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Chromatic Difference Steps of Moderate Size 
Measured along Theoretically Critical Axest 

A new method of measuring chromatic discrimination steps 
is described where obsercers must indicate in which 
direction a change has occurred, as well as the fac t  of its 
occurrence. This procedure seems to stabilize the subject’s 
critcrion c,fdifjr,rence and yields step sizes more akin to  
those of‘ Wright’s “dashes” than MacAdam’s ellipses. Tests 
Iiuw been niade along two critical dimensions of  variation: 
( 1  ) the tritan axis, where discriminations depend initially 
on1.v on rariutions in blue-cone ( B )  excitation and ( 2 )  the 
red grcrn uxis, where discriminations depend on the 
.siih.~titirtion of red-cone ( R )  excitation f o r  that of green 
cones (G), or oice versa. Discriminations dependent on blue 
cones uro ajJected by the level of  B-cone excitation but are 
indeprndcnt of R /G. After indioidual dfferences are taken 
into uccount by a simple scaling factor, an equation of the 
JOrtii A B  f B + Bo = K accounts well f o r  the data. Blue- 
cone discriniination is found to be independent of the ratio 
(?fÕ red-to-green-cone excitation, with an optimal Weber 
Jruction of about 18%. Discriminations dependent on the 
i~xchongr o fred-  and green-cone excitation yield an opti- 
niul W t h i r  fraction of about 2%. This rutio is increased, 
though not greatly, by an imbulance of the red-green ratio 
rclutirr t o  LI nrirtral condition, and by increasing the leoel 
(?f blur-cwnr excitation. At  I20 td,  the ratio between a 
Muc~ArJuni step and ours is approximately constant at 
uhoiit 13:l. 

Introduction 

Thirty years ago, LeGrandI undertook an analysis of 
MacAdamÕs original discrimination data that can be con- 
sidered a point of departure for our work. His idea was that 
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there are two dimensions of chromatic discrimination that 
might operate independently. By definition, chromatic 
discrimination must be tested under conditions where lu- 
minance is not permitted to vary as chromaticity changes. 
If  the blue fundamental, represented by the tritanopic co- 
punctal point, is assumed to plot on the alychne (the x axis 
in the CIE chromaticity chart), then the B cones make no 
contribution to luminance. Therefore, as chromaticity 
changes, an increase in R-cone excitation is mirrored by an 
equal decrease in G-cone excitation, and vice versa. Without 
recourse to opponent-color concepts, LeCrand reasoned 
that only two variables, rather than three, are involved a t  
the receptor stage. 

An Opponent-Color Model 

Thc cvidencc of the last 20 years supports the idea that the 
initial trichromatic stage of human vision is followed by a 
transformation into an achromatic signal and two oppo- 
ncnt-color signals. (This is a type of thinking that appealed 
to Judd, who did extensive calculations pertaining to various 
versions of it.2) Figure 1 shows an opponent-color model 
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FIG. 1. Opponent-color model in which B cones do not con- 
tribute to luminance, the sum of R- and G-cone outputs feeds a 
luminance channel, and two opponent channels ( y  - band r - 
g) derive their inputs in the manner shown. 
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FIG. 2. Spectral sensitivity curves for the R, G, and !3 cones 
after Smith and Pokorny. The relative sensitivities of the solid 
curves for R and G cones are set so that their sum is proportional 
to the photopic luminous efficiency function. By lowering the R 
curve by 0.3 log unit (dashed curve labeled R/2) ,  the sensitivities 
of Rand G represent their relative contributions to the balance 
of the r - gopponent-color channels. The 6 curve is set so that 
R + G = B a t 4 9 8 n m .  

that has served as a guide for our research. The red-sensitive 
(K) and green-sensitive (G) cones pool their outputs to feed 
;I luniinnrzcc~ channel. They also contribute to one of the two 
ol,p(~nc.tit-c,olor chnnnels, red-minus-green ( r  - g ) .  Blue- 
scnsitive (B )  cones make no contribution to luminance, but 
contribute to the yellow-minus-blue (y - h )  channels, whose 
long-wave input is supplied by the same additive output of 
K and <; cones that is used to supply the luminance channel. 
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FIG. 3. Directions of the two critical dimensions of chromatic 
discrimination illustrated in the CIE chromaticity diagram for 
chromaticities a, b, and c. Open circles on the spectrum locus 
represent test stimuli used in this experiment: 439, 492, 563, 
and 639 nm. Solid lines with arrows are oriented toward T; dotted 
lines with arrows are oriented toward f .  

We use a set of K ,  G, B cone action spectra derived by Smith 
and Pokorny,7 based mainly on experiments where di- 
chromats were tested under conditions that did not permit 
the B concs to intrude, especially tests conducted with 
flickering lights at frequencies that only the luminance 
channels could follow. Protanopes, lacking R cones, thereby 
yield the G-cone curve; deuteranopes, lacking G cones, yield 
that of the R cones. 

