Math 341: Quiz 5

Name:
True/False: If the statement is true, give a brief explanation of why it is. If the statement
is false, give a counterexample.

1. [3] A list of vectors v1, 03, ...v;, with repeated vectors is linearly dependent.

2. [3] The set {1 — z,x — x?,1 — x} is linearly independent in the vector space of all
polynomials of degree 2 or less.

3. [3] If V = span{vi,...v,}, then {01, ...v;,} is a basis of V.

4. [3] Linear operators preserve linear independence. That is given a linear operator 71" :
V' — W and alinearly independent set {01, 03, ...0,} € V, theset {T'(v1),T(v3),...T(v,)}
is linearly independent.



5. Let V = {T : R? — R?|T is a linear function}. The elements in our set are thus linear
maps. Define vector addition and scalar multiplication by the following:
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WhereaeR,andf,EEV.

It is given that V' forms a vector space under the defined operations above. In particular
note that the zero vector is the linear map defined by 0([z y 2]") = [0 0] for all
[z y2]" € R3.

Recall on last weeks quiz that you showed
S ={T € V|3 A € Matys(R) sothat T([zy2]")=Alzyz]" forall[zyz] R}

forms a subspace of V. We will now show that V' C S and thus V actually equals S.
You have two options:
(a) Show that V' C S. That is, given an arbitrary linear operator 7' : R? — R?

construct a 2x3 matrix A that has the property that T([z y 2]7) = A[z y 2] for
any vector [z y 2] in R3.

(b) Follow the steps on the next page that will walk you through the proof.



(a) [4] The trick is to make use of a basis of R3.
Let {e1, €2, e3} be a standard basis for R? and T be an arbitrary linear operator
in V. Let A; be the 2x1 vector in R? that results from T acting on e, that is
Ay = T(ey). Similarly let Ay = T'(e2) and A3 = T'(e3). Define A = [A; Ay Aj).
Verify that T and A send the standard basis to the same element in R% (ie.
Verify that T'(e;) = Ae; for i=1,2 or 3 by making use of matrix multiplication.)

(b) [4] Let [x y 2] € R3. Since {ey, €9, €3} is a spanning set, we can write [z y 2|7 as
c1e1 + coeo + czes. Use linearity, properties of matrix multiplication, and part a)
to show that Az y 2]7 = T([z y 2|7).



