Vanderpool T M a;t h 40 2 Autumn 2020

True/False: If the statement is false, give a counterexample.
If the statement is always true, give a brief explanation of why it is (not just an example!).

(§2.6) Let G; and G5 be groups such that G; = G5. Then the Caley Diagram of

G1 matches the Caley Diagram of Gs.
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2. [3] (§3.3) Consider the integers Z under addition. The map 6 Z defined by
0(x) = 9« satisfies the homomorphic property. /\%3
Teow LA Y, 6 e/ . LW \Iﬂ.(\%\ e (x+ O (x) *’9(»0

Qﬂ}@) & Comgs 6\»&»\\«&5\& o( %u,

~ 0” \o}L Sddakuning

rosd farwed®) Radies V@\ .

= (\3\/0:-

3. [3] (§3.1) If H is an abelian subgroup of G, then G is abelian.
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Free Response: Show your work Eolz the following problems" The correct

answer with no supporting work will receive NO credit.

4. [6] (Chapter 2) Identify three non-isomorphic groups of order 8 (you can use the same
notation for the groups we used in class). You must explain why each group is not
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5. (§2.4 & 8.1) For each question below, find a set and a binary operator(s) that satisfy
the criteria, if one exists. If n(x set and binary operator(s) exist, explain why.

% (a) [3] a cychc but non-abelian group
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(b) [3] a rmg, but not commutative a J a
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6. Let G = (a) be a group generated by a group of order 28. )_/ 7
(a) [2] (84.1) Find all the elements that generate G.
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(b) [2] (§4.1) Find an element in G that has order 4. _ ?
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] (§3.2 & 4.1) Draw the subgroup lattice for G.
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7. [8] Choose ONE of the following theorems to prove. Clearly identify which of the two
you are proving and what work you want to be considered for credit.
No, doing both questions will not earn you extra credit.
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Theorem 1. Let ¢ : Gy — Gy be a function between two groups that satisfies the
homomorphic property. The kernel of ¢ is defined:

Ky ={g9 € Gi|o(g9) = ez}
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where ey and ey are the identities of Gy and Go respectively. Prove that K, = {e1} if
and only if ¢ is one-to-one.

Theorem 2. Let G be a group with identity element e. If 2*> = e for all x € G, then
G is abelian.
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Take Home Final TM&th 402 Autumn 2020

This section is to be taken home, completed, and turned in through Canvas by 10:10 Thurs-
day Dec 17th. There is no time limit and you do not need to type up your solutions to get
full marks although the answers should use correct symbols and be well edited.

You may discuss this problem with anyone else from the class and use the class resources
posted on Canvas. You may not consult anyone or any resource that is not affiliated with
the class such as tutors, websites, or other textbooks. Please follow these rules, I am trusting
you to be ethical.

1. Clearly define a set S along with appropriate binary operator(s) that satisfy the fol-
lowing. Briefly justify how each condition is met.

e [1] The set S has more than 5 elements,
e [1] forms a non-Abelian group with a binary operator (we will denote with +),
e [1] has at least one subgroup of order |5].

2. Clearly define a set T along with appropriate binary operator(s) that satisfy the fol-
lowing. Briefly justify how each condition is met.

e [1] The set T" has more than 5 elements,
e [1] forms a ring with a binary operators (we will denote them with + and *), and
e [1] there exist non-zero elements s and r in S such that r x s = 0.

3. Consider Dr. Vanderpool’s proof written for the theorem below.

o| [2] Tdentify an rrors. (There is more than onelll)
e |2] ProvideConcrete suggestionsteor how the proof can be improved.

Theorem 1. Let G and H be groups and let ¢ : G — H be a homomorphism, then

ker(¢) is a subgroup O/Ei7 Mo ot c:'
S) "

Proof. We will use the Two-Step Theorem (2.6). That is, we will thus verify if h € H
then h~! € H and that H is closed. (\Q_Q_é. )|§ (AL QB(\Q:L Q
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Y irst begin W1th h. Since G is a group, we know that inverses exist, thus we have g~
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such that hg~! = e. We thus have inverses. \W&M(@’ in X ¢

Secondly we check that ker(¢) is closed. Let a,b € ker(¢). We need to show that

ZS: XOQ\“M ab € ker(¢). Note that ¢(a) = 0 and ¢(b) = 0 because a,b € ker(¢) and by definition
of kernel. Since ¢ is a homopaOrphism we can perform the following conputation:

Hlab) = H(a)o(b) = ec = ¢
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Thus ab € ker(¢) which is what we wanted to ur\%lb\‘w
[