I n  Fig. 2, the R and G curves cross at about 490 nm and 
again at about 440 nm. I f  the two functions are added, their 
sum yields the photopic luminous efficiency function VA,  
as modified by J ~ d d . ~  When the R curve is lowered by a 
factor of 2 (0.3 log unit, dashed cuive) the R and c' J curves 
intersect near 570 nni, approximating psychologically 
unique yellow. I n  other words, when R/2G = I ,  a state of 
chromatic balance is implied for the R and G cones, whereas 
their sum ( R  + G) is proportional to luminance. 

Tritanopic Spectral Pairs 

There is a critical feature of the curves of Fig. 2 that is im- 
portant for our experimental work. In  the short wavc- 
lengths, the G and R curves are maximally separated at 465 
nm, such that the ratio RIG is minimal there. There arc 
pairs of Wavelengths, straddling 465 nm, which excite G 
cones more than R cones by the  same ratio. I f  such a pair 
of lights is equated for luminance and one member of the 
pair is exchanged for the other, neither the R nor the G 
cone$ should be able to detect the change. On a chromaticity 
diagram (Fig. 3), such pairs of wavelengths can be dcter- 
mined by drawing straight lines from the tritanopic co- 
punctal point that twice intersect the convex spectrum locus. 
Wc have selected 439 and 492 nm for use in our expcri- 
nients. These are shown in Fig. 3 as open circles where the 
linc from T twice intersects the spectrum locus, and they 
correspond to wavelengths near the intersections of the K 
iind (3 curves of Fig. 2. 

Blue Trolands 

Figure 4 shows the relative spectral scnsitivity of the B 
cones, plotted as a function of wavelength, expresscd on an 
equal luminance basis, rather than the more ccttnnion rii- 
diometric one. Let us define as 1 hlire troland (btd) the 
amount of  B-cone excitation that is produced by an equal- 
energy spectrum of luminance I td. This concept will prove 
useful in the same sense that scotopic trolands are (the 
specification of a visual stiniulus in photopic trolands tells 
us nothing about its capacity to excite either rods or B 
concs). From Fig. 4 it can be seen that, a t  constant luni i-  
nance, 439-nin light is about 25 times more effective than 
that a t  492 nm for exciting B cones. By exchanging one of 
these wavelengths for the other, we can produce a sub- 
stantial variation in  B-cone excitation while leaving that o f  
both R and G cones unchanged. 

At 550 nm, B cones exhibit only about 0.1% of their 
maximum sensitivity. On the Chromaticity diagram, this 
virtual lack of contribution of B cones at long wavelengths 
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FIG. 4. Relative spectral sensitivity of B cones, expressed as 
the number of blue trolands per troland (relative B-cone exci- 
tation for an equal-luminance spectrum). The points on the curve 
are for 439 and 492 nm. 

produces the essentially linear segment of the long-wave 
spectrum locus. I f  two stimuli selected from this part of the 
spectrum are exchanged at constant luminance, LeGrandÕs 
second dimension of chromatic variation can be tested. Not 
only will B-cone excitation be constant for such a wave- 
length pair, it will be essentially zero. We have selected 563 
and 639 nm for this purpose (see Fig. 3 ) .  

General Considerations Regarding Tests of 
Discriminations for the Two Principal Dimensions of 
Chromatic Variation 

Figure 3 shows how it is possible to test discriminations 
anywhere in the chromaticity plane, while ensuring that the 
chromatic changes remain restricted to the two dimensions 
of change that we wish to examine. For example, discrim- 
ination steps could be tested at point b, for B-cone variations 
only, by the following procedure. First, mix 439- and 
492-nm stimuli together so that the chromaticity of their 
mixture intersects the line drawn from 470 to 590 nm. Next, 
add enough light of 590 nm to move the chromaticity to 
point b,  doing so in a way that keeps the luminance of b at 
the desired level. Now, i f  the 439- and 492-nm components 
of the field are exchanged for one another, the resulting 
chromaticity variation will occur along the solid line 
through h that points toward and away from the tritanopic 
copunctal point T .  Adding a steady light of 590 nm does not 
alter the fact that any change in the appearance of the field 
caused by the 439- and 492-nm exchange is attributable to 
variations only in B-cone excitation. Therefore, all such 

X 

FIG. 5. 
principal axes of B-cone and R - G discrimination. 

MacAdamÕs5 discrimination ellipses in relation to the 

changes must plot along a line passing through the tritan 
copunctal point T.  Other examples are shown a t  points a 
and c. 

The slope of the line from T is related to the red-green 
ratio K / 2 G .  This ratio is minimal for a line drawn from T 
tangent lo the spectral locus a t  465 nm (see Fig. 5 ) .  R /2G 
= 1 for a line from T passing through 570 nm, and it is 
maximum for a line from T in the direction of 700 nm. 

