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Abstract. We study generalizations of the high-resolution wave propagation algorithm for the
approximation of hyperbolic conservation laws on irregular grids that have a time step restriction
based on a reference grid cell length that can be orders of magnitude larger than the smallest grid
cell arising in the discretization. This Godunov-type scheme calculates fluxes at cell interfaces by
solving Riemann problems defined over boxes of a reference grid cell length h.

We discuss stability and accuracy of the resulting so-called h-box methods for one-dimensional
systems of conservation laws. An extension of the method for the two-dimensional case, which is
based on the multidimensional wave propagation algorithm, is also described.
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1. Introduction. We consider the numerical approximation of hyperbolic sys-
tems of conservation laws using finite volume schemes on irregular grids. We mainly
restrict our considerations to the case of one spatial dimension, although an extension
to the two-dimensional case will also be considered. Under appropriate smoothness
assumptions the equations can be formulated in the differential form

∂

∂t
q(x, t) +

∂

∂x
f(q(x, t)) = 0,(1.1)

where q(x, t) is a vector of conserved quantities and f(q(x, t)) is a vector of flux
functions. For the numerical approximation we want to use a finite volume method.
On an unstructured grid such a scheme can be written in the general form

Qn+1
i = Qn

i − �t

�xi

(
Fi+ 1

2
− Fi− 1

2

)
,(1.2)

where Qn
i is an approximation of the cell average of the conserved quantity over the

grid cell [xi− 1
2
, xi+ 1

2
] at time t = tn. The vector valued quantities Fi− 1

2
and Fi+ 1

2
are

the numerical flux functions at the cell interfaces. We denote the time step by �t
and the length of the ith grid cell by �xi = xi+ 1

2
− xi− 1

2
.

We are particularly interested in the construction of high-resolution schemes for
a grid which contains one small grid cell, while all other grid cells have the same
length, which will be denoted by h = �x. This situation is motivated by a two-
dimensional application, namely the construction of Cartesian grid methods with
embedded irregular geometry. Away from the boundary one may want to use a
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regular Cartesian grid. Near the boundary one then obtains irregular cut cells, which
may be orders of magnitude smaller than the regular grid cells. Our aim in such a
situation is to construct a scheme that is stable based on time steps adequate for the
regular grid. Such methods were developed by Berger and LeVeque in [4], [5], [6]. The
basic idea of these so-called h-box methods is to approximate the numerical fluxes at
the interfaces of a small cell based on initial values specified over regions of length h,
i.e., of the length of a regular grid cell. If this is done in an appropriate way, then the
resulting method remains stable for time steps based on a CFL number appropriate
for the regular part of the grid. See also [8], [9], [10], [23], [21], and [25] for other
embedded boundary Cartesian grid methods that have this same stability property.

Besides this two-dimensional application, h-box schemes can also offer interesting
alternatives to existing irregular grid methods. An extension of h-box methods to
a completely irregular grid was considered by Berger, LeVeque, and Stern [7]; see
also Stern [28]. We will consider such calculations in section 5. In section 7, we
construct a multidimensional h-box method. Other potential applications are the
construction of moving mesh or front-tracking algorithms. Stern [28] used an h-box
method to construct a conservative finite volume algorithm for a Cartesian grid with
an embedded curvilinear grid.

Unsurprisingly, the accuracy of an h-box method depends strongly on the defi-
nition of the h-box values. In this paper we develop a one-dimensional as well as a
two-dimensional high-resolution h-box method. Our goal here is a systematic study of
h-box methods in a relatively simple context to provide fundamental understanding
for the more complex applications mentioned above. For the advection equation we
show that the one-dimensional scheme leads to a second order accurate approximation
of smooth solutions on nonuniform grids (without any restrictions on the grid). We
also verify that the resulting method leads to high-resolution approximations for the
Euler equations on nonuniform meshes. The approximation of transonic rarefaction
waves turns out to require a special treatment. Throughout this paper we will discuss
the construction of h-box methods based on LeVeque’s high-resolution wave propaga-
tion algorithm [18]. This method is implemented in the clawpack software package
[13], which provided the basic tool for our test calculations.

The large time step Godunov method of LeVeque described in [14], [15], [16] is
related to the h-box method. This scheme allows larger time steps in the approxima-
tion of nonlinear systems of conservation laws by increasing the domain of influence of
the numerical scheme. This is done in a wave propagation approach, in which waves
are allowed to move through more than one mesh cell. The interaction of waves is
approximated by linear superposition. At a reflecting boundary this method becomes
more difficult than an h-box method, especially in higher dimensions, since the reflec-
tion of waves at the boundary has to be considered for waves generated by Riemann
problems away from the boundary; see [3]. In [22, Lemma 3.5], Morton showed that
high-resolution versions of such a large time step method lead to a second order accu-
rate approximation of the one-dimensional advection equation on a nonuniform grid
only if the grid varies smoothly. The high-resolution h-box method described in this
paper does not require this smoothness assumption.

