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1. Review

1.1 Algebra Review

I generally assume proficiency in the skills listed below.

Basic Simplification
Apply order of operations to numerical and algebraic expressions; recall the rules for expo-
nents.

Ex 1. Perform the operations:
3

5
+ 2

Solution:
3

5
+

2

1
=

3

5
+

2

1
· 5

5
=

3

5
+

10

5
=

13

5
(Another answer is 2.4.)

Ex 2. Simplify:
√

5 ·
√

5 + 2
Solution:√

5 ·
√

5 + 2 = 5 + 2 = 7

Ex 3. Simplify:

√
4

25
Solution:√

4

25
=

√
4√
25

=
2

5

Ex 4. Simplify: −32 +
(
3
2

)2
+ (−2)3.

Solution:

−32 +

(
3

2

)2

+ (−2)3 = −9 +
9

4
+−8 = −17 +

9

4
=
−68

4
+

9

4
=
−59

4
(Another answer is -14.75. −143

4
is also technically correct, but you should avoid mixed

fractions because of potential confusion: Taken out of context, −143
4

could mean either
−(14 + 3

4
) or (−14) · 3

4
.)

Algebraic Manipulation
Add, subtract, multiply, and divide algebraic expressions; combine algebraic terms that are
alike; apply the distributive property to algebraic expressions (the term “FOIL” only refers
to distribution between two binomials; ask me to show you why FOIL works if you don’t
remember).

Ex 5 Solve for x:
3

x
=

1

6
.
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Solution:

Multiply both sides by x: x · 3

x
=

1

6
· x⇒ 3 =

x

6
.

Multiply both sides by 6: 6 · 3 =
x

6
· 6⇒ 18 = x.

Both of these steps done at the same time is often called “cross multiplication”.

Ex 6 Simplify by combining like terms: (9x2 + 4xy − 7y2)− (5xy − 6x2 − 1).
Solution:
(9x2 + 4xy − 7y2)− (5xy − 6x2 − 1) = 9x2 + 4xy − 7y2 − 5xy + 6x2 + 1 = 15x2 − xy − 7y2 + 1

Ex 7 Expand and simplify completely: 3(4v − 2a)2.
Solution:
3(4v − 2a)2 = 3(4v − 2a) · (4v − 2a) = 3[(4v)(4v)− (4v)(2a)− (2a)(4v) + (2a)(2a)]

= 3[16v2 − 16av + 4a2] = 48v2 − 48av + 12a2

Rational Expressions
Simplify fractions by finding factors in common; add/subtract fractions by first rewriting
with the least common denominator; multiply/divide rational expressions; simplify complex
fractions.

Ex 9 Reduce to lowest terms:
10x− 20

2x2 − 8
.

Solution:
10x− 20

2x2 − 8
=

10(x− 2)

2(x2 − 4)
=

10(x− 2)

2(x+ 2)(x− 2)
=

2(x− 2)

2(x− 2)
· 5

x+ 2
=

5

x+ 2

Ex 8 Perform the indicated operations and simplify:
2

3x+ 2
− 1

3x+ 1
.

Solution:
2

3x+ 2
− 1

3x+ 1
=

3x+ 1

3x+ 1
· 2

3x+ 2
− 1

3x+ 1
· 3x+ 2

3x+ 2

=
6x+ 2

(3x+ 1)(3x+ 2)
− 3x+ 2

(3x+ 1)(3x+ 2)
=

3x

(3x+ 1)(3x+ 2)
(There is no further simplification here, 3x has no factors in common with 3x+ 1 or 3x+ 2.)

Ex 9 Perform the indicated operations and simplify:
2z + 6

12z
÷ z2 − 9

9z3 + 18z2
.

Solution:
2z + 6

12z
÷ z2 − 9

9z3 + 18z2
=

2z + 6

12z
· 9z3 + 18z2

z2 − 9
=

2(z + 3)

12z

9z2(z + 2)

(z + 3)(z − 3)

=
2 · 3 · z(z + 3)

2 · 3 · z(z + 3)
· 3z(z + 2)

2(z − 3)
=

3z(z + 2)

2(z − 3)

Solving Equations
Solve linear equations; or solve for two unknowns when given two equations.

Ex 10 Solve for m: 3(m+ 4) + 2m = 4− 3m.
Solution
3(m+ 4) + 2m = 4− 3m⇒ 3m+ 12 + 2m = 4− 3m⇒ 8m = −8⇒ m = −1

Ex 11 Solve for q when q + 7 = 9p and 2
p

= 2q.
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2. Patty Paper Activities

Welcome to geometric investigations with patty paper!
Patty paper is a thin wax paper commonly used between uncooked hamburger patties.