Testing red-green discriminations can proceed in a 
similar way. To test at b in Fig. 3, mix the 563- and 639-nm 
components so that they match a t  590 nm. Next, add light 
of 470 nm to produce the chromaticity b. Now i f  the 563- 
and 639-nm stimuli are exchanged, shifts in chromaticity 
occur along the dashed line through b. Other examples are 
again shown at a and c. All such lines, if extended to the 
right, pass through the point a t  ( 1 , O ) .  This is the intersec- 
tion of the extension of the long-wave spectrum locus, of 
slope - I ,  and the x axis, or alychne, of slope 0. We call this 
point F because it corresponds to the copunctal point for a 
hypothetical class of deuteranopes of the fusion variety. I n  
terms of the opponent-color model, such people-if they 
cxistcd-would suffer from a loss of the r - g opponent 
channel, while retaining normal cones and normal function 
of both the luminance and y - b opponent channels. Each 
linc drawn from F represents a particular level of B-cone 
excitation along its entire length; the lower the slope, the 
highcr the level. (These relations hold true only for the 
Smith-Pokorny fundamentals and if the diagram represents 
colors a t  equal luminance.) 

Some Theoretical Questions about Discriminations that 
Depend on B Cones 

The effectiveness of a particular change in the level of B- 
conc excitation could be a function of three variables: (1) 
the luminance level a t  which the discrimination is tested; 
(2) the initial level of B-cone excitation from which the 
change ensues; and (3) the ratio of  red-to-green-cone ex- 
citation, R/2G.  Taking the second of these possibilities as 
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FIG. 6. The open circles at the bottom are from LeGrand’s’ 
analysis of &cone discrimination using data from MacAdam’s5 
experiment. The closed circles at the top are for direct tests 
along tritan axes for one subject of the present experiment. The 
value b = B/(R+ G). 

:in example, can we derive the relation from MacAdam’sS 
dnta? Thc problem may be visualized in Fig. 5 by drawing 
lines from F, each at an angle characteristic of whatever 
lcvcl of B-conc excitation has been tested. Keeping in  mind 
t h a t  MacAdam’s ellipses are actually 10 times smaller than 
plotted here, it is not likely that any such line would pass 
through niorc than two ellipses, and it is very unlikely that 
it  would pass exactly through the center of any two of thcm. 
Moreover, if a line were chosen so that it passed through the 
ccntcr of an ellipse, i t  would not likely do so along an axis 
tha t  was experinicntally tested. Therefore, some kind of 
intcrpolation would be ncccssary, and such interpol a t’ ions 
rcst on iissumptions that may be difficult to evaluate. 

The data at thc bottom in  Fig. 6 show the result of Le- 
Grand’s analysis of MacAdam’s data. The abscissa repre- 
w t s  thc level of B-cone excitation computed for the centers 
of MiicAdam’s ellipses; the ordinate shows the increment 
ol‘ B-cone activation requircd for thrcshold, based on the 
ztandard deviation of many attempts to make a perfcct 
inatch. Thc data appear to be described reasonably well by 
:i typical looking threshold-versus-intensity curve, meaning 
that thc highcr the initial level of B-cone activation, the 
greater is the increment of additional excitation required 
l‘or ii thrcshold changc.* Thcrc is a scatter of the open circles 
iibout the line, and we may inquire as to its cause. Possi- 
bilities include the following: 

( I ) Standard deviations, when considered as primary 
data  ;is i n  MacAdam’s work, are inherently difficult to cs- 
tablish wi th  high reliability. 

( 2 )  If an ellipse does not adequately describe the data, 
there will be an error in infcrring the result that would have 

* This statement may be confusing to those unaccustomcd to looking 
at  discrimination data in this way. Although the absolute size of thc dis- 
crimination step AS increases with B.  the relative step size AB/B daes not. 
Instcad, this ratio dccreases until a unit slope is reached on thc log AB vs. 
log B plot. after which AB/B is constant. For reflecting samples, this 
implies that discriminations mediated by B cones should improve with 
incrcases in illumination level. becoming optimal a t  high levcls. 

FIG. 7. At the top is the 2’ field, divided by a 6’ gap, as seen 
by the observer. At the bottom is a luminance profile, showing 
how the fields are built up using various components. 

been obtained had a discrimination actually been tested 
along a tritan axis. 

( 3 )  A wide variety of red-green ratios is represented by 
thc 25 data points. Consider as an example the three data 
points enclosed by dashed lines in Figs. 5 and 6. Although 
thcse rcsults were obtained at very nearly the same level of 
B-cone excitation, Fig. 5 shows that they cover almost the 
full  rangc of red-green ratios that could be tested. 

I t  is not easily possible to choose among these alternative 
cxplanations. For example, there are not cnough measures, 
obtained with a sufficient number of red-green ratios, to 
dctcrminc whcther a family of curves with K/2G as a pa- 
ranicter might bring more order to the data. It is surely not 
practicable to measure enough ellipses at arbitrary chro- 
maticities and dircctions of chromatic variation to answer 
thc question that way. The forcgoing illustrates why wc 
designed our experiments so that the relevant theoretical 
dimensions would be sub.iect to dircct experimental test. 

General Experimental Procedures 

Figurc 7 shows thc construction of our stimulus ficlds for 
testing discriminations that depend upon B cones. The 
circled numbers refer to the five optical channels of the 
Maxwellian-view optical system that was used to producc 
thcm. Each part of the divided field consists of two major 
components. The test ficld, which in this example is com- 
prised of a mixture of 439- and 492-nm components, has the 
ratio and amounts of these components fixed on its left side. 
Thesc are variable on the right side, at constant illuminance, 
so that the dashed line in Fig. 7 may be imagined to move 
up and down. (At the position shown, the right field would 
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appear bluer than the left one.) Superimposed on these is 
an addedfield, of one of the four wavelengths shown. 

