are satisfied when one player’s conjecture is equal to the other player’s policy
(see Definition 4.9 of'°). The data from Experiments 2 and 3 from the main paper, and
Experiment 3 with different initialization from Section B.1 are plotted in Figure S6. The

data overlap the curve where the human’s conjecture is consistent with the machine’s policy.
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Results from statistical tests for Experiments 1, 2 and 3 with P-values, t-statistics, and Cohen's d.

Experiment 1

Hy: mean of initial Human action distribution is equal to hNE P=020 t=+4+13 d=+402
Hy: mean of initial Machine action distribution is equal to mNE P =100 ¢t=+00 d=-1.0
Hy: mean of initial Human action distribution is equal to h°E P=000 t=-269 d=-42 =«
Hy: mean of initial Machine action distribution is equal to m>E P=000 t=-x d=—-00 *
Hy: mean of final Human action distribution is equal to ANE P=000 t=+421.2 d=+34 =«
Hy: mean of final Machine action distribution is equal to mNE P=000 t=+4212 d=+434 =«
Hy: mean of final Human action distribution is equal to hSE P=049 t=-07 d=-0.1
Hy: mean of final Machine action distribution is equal to mSE P=049 t=-07 d=-0.1
Experiment 2

Hy: mean of initial Human action distribution is equal to /5t P=024 t=-12 d=-03
Hy: mean of initial Machine action distribution is equal to m°¢ P =024 t=-12 d=-0.3
Hy: mean of initial Human policy distribution is equal to L$F P=010 t=+17 d=+404
Hjy: mean of initial Machine policy distribution is equal to Lf{f P=100 t=+40.0 d=NaN

Hy: mean of initial Human action distribution is equal to h¢“VE P=0.00 t=-100 d=-23 =«
Hy: mean of initial Machine action distribution is equal to m®“VE P=000 t=-213 d=-49 =«
Hy: mean of initial Human policy distribution is equal to L$VE P=0.00 t=+121 d=+28 *
Hy: mean of initial Machine policy distribution is equal to L%VE P=000 t=-oc0 d=NaN «x
Hy: mean of final Human action distribution is equal to h°F P=000 t=+4+49 d=+11 =«
Hy: mean of final Machine action distribution is equal to m°E P=000 t=476 d=+1.7 «x
Hy: mean of final Human policy distribution is equal to L%E P=000 t=-64 d=-15 «x
Hy: mean of final Machine policy distribution is equal to L3F P=0.00 t=+13.0 d=+430 =«
Hy: mean of final Human action distribution is equal to h*CVE P=002 t=-26 d=-06 x*
Hy: mean of final Machine action distribution is equal to m®“VE P =002 t=-25 d=-06 +«
Hpy: mean of final Human policy distribution is equal to L$FVE P=031 t=+10 d=+02
Hy: mean of final Machine policy distribution is equal to LSSVE P =0.13 t=-16 d=-04
Experiment 3

Hy: mean of initial Human action distribution is equal to 5t P=027 t=-12 d=-04
Hjy: mean of initial Machine action distribution is equal to mSE P=033 t=-10 d=-0.3
Hjy: mean of initial Human policy distribution is equal to L%E P=100 t=400 d=+1.0
Hjy: mean of initial Machine policy distribution is equal to L';:‘\'j P=100 t=+40.0 d= NaN

Hpy: mean of initial Machine cost distribution is equal to ¢3¢ P=074 t=-03 d=-01
Hy: mean of initial Human action distribution is equal to hRSE P=000 t=+4+79 d=+4+26 ~*
Hy: mean of initial Machine action distribution is equal to mRSE P=000 t=+84 d=+28 «
Hy: mean of initial Human policy distribution is equal to L?{SE P=000 t=-oc0 d=—-00 *
Hy: mean of initial Machine policy distribution is equal to LR?E P=000 t=+400 d=NaN %
Hy: mean of initial Machine cost distribution is equal to cR?E P=000 t=+77 d=+26 x
Hy: mean of final Human action distribution is equal to h°F P=000 t=-75 d=-25 %
Hy: mean of final Machine action distribution is equal to m>E P=000 t=-119 d=-40 ~*
Hy: mean of final Human policy distribution is equal to LS;IE P=000 t=+4229 d=+476 ~«
Hy: mean of final Machine policy distribution is equal to Lﬁ'} P=000 t=-194 d=-65 x
Hy: mean of final Machine cost distribution is equal to c3f P=000 t=-63 d=-21 =«
Hy: mean of final Human action distribution is equal to hRSE P=0.07 t=+421 d=+0.7
Hy: mean of final Machine action distribution is equal to mRS8 P =006 ¢t=+21 d=+0.7
Hpy: mean of final Human policy distribution is equal to LRSE P=001 t=-31 d=-10 =«
Hpy: mean of final Machine policy distribution is equal to LR?8 P =001 t=+433 d=+1.1 x
Hy: mean of final Machine cost distribution is equal to cR>E P=007 t=+17 d=+06