They are conveniently cut into 5.5” or 6” squares which is useful to have during origami
practice or for geometric investigations.

Patty Paper Rules

Just as video games, car drivers, and people in general have rules that must be
respected, our geometric investigations are going to have a set of rules. A few years ago
most geometry classes would only let students use a compass and straightedge (no rulers or
protractors!). The calculus classes on campus will let students use rulers, protractors, and
calculators but no graphing calculators. Every class and in particular, every math class, is
usually explicit about what tools the students are allowed to use in order to solve problems,
that is, they lay out the ‘rules’.

In this class we will have the patty paper game rules:
You are allowed to use:

1. lots of patty paper (notice that they are semi-translucent and stackable!),

2. the assumption that the patty paper is a square,

3. a pencil (or pen, colored pencil, crayons, etc),

4. a calculator (of any kind),

5. your senses (seeing, hearing, feeling, etc), and

6. logic.

Explicitly that means you are not allowed to use: an already made ruler or an already made
protractor.

Despite these restrictions you will be able to complete many tasks. For example,
while distances can’t be measured, we can make a record of it by making marks on the
paper. With this record of distance we can compare distances to each other to determine
which is longer or if they are the same length. As the investigations go on you will discover
your own methods and should build your own ‘tool set’ of techniques.

The activities are designed to be started in class and finished as part of your home-
work. These problems are intentionally non-standard so that you can practice scientific
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thinking when working on them (SLO content #2, skills #4 &6) and then develop techni-
cal communication skills when writing your solutions (SLO content #3, skills #1). Your
finished worksheet should be easy to read with complete sentences, correct grammar, and
precise language. You will need to reread, edit, and rewrite your solutions and should not
be turning in a first draft.
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2.1 Patty Paper Activity 1

Vertical Angles

inspired by Michael Serra’s Patty Paper Geometry.

b   d
c

a
1. Fold a line on a patty paper. Unfold.

Fold a second line intersecting the first line. Unfold.

2. Notice there are four angles surrounding the
intersection of the two lines. Label them
a, b, c, and d so that you can refer to each by name.

3. Are any angles the same? Are all the angles different?

4. Explain carefully what steps you took so that you could compare one angle to another.
Consider drawing pictures if that helps clarify your steps.

5. Repeat steps 1 and 2 and see if the observations you made in Step 3 still apply to a
different pair of lines. If your conclusion in Step 3, does not hold in general (that is
for any pair of intersecting lines that make angles
a, b, c, and d), correct Step 3 so that it is true in
general. a

bc

d

6. The pairs of opposite angles formed by two
intersecting lines are called vertical angles.
For example, in the diagram to the right,
∠a and ∠c are a pair of vertical angles.
Restate your conclusions in 3 using this new
terminology.

6



7. Two angles that have a common vertex, share a side, and do not overlap are adjacent
angles. For example, ∠a and ∠b in the diagram on the bottom of the front page,
are adjacent angles. Can you say anything about sum of the pairs of adjacent angles
above?

8. Two angles whose measures add up to 180◦ are called supplementary angles. Are
all adjacent angles also supplementary? Either justify yourself of provide a counter
example.

Use your conclusions on the front page of this worksheet and any other geometric
knowledge to calculate the measure of each lettered angles in the questions below.

a 75°

b

65°

127°

c

9. Origami directions usually start with a square piece of paper, but 8.5”×11” paper is
more commonly available today. How can you determine what amount to cut off of a
rectangular 8.5”×11” (remember the rules! no rulers!) to make a square? Give the
steps below (you may want another sheet of paper if you need more room) and then
justify that your steps guarantee a square.
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2.2 Patty Paper Activity 2

Folding TUPs

inspired by Kazuo Haga’s “Folding Paper and Enjoy Math: Origamics” in Origami: Third Inter-
national Meeting of Origami Science, Mathematics, and Education.

1. Take a piece of patty paper and label the lower right-hand corner A. Pick a random
point on the paper and label that point B.

2. Fold the paper so that A lies on top of B. This creates a flap of paper, called the
Turned-Up Part (or TUP for short).

a triangleA

B
A&B 

3. [1] How many edges does your TUP have? Three? Four? Five?

For instance, in the example depicted above, the TUP has three sides.