The components of the test field were exchanged a t  
constant luminance (1 20 td in  most experiments) by a ro- 
tating Polaroid analyzer. Our experimental procedure was 
to start with a match, and then to vary the chromaticity of 
the right field until the subject could discern the direction 
of a color difference. The field subtended 2Ó of visual angle. 
Its two parts were divided by a vertical dark gap 6Õ wide. 
The surround was dark. The 2Ó field was selected because 
of its status as a colorimetric standard. When fixated, such 
a field excites mainly cones and does so in sufficient num- 
bers to allow good chromatic discrimination. The gap was 
used because previous research in our laboratory6 showed 
that i t  optimizes discriminations that depend on B cones, 
without greatly affecting the red-green dimension of dis- 
crimination in comparison to the use of contiguous fields. 

The experiment was automated. With the two parts of 
the test field initially matched, the subject pressed a key to 
initiate a trial. Before the chromaticity of the right field 
began to change, there was an unpredictable delay of from 
3 to 1 1 sec. The right test field then began to change, very 
slowly and silently, in one of the two possible directions. For 
discriminations that depend on B cones, the change was 
always along a tritan confusion line passing through the 
initial match point. The subject pressed a key when ( 1 )  he 
saw a difference between the two parts of the field and (2) 
the difference was sufficiently large that he could tell in 
which of the two possible directions the change took place. 
The first response key recorded the amount of change and 
closed a shutter. With an additional pair of response keys, 
the subject signaled the direction of the difference. I f  the 
subject responded before a change began, the computer so 
informed him and the trial was repcated. Trials were in 
blocks of eight, the first two of which were not counted. 
(These were used instead to allow the subject to gauge the 
two directions of chromatic change.) 

The spectral distributions of the stimuli were derived 
from interference filters placed in collimated light, and were 
therefore not strictly monochromatic. But they were nearly 
so. As a result, we were less bothered than for broad-band 
light by color changes that otherwise will result when light 
of a given spectral distribution is divided and passed through 
somewhat nonequivalent optical channels as is necessary 
to produce the left and right fields. Moreover, preretinal 
absorption in the ocular media, which differs from one 
observer to another, would make it impossible for lights 
transmitted by pairs of broad-band filters to lie on a tri- 
tanopic confusion line for all observers. Strictly mono- 
chromatic lights can meet this criterion, and our conditions 
approximated it. 

Conditions for Tritan Discriminations 

Thirty experimental conditions that we examined are rep- 
resented on the Chromaticity diagram of Fig. 8. These 
conditions were achieved by adding, to one of five ratios of 

x 

FIG. 8. The open circles represent the chromaticities at which 
discriminations mediated by B cones were tested at a constant 
retinal illuminance of 120 td. Each was achieved by mixing 
stimuli of chromaticities R, V, G, and C with one of five ratios 
of the 439-492-nm test pair (shown as filled squares). The 
condition bearing the arrows is described in the text. All stimuli 
fall along lines related to discrete values of 8, shown in the figure 
in log btd. 

the 439-492-nm test field, some fixed amount of one of four 
lights of longer wavelength indicated by R, Y,  G ,  and C .  

An example may help. To achieve the condition bearing 
thc arrows, the ratio (in luminance units) of the 492- 
439-nm components was about 12:l (labeled Ò2Ó in Fig. 8). 
Whcn mixed in the proper ratio with an added field Yof 587 
nm, the desired experimental condition was obtained. 
Provided that the mixture and added fields sum to 120 td, 
it plots on a line where the excitation level of B cones is 2.1 
log btd. For this particular example, the test field contains 
about 23 td of 492-nm light and about 2 td of 439-nm light, 
;I total of 25 td. The remaining 95 td is provided by the 
added 587-nm field. The arrows indicate the line along 
which the chromaticity of the field changed as it moves 
away from the match point in each of two possible direc- 
tions, toward or away from the tritanopic copunctal 
point. 

Our work on B-cone discrimination was divided into a 
series of 14 experiments that averaged about ten conditions 
each. These were examined in random order for two ex- 
perimental sessions, and then i n  the reverse order for the 
rcniaining two of four sessions. Each data point for each 
subject depends on 48 observations. I n  every experiment, 
some of the conditions were identical to those used in at least 
one previous experiment; this served as a check o h  the sta- 
bility of the equipment and of the subjectsÕ criterion. Each 
experiment was designed to test some limited aspect of the 
multidimensional problem. For example, one experiment 
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FIG. 9. Results for the conditions of Fig. 8 for discriminations 
mediated by B cones. A6 represents the average discrimination 
step required for the observer to detect the direction of change, 
plotted against the red-green ratio. The parameter is the level 
of log B from which the discrimination step was measured. Each 
panel is for a different observer. There is no significant relation 
between A6 and the red-green ratio. 

tested the effect of the red-green ratio, by adding various 
long-wave lights while keeping the ratio of test-field com- 
ponents constant, whereas another experiment was con- 
cerned wi th  thc ratio of the test-field components, in which 
casc the wavelength and amount of the added field were 
held constant. 