Table S1: Null hypotheses and exact values of statistics for t-tests used in Experiments 1, 2 and 3 (P-values, ¢ statistic, and Cohen’s
d effect size). All tests have degrees of freedom equal to 19. Statistical significance (%) determined by comparing P-value with
confidence threshold 0.05. Tests on actions and policies are 2-sided, tests on costs are 1-sided. The bold rows are outcomes predicted
by the game theory analysis.
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repeat:
pick adaptation rate «a and sign s randomly
initialize actions hg,mg randomly
for ¢t in {1,...,T}:
h; = s*get_manual_input (¢)
display_cost (cgy(he,mye))
if a=0:
Mmys1 = m'E
else if O0<a<oo:
miq41 = My — OlamCM(hn mt)
else if a=o00:
miy1 = Larohe + Caro

Protocol S1:  Algorithm description of Experiment 1.

function run_trial(Ly;, ¢y ) :
initialize hg randomly
for ¢ in {1,...,T}:
hy =get_manual_input (¢)

initialize Ly and fyp
for k in {0,...,K —1}:
(71,171) — run_trial (Las g, Oar k) ¢
71’,771’ < run_trial (Lp; g, lpr 6+ 6) :
my = Larhe + 0 (E )_ T (i M’E Mk
display_cost (cy(he,my)) 141 = (B = h)/(m —m) _
return median of h; and my LM,k+1:_(BM+LH,k+1DM)/(AM+LH,k+1BM)

Oy = —(bar + ZH,kHdM)/(AM + fH,kHBM)
end experiment

Protocol S2: Algorithm description of Experiment 2.

function run_trial(Lys,h},,my,):
initialize hg randomly
for t in {1,...,T}:
hy =get_manual_input (¢)
my = L]\/j(ht — h}(\/[) —|—m7\/[
display_cost (cy(hy, my))
return median of cp(h, my)

initialize Lpo and (mj,,hy,)
for k in {0,...,K —1}:
e < run_trial (Lys x, Y, mi,)
ca' + run_trial (L, + A, b, mb,)
grad_M= (ci; —ca)/A
Lyrk+1 =Ly —yrgrad_M
end experiment

Protocol S3: Algorithm description of Experiment 3.
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M'’s action m

0.0

-0.4

0.0
H's action h

O H's global optimum
== H's best-response to m

Figure S1: Overview of co-adaptation experiment between human and machine. Human subject H is instructed to provide manual
input h to make a black bar on a computer display as small as possible. The machine M has its own prescribed cost c¢); chosen to yield
game-theoretic equilibria that are distinct from each other and from each player’s global optima. (a) Joint action space illustrating
game-theoretic equilibria and response functions determined from the costs prescribed to human and machine: global optima defined
by minimizing with respect to both variables; best-response functions defined by fixing one variable and minimizing with respect to
the other. Machine plays different strategies in three experiments: (b) gradient descent in Experiment 1; (c) conjectural variation in

0.4

O Nash equilibrium
O Stackelberg equilibrium
=== H's best-response to M's best-response

Experiment 1

machine plays action m,

observes human action h,

updates action to descend gradient in action space:

mT = m — admem(h, m)

Experiment 2

machine plays affine policy m = Lyh,

perturbs policy’s constant term m = Lyyh + 9,

estimates conjectural variation h =~ ZHm,

updates policy to best-respond to estimated conjecture

Experiment 3

40 ,‘ machine plays affine policy m = Ly h,

perturbs policy’s linear term m = (Ly + A) h,
estimates policy gradient 8LMEM(LM),
updates policy to descend gradient in policy space

M'’s affine policy
M's perturbed policy

Experiment 2; (d) policy gradient descent in Experiment 3.

e H's affine policy
w = H's perturbed policy

O M's global optimum
=== M's best-response to h
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human H machine M
H=[-1,1]CR M=R player action spaces
heH m e M player actions
cg:HXM—=R | cpyr:HxM— R | player costs

Table S2: Symbols and terminology for the co-adaptation game between human and machine.