4. [7] Experiment with many TUPs to find an answer to the question, “Given a point B
on the patty paper, how can we tell how many edges a TUP will have before we even
fold the paper?”

5. [7] What if we allowed the point B to be outside the square? “Given a point B (plotted
anywhere!), how can we tell how many edges a TUP will have before we even fold the
paper?”
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2.3 Patty Paper Activity 3

Angles & Parallel Lines
inspired by Michael Serra’s Patty Paper Geometry.

hgf
e

dc
b a

1. Trace the pair of parallel lines shown on the right,
onto a patty paper.

2. Fold or draw a transversal line.
Label the angles as shown in the diagram
so that you can refer to each by name.

3. [1] Recall that we started with two parallel lines.
Do any angles have the same measure? Which ones?
(Write a complete list.)

4. [5] Explain carefully what steps you took so that you
could compare one angle to another. Consider
drawing pictures if that helps clarify your steps.

5. Repeat steps 1 through 3 with a different pair of
parallel lines (another set is provided on the right if
you are not sure how to manufacture your own) and
see if the observations you make in Step 3 still apply.
If your conclusion in Step 3, does not hold in general
(that is for any set of parallel lines intersected by a
transversal), correct Step 3 so that it is true in general.
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6. [2] Recall the definition of corresponding angles provided in class and that Step #3
assumed the two given lines were parallel. Restate and, if necessary, expand your
statement in Step 3 so that you use this term.

7. [5] Assume you are given a set of lines with a transversal. If the corresponding angles
have the same measure, explain why the alternating interior angles must have the same
measure.

8. [2] Recall that Step #3 assumed the two given lines were parallel, restate and, if
necessary, expand your statement in Step 3 that that you use the terms alternating
interior angles and alternating exterior angles.
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2.4 Patty Paper Activity 4

Making Parallel & Perpendicular Lines

inspired by Michael Serra’s Patty Paper Geometry.

1. Fold a line on a patty paper. Unfold. Mark this line l.

2. Discover a method for making a line that is perpendicular to l.
Remember that this is a patty paper investigation so stick to the patty paper rules!

3. Make another line on your patty paper and follow your process developed in Step 2 to
make a perpendicular line to this new one. If the process you developed in Step 2 does
not work, create a new process that will work for any line on the patty paper.

4. [4] Discover a method for making a line that is parallel to l. Make sure that your process
works for any line on your patty paper, and then describe your process. Justify why
your method works.

5. Use your pencil to make a point not on the line l.
Discover a method for folding a line through the
point so that it is parallel to the line l. Compare
your method with other groups and, if different,
determine which method you like better.

6. [5] Describe your favorite process of making a line
parallel to a given line l that also runs through
a specified point.

l
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Sum of Angles in a Triangle

1. Draw a triangle on your patty paper near the
center and identify the vertices A, B, and C.

2. Use the method described on the front of this
worksheet to make a line parallel to AC that
also passes through B. Label the points where
this new line intersects with the edges of the
patty paper as X and Y , as shown.

Y

X A

C
B

3. [1] There should be at least five angles on your patty paper now. Are any of the angles
on the patty paper are the same? If so, mark them.

4. Repeat Steps 1 and 2 with a different triangle to see if the observations you made in
Step 3 still apply. If your statements in Step 3 does not hold in general (for any4ABC
and line parallel to AC), correct Step 3.

5. [2] The ∠XBY is a straight line and thus measures 180◦, but it is also equal to the
sum three other angles. What three angles make up ∠XBY ?

6. [3] Use Step 5 and your observations made in Step 3 to justify that the sum of angles
in a triangle is 180◦.

12



2.5 Patty Paper Activity 5

A Triangle Theorem
inspired by Kazuo Haga’s “Folding Paper and Enjoy Math: Origamics” in Origami: Third Inter-
national Meeting of Origami Science, Mathematics, and Education.

1. Take a patty paper and mark a
point P at random along the top
edge of the paper.

2. Fold the lower right corner to
the point P as depicted.

B A

C

P P

3. Notice that there are (usually) three triangles that are formed by the fold you made
in step two. Label the triangles A, B, and C as done above.

4. [7] What nice relationship must be true about triangles A, B, and C? Justify your
conclusions.

5. [8] Suppose that you took the point P to be the
midpoint of the top edge. Use your above
observation (or generate more observations)
to find out what lengths x, y, and z must
be in the figure to the right.

1/2

z xy

1/2
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2.6 Patty Paper Activity 6

The Largest Equilateral Triangle

inspired by Thomas Hull’s “What’s the biggest Equilateral Triangle in a Square” in Project Origami,
activities for exploring mathematics.