Results: Discriminations that Depend on Blue Cones 

CÕotriparison with MacAdamÕs Discrimination Step 

As discussed above, the lower curve of Fig. 6 is LeGrandÕs 
replot of data obtained by MacAdamÕs method. The ordi- 
natc values are in units of B-cone excitation required for one 
standard deviation of matching. The curve a t  the top rep- 
rcscnts data for the conditions of Fig. 8 for one subject using 
our new method. Our curve is separated by roughly a log 
u n i t  from the one derived from MacAdamÕs data, and the 
shapes o f  thc two curves are fairly similar. In  this plot, our 
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FIG. 10. Discrimination steps A6 for four subjects, displayed 
in the threshold-versus-intensity format. This plot is based on 
the data of Fig. 9, collapsed across R/2G. Curves are described 
in the text. Observer: (0) RMB, (0) SD, (X) NK, (A) AN. 

points are all for tests at a constant luminance of 120 td, but 
thcy rcpresent a wide variety of red-green ratios, just as for 
MacAdamÕs experiment. Is this a major cause of variance 
i n  our data? 

Effect of the Red-Green Ratio 

Figure 9 shows that the red-green ratio has no significant 
effect on discriminations mediated by B cones. The ab- 
scissae indicate the calculated values of R / 2 G  for each 
chromaticity that was tested. The parameter of these curves 
is the level of B-cone excitation, expressed in log blue tro- 
lands. Regression lines fitted to the data of four subjects 
average close to zero slope, with only four differing from 
zero at the 5% level (shown as dashed lines). In two of these 
cases, the regression lines have positive slopes; in the other 
two, negative. For observer NK a t  1.5 log btd, the slope is 
only trivially different from zero, but the data points happen 
to fall precisely along a straight line. Overall it seems safe 
to conclude that the data are well described by horizontal 
straight lines. 

Effect of the Level of B-Cone Excitation 

The foregoing finding permits collapsing the data across 
different values of R / 2 G  for further analysis. When this 
is done, we achievc the result shown for four observers in  
Fig. 10. Despite a nearly 30-year difference in age, subjects 
SD (24) and RMB (53) agree well. Subject AN (31) shows 
superior discrimination, but N K (40) is markedly inferior. 
Here we seem to have uncovered, with only four subjects, 
a major source of individual differences-onc that relates 
to the behavior of the B cones or the yellow-Glue opponent 
system. 

These data are reconcilable in the following way. In  Fig. 
10, the curves drawn through the data points are described 

( 1 )  

Bo is similar to ÒeigengrauÓ constants used since the time 
of Helmholtz to fit intensity discrimination data. It has a 
value of 44.5 btd for subjects RMB and SD, for whom the 
dimensionless constant k is 1. For NK, k = 4 and for AN,  
k = 0.5, implying an eightfold rangc of ÒnoisinessÓ of the 
B-cone systcms for the four subjects of the experiment. 

by 

A B  = 0.18(B + kBo).  

Equation ( I )  can be rewritten as 

( I / k ) A B  = 0 . 1 8 [ ( l / k ) B  + Bo] .  (2)  

In  Fig. I I ,  the data of the four subjects have been rec- 
onciled by plotting, on logarithmic scales, (1 / k ) A B  vs. 
(1 / k ) B .  Because logarithms are used, these scales can be 
represented as log A B  + log( 1 / k )  and log B + log( 1 / k ) .  
Since k = 1 for R M B  and SD, their data points in Fig. 1 1  
are plotted identically to those in  Fig. 10. For NK, the data 
of Fig. 10 have becn moved down and to the left by log( 1 /4) 
= 0.6 log unit; for AN, the data of Fig. 10 have been moved 
up and to the right by log 2 = 0 .2  log unit. All of the data 
are well fitted by a single function. 
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FIG. 1 1. A replot of the data of Fig. 10, taking into account the 
individual difference constants k for the four subjects. See text 
for explanation. Observer: ( X )  NK, (0) RMB, (0 )  SD, (A) AN. 

Either equation implies that, in the case where B is large 
compared to Bo, AB/B approaches a constant, meaning that 
WeberÕs law is approximately obeyed, and the limiting 
Weber fraction is 18%. Such stimuli plot deep in the blue 
corner of the chromaticity plane. At the other extremc, 
moving in from the long-wave spectrum locus where 5 is 
initially x r o ,  the equation predicts for SD and R M B  that 
44.5 X 0. I8 = 8 btd should suffice for a discrimination step, 
and that the step should be 32 btd for NK and 4 btd for AN.  
These values should hold for any starting wavelength in- 
capable of direct simulation of B cones, provided that the 
discrimination step is directed toward the tritanopic co- 
punctal point. 