Symbol Description

T>0 time horizon
te{0,1,...,T} time (discrete steps)
hi € H =[-1,1] H's action at time ¢
my € M =R M'’s action at time t

cH(ht,mt) cR
eyv(he,my) €R

H's cost at time ¢
M'’s cost at time ¢

Experiment 1:

a € [0, 00]

Omenr(hym) € R
LM70(') +lyoeR—=R
(RNE,mNE) € 1 x M
(R, m3F) € H x M

M'’s adaptation rate

derivative of M's cost with respect to m
M's Nash policy

Nash equilibrium

human-led Stackelberg equilibrium

Experiment 2:
ke{0,...,K}

0eR

EH,k eR

Lyw() +lup €R—R
(hCCVE’ mCCVE) cH x M

conjectural variation iteration

perturbation to constant term of M's policy
M's estimate of H's policy slope at iteration k
M's policy at iteration k

consistent conjectural variations equilibrium

Experiment 3:
ke{0,...,K}

AeR

aLMEM(LM) eR
LM,k(') +£M,k ER—-R
(RRSE mRSEy € H x M
(hy,miy) € Hx M

policy gradient iteration

perturbation to slope term of M's policy
M's policy gradient estimate

M's policy at iteration k

machine-led reverse Stackelberg equilibrium
M's global minimum

Table S3: Symbols and terminology for the game used in the three experiments.
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B.6 Numerical simulations

To provide simple descriptive models for the outcomes observed in each of the three Experi-
ments, numerical simulations were implemented using Python 3.8.47 The shared parameter,

cost and gradient definitions are included in Sourcecode SO.

Experiment 1 To predict what happens in the range of adaptation rates between the two
limiting cases (i.e. for 0 < a < 00), a simulation of the human’s behavior was implemented
based on approximate gradient descent. The model of the human simply uses finite differ-
ences to estimate the derivative of its cost (cy) with respect to its action (h) and then adapts
its action to descend this cost gradient. Importantly, it is assumed that the human performs
these derivative estimation and gradient descent procedures slower than the machine, i.e. the
human takes one gradient step for every K machine steps. Since the machine’s steps occur
at a rate of 60 samples per second, this timescale difference corresponds to the human taking
steps at a rate of 60/K samples per second. The Python code for simulating Experiment 1

is included in Sourcecode S1.

Experiment 2 To predict what happens when the machine perturbs the constant term of
its policy and uses the outcome to estimate of the human’s policy slope, a simulation of
their behavior was implemented based on the conjectural variations iteration. The machine
best responds to the human’s policy. The model of the human uses the derivative of its cost
(cy) assuming that the machine’s action (m) is related to its own action (h) by conjectural
variation (L) and then adapts its action to descent this cost gradient. It is assumed
that the machine observes the human and machine’s actions to compute the estimate of the
human’s policy slope (Ly ). The Python code for simulating Experiment 2 is included in

Sourcecode S2.

Experiment 3 To predict what happens when the machine perturbs the linear term of its

policy, a simulation was implemented based on policy gradient. The model of the human
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is the same as the previous simulation of Experiment 2. The machine uses the gradient
estimate of the observed cost, and does not require observe the human’s action or policy as
was required in the previous experiment. The Python code for simulating Experiment 3 is

included in Sourcecode S3.

T = 10000 # time samples

# human’s cost parameters
AH, BH, DH, hH, mH = 1, -1/3, 7/15, 1/10, 7/10

# machine’s cost parameters
AM, BM, DM, hM, mM = 1, -1, 2, 0, O

def cost_H(h, m): # H’s cost
return AH*(h-hH)*%2/2 + (h-hH)*BH*(m-mH) + DH*(m-mH)*x*2/2

def cost_M(h, m): # M’s cost
return AM*(m-mM)*%*2/2 + (h-hM)*BM*(m-mM) + DM*(h-hM)*x*x2/2

def grad_H(h, m, LM): # H’s gradient
return AH*(h-hH) + BH*(m-mH) + LM*(BH*(h-hH) + DH*(m-mH))

def grad_M(h, m, LH): # M’s gradient
return AMx*(m-mM) + BM*(h-hM) + LH*(BH*(h-hH) + DH*(m-mH))

def ceil(x):
return int(x) if int(x)==x else int(x+1)

Sourcecode S0: Definitions of parameters, cost functions and gradients of the two players.