1. [5] First fold you square to produce a 30◦ − 60◦ − 90◦ triangle inside it. Explain your
method and justify that you made a 30◦ − 60◦ − 90◦ triangle . Hint: these special
triangles have the property that the hypothenuse is twice as long as one of its sides.

2. [5] Find a way to fold an equilateral triangle inside a patty paper. Explain your method
and justify that you made an equilateral triangle.

3. [1] If the side length of your original square is 1, conjecture if it is possible for you to
make an equilateral triangle who’s side length is greater than 1?

14



4. [3] If an equilateral triangle is maximal (the equilateral triangle is the largest equilateral
triangle that will fit on a patty paper), can we assume that one of its vertices will
coincide with a vertex of the patty paper? Why? Could we say anything about the
other vertices of the equilateral triangle?

5. [1] Draw a picture of the situation in question 4 where the patty paper shares the lower
left vertex with the maximal equilateral triangle.

6. [5] Let θ denote the angle between the bottom of the square and the bottom of the
triangle. What angle should θ be to maximize the size of the equilateral triangle in
the patty paper? Justify your conclusion. Hint: consider symmetry!

15



2.7 Patty Paper Activity 7

Spherical Geometry

In addition to the normal patty paper rules, assume that you have a perfect sphere.

1. Explain in your own words what a geodesic is.

2. Answer each of the following:

How many geodesic paths are How many geodesic paths are
between two points in a plane? between the ‘north pole’ & ‘south

pole’ on a sphere?

3. [3] You have already come up with methods to make a geodesic perpendicular to a
given one on a plane (think Worksheet 4). Find a (patty paper) technique to make a
geodesic perpendicular a given one on the sphere. Explain your steps and justify how
you know your constructed geodesic is perpendicular.

4. [2] You have already come up with methods to make a geodesic parallel to a given one
on a plane (think Worksheet 4 again). Can you find a technique to make a geodesic
parallel to a given one on the sphere? Justify your answer.

16



5. [2] Answer each of the following:

How many times do two perpendicular How many times to two perpendicular
geodesics intersect in the plane? geodesics intersect on the sphere?

If two geodesics are perpendicular If two geodesics are perpendicular
on a plane, how many 90◦ angles on a sphere, how many 90◦ angles
are made? are made?

Recall that I defined a triangle in class as figure with three sides. On a plane we
understand ‘side’ to mean line, but really, we should think of ‘side’ as a geodesic.
Thus, a triangle is a figure made from three geodesics.

6. [4] Can you make a right triangle on the sphere? If so, explain how, and if not, explain
why you can’t.

7. [2] Can you make a right triangle on the sphere with more than one 90◦ angle? If so,
draw a picture of it, and if not, explain why you can’t

8. [2] Can you make a rectangle on the sphere? If so, draw a picture of it, and if not,
explain why you can’t

17
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3. Origami Patterns

3.1 Butterfly
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Robinson Nick. 2008. Picture-perfect Origami. New York: St. Martin’s Griffin.
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3.2 Turtle
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3.3 Bases (classic)

Kite Base Fish Base

Made available through Wikibooks.org under the wikimedia commons or GNU free documentation.

Frog Base

From: Honda, Isao.1965. The World of Origami. Tokyo: Japan Publications Trading Company.
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3.4 Bases (other)
4/8/13 9:24 AM

Page 1 of 1file:///Users/ruth/Desktop/PreliminaryFold.svg

Preliminary Fold
Available under the wikimedia commons through Wikibooks.org.
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3.5 Balloon
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3.6 Penguin
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4. Other Activities

4.1 Computing Grades

1. Clark Kent is handed the following information on the first day of Origami Math class:

In week 7 Clark is concerned about his grades (being a super hero is still new to him
so he has missed a few assignments and a quiz). He logs onto Canvas and finds::

Journal: (ea. worth 5pts) 5 5 5 5 5 5 5 5 5 5 5 5 5
Homework: (ea. worth 20pts) 15 18 17 0 0
Quizzes: (ea. worth 20pts) 20 20 0 0
Paper/Project: (ea. worth 100pts) 82 80
Scaffolding (ea. worth 5pts) 5 5 5
Midterm (ea. worth 100pts) 82
Final

(a) Compute Clark’s current averages for each of the categories below:

Journal
Homework
Quizzes

Paper/Project

Scaffolding

(b) Review the syllabus and see if and marks are dropped. If so, recompute the
averages without the dropped score.