Di5crimination steps have been calculated, based upon 
eq. ( I )  assuming k = I .  These are plotted in the CIE 
chromaticity diagram of Fig. 12, with each step straddling 

,\ \ 

x 

FIG. 12. Calculated steps of As ,  based on eq. (1). for So = 
44.5 btd and k = 1, represented on the CIE chromaticity diagram 
at the locations of colors that were experimentally tested. The 
steps shown are based on values of AB half as large as those 
experimentally obtained for SD and RMB; they are correct for 
AN and four times too small for NK. 
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FIG. 13. Conditions for testing red-green discriminat ?s at 
120 td. Conditions along the line log (R/2G) = 0.1 were i. lined 
by adding either 439- or 492-nm fields to mixtures of 5bJ and 
639 nm in the test field. For conditions a&A, lights of either 
492 or 500 nm were added. Remaining conditions were obtmed 
by a mixture of extra-spectral purple (open square) and 492 nm, 
with no added field. 

a chromaticity that was directly tested. The finding that the 
step of B-cone discrimination is independent of the red- 
green ratio means that, if discrimination steps are known 
for a given subject along just one line radiating from the 
tritun copunctal point toward any long wavelength, then the 
stcps for lines radiating in other directions are predicted to 
lÕit w i th in  slim triangles whose apices are a t  (1,O) in  the di- 
agra m .  

Red-Green Discrimination Steps 

I’rocrdirre.7 

The chromaticity diagram of Fig. 13 shows the locations 
in  the chromaticity plane where we havc tested red-green 
discriminations at I20 td. To test along the straight portion 
of the spectrum locus, we replaced the 439- and 492-nm 
IÔiltcrs of the previous experiment with a 563- and 639-nm 
combination, adjusted the two fields for equal luminance 
when they appeared alone in  the test field, and then pro- 
duccd an exchange between them. For the ratio log(R/2G) 
= 0. I ,  various amounts of short-wave lights were added 
(either 439 or 492 nm) to test whether the red-green dis- 
crimination was affected by the level of B.  I n  another cx- 
pcrimcnt, which permitted the examination of red-green 
ratios smaller than spectral colors permit, discrimination 
steps were tested along a line connecting 492 nm with an 
cxtru-spcctral purple calculated to  produce the same level 
of B-cone excitation as the 492-nm stimulus, at equal lu- 
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FIG. 16. Results of a test of red-green discrimination for the 
conditions crPyA of Fig. 13. Scales are the same as for Fig. 
15. 

FIG. 14. Red-green discrimination (log AR) as a function of 
field illuminance [log ( R  + G)]. The level of testing in all other 
experiments is indicated by the arrow on the abscissa. The 
straight line has a slope of unity. 

(and vice versa). Therefore, either A R  or AG could be used 
;IS the response measure. We have arbitrarily chosen to 
rcprcscnt our results in terms of A R ,  scaled in td. 

minance. Four additional conditions labeled aPyA were 
also tested. As an example, the condition bearing the arrows 
in Fig. I2 was achieved by mixing 563- and 639-nm com- 
poncnts in the ratio shown by the intersection of the dashed 
linc wi th  the long-wave spectrum locus, and adding enough 
492-nIll light to it to produce 2.1 log btd at 2.08 log td ( 1  20 
td). Varying the ratio of test-field components at constant 
luminance then produced the chromaticity shifts in  the 
dircctions indicated by the arrows. As explained above, 
thcsc, and all others tested, were along lines passing through 
( 1 A)). 

From the standpoint of the opponent-color model, it is 
important to appreciate that as K increases G decrcases 
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FIG. 15. Effect of imbalance toward red of the red-green ratio. 
This is a linear plot of AR vs. R, with values of G also indicated 
along the top of the graph. R f G = 120 td. The equivalent val- 
ues of log (R/2G) are shown on an added scale at the bottom. 

E’ect of Field Illuminance 

I n  addition to the foregoing conditions, all a t  120 td, we 
investigated the effect of varying the intensity of the stim- 
u lus  for the condition log(R/2G) = 0.1. The results for 
three subjects are shown in Fig. 14, where log A R  is plotted 
as a function of log ( R  + G ) .  The illuminance level at which 
our other experiments were done (1 20 td) is indicated by 
thc arrow on the abscissa. These results show that the ratio 
A R / ( R  + G) is approaching but has not yet achieved a 
constant value a t  this illuminance. At lower levels, red- 
grccn discrimination becomes worse, but not very much so. 
Evcn at 2 td the value of A R / (  R + G )  is only two or three 
times its value at the highest levels tested, which are greater 
than 1000 td. This figure also shows that individual dif- 
fcrcnces among the three observers are virtually nonexistent 
at low levels, and amount to about SO% at the highest level 
rcstcd. At 120 td they are on the order of 12%. 

These data are not well fitted by an equation having the 
form of cq. ( I ) ,  because the expcriniental values fail to level 
off sufficiently at low intensities. In  this respcct the data arc 
rather similar to luminance-discrimination functions that 
have been obtained with divided fields, for example, those 
of Hecht, Peskin, and Patt.7 

Effect of Red-Green Ratio 

According to LeGrandÕs analysis of the MacAdani ellipse 
data, A R  is niinimum for a condition of red-green balance, 
becoming larger as the test field becomes more saturated, 
either in the red or green direction. Figure I S  shows a partial 
confirmation of this result, obtained for chromaticities on 
the spectrum locus, confined to tests ranging from a neutral 
field ( R / 2 G  = 1) to highly saturated reds. The relation 
between A R  and R is nearly linear, and there is some 
variation between observers. However, i f  the data are av- 
eraged a straight line can be fit reasonably well. 
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FIG. 17. Results of a test for red-green discrimination along 
a line where !3 is constant at about 2.35 log td. Scales are the 
same as for Fig. 15. 