# machine’s adaptation rates
alphas = [3*10%%*(i/10) for i in range(-29,-9)]

beta = 0.003 # human’s adaptation rate (assumed)
delta = le-5 # perturbation size of constant term of H’s policy
results = []
for alpha in alphas:
K = ceil(alpha/beta) # ratio of M iterations to H iterations
N = ceil (T/K)*K+1 # number of total iterations
h,m = [0]*N, [0]*N # initialize actions
for t in range(0, T, K): # gradient descent loop
c_H = [] # H’s observed cost

for d in [delta, O0]:

for k in range(t, t+K):

# perturb H’s action

h[k] = h[t] + d

# update M’s action

m[k+1] = m[k] - alpha*grad_M(h[k],m[k],0)
c_H.append(cost_H(h[k],m[k]))

gradH = (c_H[0]l-c_H[1])/2/delta # estimate H’s gradient
h[t+K] = h[t] - Kxbetax*gradH # update H’s action

m[t+K] = m[k+1]
results.append ([h[-1],m[-1]11)

Sourcecode S1: Numerical simulation of Experiment 1.
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K = 10 # total conjectural wvariations <terations
delta = le-1 # perturbation size (of constant term of M’s policy)

h,m = [0]*(K*xT+1), [0]1*(K*T+1) # 4initialize actions
LH,LM = [0]*(K+1), [0]*x(K+1) # initialize policy slopes
LM[0] = -BM/AM # initialize M’s policy

# conjectural wartations iteration loop
for k in range(K):
h_, m_ = [1, [] # steady state actions

for d in [delta,0]: # Tun a pair of trials

for t in range (k*T, k*xT + T):
# update H’s action
h[t+1] = h[t] - beta*grad_H(h([t], m[t]l, LM[kI)
# update M’s action
m[t+1] = LM[k]*(h[t]-hM) + mM + d

h_.append (h[t+1])
m_.append (m[t+1])

# estimate H’s policy slope
LH[k+1] = (h_[1] - h_[0]1)/(m_[1] - m_[01)

# update M’s policy slope
LM[k+1] = -(BM + LH[k+1]1*DM)/(AM + LH[k+1]*BM)

Sourcecode S2: Numerical simulation of Experiment 2.

K = 10 # total policy gradient iterations

Delta = le-1 # perturbation size (of slope term of M’s policy)
beta = 3e-3 # human’s learning rate

gamma = 2 # policy gradient step size

# initialize actions and policies

h,m = [0]*x(K*xT+1), [0]*(K*xT+1) # <nitialize actions

LH,LM = [0]*x(K+1), [0]*(K+1) # initialize policy slopes
LM[0] = -BM/AM

# policy gradient loop
for k in range (K):
c_ M = [] # M’s steady state cost

for D in [Delta, O0]: # run pair of trials

for t in range (kx*T, k*T+T):
# update H’s action
h[t+1] = h[t] - beta*grad_H(h[t], m[t], LM[k] + D)
# update M’s action
m[t+1] = (LM[k] + D)*(h[t] - hM) + mM

c_M.append(cost_H(h[t],m[t]))

# estimate M’s policy gradient
gradM = (c_M[0] - c_M[1])/Delta/2

# update M’s policy slope
LM[k+1] = LM[k] - gammax*xgradM

Sourcecode S3: Numerical simulation of Experiment 3.
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C Task load survey and feedback forms

Each participant filled out a task load survey and optional feedback form upon finishing an

experiment.

C.1 Task load survey

The NASA Task Load Index?® was used to assess participant’s mental, physical, and temporal

demand while performing the task. The questions asked are:

1.

Mental Demand: How mentally demanding was the task?

Very Low (-10) — Very High (10)

Physical Demand: How physically demanding was the task?