(c) Assuming his performance in each category will not change in the remaining
weeks, what grade must Clark get on his final to get a 2.0 in the class?

28



2. [5] James T. Kirk is in TMath 120 and would like to know if it is still possible to earn
a 2.0 now that he’s taken two exams. He has looked at the grade book on MyMathLab
and has computed the averages listed below.

Assuming James’ work does not drastically change in the remaining 3 weeks and his
averages remain about the same, find what grade he needs to get on the final to receive
a 2.0 in the course. In case you don’t remember, the weights specified in the syllabus
and the graph of the function f that takes your class percentage x and returns your
score on a 4. scale are also provided. Clearly show you work!

weight James’ ave
Mini-Quizzes 5% 95%
WebAssign 10% 50%
WrittenHW 15% 0%
Quizzes 15% 70%
2 Exams 30% 100%
Final 25%

0 10 20 30 40 50 60 70 80 90 100

1

2

3

4

Percentage in the course

Course Grade

(63, 0.7)

3. [10] Clearly show your work, and use your own scores from this core class to:

(a) Compute your current averages for each of the categories below (dropping the
lowest marks when appropriate):

Journal
Homework
Quizzes

Paper/Project

Scaffolding

(b) Assume your performance in each category will not change in the remaining weeks,
what grade must you get on your final to get a 2.0 in the class?

(c) Consult Canvas’ Gradebook and use the summary numbers given there to find
what grade you need to get on your final to get a 2.0 in the class. If you have
difficulty or get different numbers explain why.
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5. Readings

5.1 Quotes

Geometry, throughout the 17th and 18th centuries, remained, in the war against empiricism,
an impregnable fortress of the idealists. Those who held ... that certain knowledge, inde-
pendent of experience, was possible about the real world, had only to point to Geometry:
none but a madman, they said would throw doubt on its validity, and none but a fool would
deny its objective reference.

-Bertrand Russell

I have never done anything ‘useful’. No discovery of mine has made, or is likely to make,
directly or indirectly, for good or ill, the least difference to the amenity of the world.

-G.H. Hardy

From this proposition it will follow, when arithmetical addition has been defined, that

1 + 1 = 2.

-Principia Mathematica
A.N. Whitehead & B. Russell

Euclidean Axioms:

1. We can draw a straight line from any point to any other point.

2. We can extend a finite straight line continuously into a straight line.

3. We can completely describe a circle by specifying the center and distance [radius].

4. All right angles are equal to one another.

5. Given a point not on a straight line l, at most one line can be drawn through this point
that never meets l.

-Elements
Euclid

[Euclidean geometry] was rigorous and definite. Sure theorems about lines and triangles,
circles and squares, following with unimpeachable logic from clearly stated assumptions ...
[it] remained unchanged for more than a hundred years.

-Pi in the Sky
John Barrow
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Origami Axioms:

1. Given two points p1 and p2, there is a unique fold that passes through both p1 and p2.

2. Given two points p1 and p2, there is a unique fold that places p1 onto p2.

3. Given two lines l1 and l2, there is a fold that places l1 onto l2.

4. Given a point p1 and a line l1, there is a unique fold perpendicular to l1 that passes
through point p1.

5. Given two points p1 and p2 and a line l1, there is a fold that places p1 onto l1 and
passes through p2.

6. Given two points p1 and p2 and two lines l1 and l2, there is a fold that places p1 onto
l1 and p2 onto l2.

7. Given one point p and two lines l1 and l2, there is a fold that places p onto l1 and is
perpendicular to l2.
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5.2 Technical Communication
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5.3 A Mathematician’s Lament
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6. Practice Problems

6.1 Spherical Geometry Problems

Spherical Geometry Practice Probems

TRUE/FALSE

1. The shortest point between two points on a sphere is on the arc of a great circle.

2. If two great circles intersect to form a right angle, they are perpendicular.

3. On a sphere there is only one distance that can be measured between two points.

4. A great circle is infinite.

5. Every two unique geodesics on a sphere must cross at two points

6. Two perpendicular ‘lines’ on a sphere create four right angles.

7. A triangle on a sphere may have three right angles.

8. On a sphere if two ’lines’ are perpendicular to a given line, the two lines are parallel.

9. Rectangles can be drawn on a sphere.
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1. true

2. true

3. false (the great circle connects the points in two ways)

4. false

5. true

6. false (there is another set of 4 at the other point the two great circles intersect)

7. true

8. false

9. false
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