R( td )  

Results for conditions LVPYA which lie on the green side 
of the balance point (see Fig. 13) are shown in Fig. 16. Also 
measured in this experiment was AR for the condition log 
( R / 2 C )  = 0.1 (points at far right). These results are not 
very definitive because of the small range that was tested 
and a failure to examine the balanced condition R = 80 [log 
( R / 2 G )  = 01. 

Data obtained along the line connecting an extra-spectral 
purple with 492 nm are shown in Fig. 17. For two subjects 
this result confirms LeGrand's conclusion and helps to 
gauge the magnitude of the effect. 

Effect of the Level of B 

Figure 18 shows AR plotted as a function of B for the 
120-td condition. For the smaller values of B there is little 
effect, although three of the observers show a slight im- 
provement in discrimination (reduction in AR) for B = 125 
bd, which is near a condition of balance for they - b op- 
ponent system. It is possible to fit a straight line to the mean 
data, and although this gives a poor account of the results 
for small values of B ,  the error is not excessive because of 
the effects of B in this region are very small. The straight 
line intersects the ordinate at about AR = 1.3, which is close 
to the mean experimental value of AR for B = 0 and 
log(R/2G) = 0.1, 

A Color-Difference Equation for Red-Green 
Discrimination 

From the data pertaining to red-green discrimination, 
the following equation has been derived to describe the 
behavior of AR (in td) as a function of illuminance level (R 
+ G) ( in td), red-green difference (R - 2G) (in td), and 
the level of B-cone activation ( B )  (in btd): 

= 0.0105. (3) 
AR 

( R  + G)  + 0.81R - 2GJ + 0.05B 

2.0 

- 
P - 
LT 1.5 
d 

I .c 

1 

FIG. 18. Effect of 6 upon AR measured at 120 td. 

For the chromatically balanced condition, along the spec- 
trum locus where B = 0, two terms drop out and the equa- 
tion states that a 1% increase in R, in conjunction with a 1% 
decrease in G, yields a step of chromatic difference. This 
corresponds to a 2% change in R - G. This compares to an 
18% difference step in B ,  relative to the initial level of B. 
Discriminations mediated by B cones therefore are only '19 

as acute as those mediated by the red-green system. 
A further example will help illustrate the application of 

eq. (3) .  At 120 td, for the optimal condition where B = 0 
and the red-green system is balanced, OR = (0.0105)( 120) 
= 1.26 td. For a condition corresponding to B = 3.0 btd (the 
highest level tested) and R - 2G = 90 td (corresponding 
to about 635 nm), AR = (0.01 5 ) (  120 + 72 + 50) = 2.54 
td. Thediscrimination step is now doubled, and AR/(R + 
G) is now about 2%. 
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0.0 T O 2  

X 

FIG. 19. Discrimination steps plotted on the CIE diagram at 
locations where red-green discriminations were tested exper- 
imentally. Calculated from eqs. (1) and (3). 
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FIG. 20. Half of MacAdam's ellipse No. 6 (upper left) fit also 
by straight-line segments (lower right). The two principal axes 
of chromatic variation are indicated by the arrows. 

Figure 19 shows the red-green discrimination steps 
represented on the CIE chromaticity diagram, calculated 
\'or ihc experimental conditions that were examined. The 
;ivcr;igc error between the mean experimental data for 
red. green discrimination and the calculated values of AK 
ahown here is about 5%. 

1)iscussion 

1. i I 1 I i t I /  1 ions oj ' t h L' Color - Dif;ftwnce E y u a t  ions 

For discriminations mediated by B cones, eq. ( I )  is of 
limited value because it disguises substantial individual 
differences which were adjusted before the equation was 
derived. The result therefore shows that it is unreasonable 
10 cxpect any color-difference equation to predict well for 
; i l l  observers. Our results suggest, but do not prove (because 
ol'thc small number of observers), that the major source of 
individual differences is along the tritan axis. 

t 'or red-green discriminations, the additivity of the ternis 
ii i thc denominator in eq. ( 3 )  is assumed and not proven. 
Although this ussumption gives a reasonable account of the 
daia from which the equation was derived, it deserves fur- 
ther testing under a wider range of combinations of H and 
1 2 / 2 G .  A more complex rule of interaction niight improve 
the I'it of thc equation wi th  the data. In  experiments not 
rcportcd here, the equation has been tested for illuminance 
Icvcls much higher than I20 td,  where it fails badly, and it 
h;is nut been tcstcd at lower levels. Therefore it should not 
be ;ipplied to illuminance levels that differ greatly from 120 
td.  