Very Low (-10) — Very High (10)

Temporal Demand: How hurried or rushed was the pace of the task?

Very Low (-10) — Very High (10)

Performance: How successful were you in accomplishing what you were asked to do?
Perfect (-10) — Failure (10)

Effort: How hard did you have to work to accomplish your level of performance?
Very Low (-10) — Very High (10)

Frustration: How insecure, discouraged, irritated, stressed, and annoyed were you?

Very Low (-10) — Very High (10)

Table S4 provides the data from the survey for all participants.

25% quartile median  75% quartile
Mental Demand -8 -5 0
Physical Demand -9 -6 -2
Temporal Demand -8 -5 -1
Performance -9 -6 -2
Effort -6 -2 3
Frustration -9 -4 2

Table S4: Results from the task load survey for three experiments under two game costs with 20 participants per experiment, totalling
120 participants.
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C.2 Optional Feedback

Additional feedback was optionally provided by participants.

Any feedback? Let us know here:

[Text box]

Table S5 provides the feedback submitted by participants.

Experiment

Feedback

Experiment 1 (quadratic)
Experiment 1 (quadratic)
Experiment 1 (quadratic)

Experiment 1 (quadratic)
Experiment 1 (quadratic)
Experiment 1 (quadratic)
Experiment 2 (quadratic)
Experiment 2 (quadratic)

Experiment 2 (quadratic)
Experiment 2 (quadratic)
Experiment 2 (quadratic)
Experiment 3 (quadratic)
Experiment 3 (quadratic)
Experiment 3 (quadratic)
Experiment 3 (quadratic)

Experiment 3 (quadratic)

Experiment 1 (non-quadratic)
Experiment 1 (non-quadratic)
Experiment 1 (non-quadratic)

Experiment 1 (non-quadratic)
Experiment 2 (non-quadratic)
Experiment 2 (non-quadratic)
Experiment 2 (non-quadratic)
Experiment 2 (non-quadratic)
Experiment 2 (non-quadratic)
Experiment 2 (non-quadratic)

Experiment 2 (non-quadratic)

Experiment 3 (non-quadratic)

None, keep up the good work and thank you for the oportunity :)

cool test

| think that the study was very different from other studies | have taken
in Prolific. More challenging too.

Everything was finel!!

The "keep this small task” was abusable if you kept your cursor still.
Everything worked perfectly, thanks for inviting me!

No

The experiment was interesting, it was a bit frustrating when the option
to fill the block moved too fast before i could do it accordingly

N/A

In my opinion the task was easy\r\n

It was an interesting task! thank you

It was an interesting study that | would love to partake in again

NA

| liked the task

The survey was easy, it just required focus.

too much time needed for the task

| think that human'’s eye is

The study was okay, but a bit slow.

It Would been better, if it was more detail in explaining and to be able
to lick when you have the box at the smallest size possible, thanks once
again for the study

this gave me anxity but it was good

Maybe some instructions would be nice

| didn't understand the aim of the study, but it's always nice to play
No feedback

Everything was perfect.

NA

not sure why the waiting time for the next task during the 20 exercises
but it was good

At first i didn't notice that the breaks were timed, made me fail couple
tasks.

Either instructions were unclear or the time between tasks was WAY too
long. Unless that was part of the study.. :O

Table S5: Written feedback from participants. Optionally provided.
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Figure S2: Experiment 3 with different initial policy (n = 20): gradient descent in policy space
for a different initial machine policy. (A) Game-theoretic equilibria and best-response functions. (B)
Decision vector distributions. (C) Cost distributions. (D) Machine policy slopes. (E) Estimation error
of machine policy gradients. Action IQR in (B) contains the machine’s minimum at each iteration 4 to
9. Machine's policy slope distribution IQR in (D) reaches the theoretically-predicted slope that would
yield the machine’'s minimum as the game outcome. The machine's policy gradient IQR in (E) contains
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Figure S3: Experiment 3 with different machine optima (n = 18): gradient descent in policy space
for differing machine optima. (A) Game-theoretic equilibria and best-response functions. (B) Decision
vector distributions. (C) Cost distributions. (D) Machine policy slopes. (E) Estimation error of machine
policy gradients. Action IQR in (B) contains the machine’s minimum at each iteration 7 to 9. Machine's
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machine’s minimum as the game outcome.
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