Sit I I I I I r  ( I  17 oo I I .Y Vur ia t iotis u long Rot h Principu 1 A u ~ ~ s  

,4nothcr limitation of our equations is that they make no 
st;itcmcnt about thc size of color differences to bc expected 
along lincs on the chromaticity diagram that are intermc- 
di;ilc between thc two principal axes that we have investi- 

X 

FIG. 21. A comparison of the discriminations steps of this 
experiment, calculated from eqs. (2) and (3), with MacAdam's 
ellipses. 

gated. Although we have no new data pertaining to possible 
rules of interaction for such simultaneous changes along 
bolh dimensions, we wish to speculate briefly on the matter. 
Consider MacAdam's ellipse No. 6 shown in Fig. 20. 
MacAdam's data points arc symmetrical with respect to any 
line drawn through the center of the ellipse. Here the data 
have been f i t  at the upper left by half an ellipsc, but at the 
lower righr by thrcc straight-line segments, with the tritan 
axis T dividing the two. Axis F is also shown. 

The longest of the three straight lines, at the upper right. 
describes a rule of linear summation, according to which 
;I discrimination step is determined when the sum ofexci- 
l;itions caused by simultaneous changes in the two oppo- 
ncnt-color systenis equals the threshold of either one alone. 
Thc bottom sector is f i t  instead by two lincs which arc 
parullcl to To r  F .  Together these describe the other extreme 
possibility: a discrimination step is achieved whenever either 
opponent system achieves it; thcre is no cooperation between 
them. 

We therefore expect that the relative directions of change 
along thc two principal axes will have an effect on the size 
o l ' t i  discrimination step. Although we plan to test this hy- 
pothesis further, the difference between an ellipse and the 
thrcc-line f i t  is so small that a new apparatus will be rc- 
quircd to test i t .  

( ' o ~ i i i i ~ o n t . ~  on the New Method of Achircing u 
l)i.\c~riiiiinatioii StrJp 

There has been some concern among practical colori- 
inctrists about whether the MacAdam steps, which are too 
small to be directly perceived, can be generalized to larger 
color differences. We developed our new method with the 
aim of providing this information without knowing exactly 
what the size of our steps would turn out to bc or how they 
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would relate to those of MacAdam. The method seems to 
produce reliable results and our step sizes in the two prin- 
cipal dimensions seem to maintain a reasonably constant 
proportionality to those of MacAdam. This is shown for 
B-cone discrimination in Fig. 6 ,  and on the chromaticity 
diagram for both dimensions in Fig. 21, to be discussed in 
the final section of this article. Although we have not kept 
an accurate record, our new method produces Òfalse alarmÓ 
responses where a change is signaled before one physically 
begins in about 5% of the trials. I t  is very rare-certainly 
less than 1% of the time-that the subject incorrectly signals 
the direction of change. The procedure is a comfortable one 
from the subjectÕs point of view. He does not have to strain 
to hold a suprathreshold criterion, as did the subjects of 
WrightÕs8 experiments. Instead, the requirement that the 
direction of change be indicated seems to anchor the cri- 
terion. The formality of the experimental routine, its au- 
tomation, and the inclusion of two practice trials prior to 
each set of six real ones, all seemed to help maintain stable 
performance. 

On the “Eigengrau” Constant and Indioidual 
Dif;ertwces 

The constant Bo = 44.5 btd in eq. ( 1 )  performs a function 
that has been familiar in the literature of intensity dis- 
crimination since the time of Helmholtz. WeberÕs law often 
holds a t  high intensities, as it does for both B-cone and 
red-grcen discriminations in our experiments. But it cannot 
hold over an indefinite range, otherwise there would be no 
absolute threshold. The use of an ÒeigengrauÓ constant, 
often identified with Ònoise,Ó or Òdark lightÓ in the visual 
system, is the simplest possible way to modify the equation 
to fit the data and predict a threshold condition. 

Quick tests of the variable ÒeigengrauÓ constant between 
observers should easily be possible and should be predictive 
of individual differences in chromatic discrimination along 
the tritan axis. Although the subjects whom we tested varied 
less in the red-green than the blue dimension, they differed 
somewhat in  their limiting Weber fractions and in the ef- 
fects of altering the red-green balance or adding B-cone 
excitation. Another objective for future research will be to 
develop quick tests of these additional observer constants. 
Similarly, the rules of combination for simultaneous vari- 
ations along the two principal axes may differ between 
subjects; hopefully these also will be amenable to exami- 
nation by brief tests. An ultimate objective is to characterize 
individual differences in chromatic discrimination by five 
or six such tests lasting only an hour or two. 

C‘oniparison With MacAdam ’s Ellipses 

Figure 21 shows a comparison of the data of this exper- 
iment with MacAdamÕs original discrimination data. Our 
discrimination steps have been multiplied by 0.75 for 
comparison with MacAdamÕs which are multiplied by 10. 
Therefore the ratio between the two step sizes is 10/0.75, 
or approximately 13. To the extent that our discrimination 
steps agree with MacAdamÕs in Fig. 21, it can be stated that 
the two kinds of discrimination steps arc proportional, and 
that ours are 13 times as large. T o  the extent that there is 
disagreement, little can be said a t  this stage. The CIE di- 
agram is not ideal for assessing such disagreements, because 
thc fundamental dimensions of variation are obliquely re- 
lated and equal distances on the chart do not represent equal 
changes of receptor excitation. 
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