2. The wave propagation algorithm. In this section we describe the basic
concept of the high-resolution wave propagation algorithm applied to irregular Carte-
sian grids; a more general description can be found in LeVeque [18] or [19]. The
numerical method for solving (1.1) is a Godunov-type method; i.e., the fluxes at cell
interfaces are calculated by solving Riemann problems defined from cell averages of
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the conserved quantities. This is done by calculating waves that are moving into each
grid cell. The first order update of the wave propagation algorithm has the form

Qn+1
i = Qn

i − �t

�xi

(
A+�Qi− 1

2
+A−�Qi+ 1

2

)
.

Here the change of the conserved quantities is calculated by taking all waves into ac-
count that are moving into the grid cell from the left (respectively, right) cell interface.
The solution of Riemann problems at cell interfaces provides a decomposition of the
jump Qn

i+1 −Qn
i into waves Wp

i+ 1
2

that are moving with speed sp
i+ 1

2

for 1 ≤ p ≤ Mw,

�Qn
i+ 1

2
= Qn

i+1 −Qn
i =

Mw∑
p=1

Wp

i+ 1
2

.

The left- and right-going fluctuations are calculated as

A+�Qi− 1
2

=

Mw∑
p=1

max(sp
i− 1

2

, 0)Wp

i− 1
2

, A−�Qi+ 1
2

=

Mw∑
p=1

min(sp
i+ 1

2

, 0)Wp

i+ 1
2

.

This can be written as a finite volume scheme of the form (1.2) using the relations

Fi+ 1
2

= f(Qi) +A−�Qi+ 1
2
,(2.1)

Fi− 1
2

= f(Qi)−A+�Qi− 1
2
.(2.2)

Appropriate waves and speeds for systems of conservation laws can sometimes be cal-
culated by using an exact Riemann solver, but more often an approximative Riemann
solver, for instance a Roe–Riemann solver [26], is used.

In the wave propagation algorithm second order correction terms are included by
extending the first order method into the form

Qn+1
i = Qn

i − �t

�xi

(
A+�Qi− 1

2
+A−�Qi+ 1

2

)
− �t

�xi

(
F̃ 2
i+ 1

2
− F̃ 2

i− 1
2

)
.(2.3)

On an irregular grid, the second order correction terms have the form

F̃ 2
i+ 1

2
=

1

2

Mw∑
p=1

|sp
i+ 1

2

|
( �xi

(�xi +�xi+1)/2
− �t

(�xi +�xi+1)/2
|sp

i+ 1
2

|
)
W̃p

i+ 1
2

.(2.4)

In (2.4) the waves W̃p are limited waves—this limiting is necessary in order to avoid
oscillations near discontinuities.

The resulting scheme is stable for the approximation of systems of conservation
laws (1.1) as long as time steps are restricted such that waves move through at most
one mesh cell, which means the Courant number is no larger than one, i.e.,

CFL = �tmax
i

(
max(maxp(s

p

i− 1
2

, 0), |minp(s
p

i+ 1
2

, 0)|)
�xi

)
≤ 1.(2.5)

The h-box method changes this time step restriction by replacing �xi in the denom-
inator of (2.5) by h, the width of a reference grid cell. We will use the notation CFLh

if we want to indicate that the Courant number is based on grid cells of width h.
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We want to note that some care is necessary in the construction of second order
accurate algorithms for irregular grids. There exist versions of the one-dimensional
Lax–Wendroff method which lead to second order accurate approximations of the
advection equation only if the grid is sufficiently smooth, i.e., if �xi/�xi−1 = 1 +
O(h), where h = maxi �xi; see, for instance, Wendroff and White [30], [31] and Pike
[24]. See also Morton [22] for convergence results of finite volume methods for the
approximation of the advection equation on nonuniform grids.

3. The one-dimensional h-box method. First we want to approximate (1.1)
on an almost uniform grid that contains one small grid cell in the middle. This
example allows simple analytical studies. However, we will show that the results
obtained for this simple test case can be extended to more general applications.

We denote the length of a regular grid cell by h = �x. The small cell has the
length αh, with 0 < α ≤ 1. For the small cell the numerical method has to be modified
in order to obtain a stable scheme for time steps �t that satisfy the stability condition
in the regular part of the grid. The h-box method introduced by Berger and LeVeque
[5] defines new left and right states at the edges of the small cell that represent the
conserved quantities at these interfaces over boxes of length h; see Figure 1. This
guarantees that the domain of dependence of the numerical solution has the size of a
regular mesh cell, which is a necessary stability condition.

3.1. First order accurate h-box methods. As a first step we compare the
performance of two different h-box schemes applied to the advection equation qt(x, t)+
aqx(x, t) = 0. We will assume that a > 0, although analogous considerations can of
course be made for the case a < 0. In the following we assume that k is the index
of the small cell. In order to calculate numerical fluxes at the small cell interfaces
new values of the conserved quantity q that represent piecewise constant initial val-
ues over boxes of length h will be defined. For the left cell interface of the small
cell, these values are denoted by QL

k− 1
2

and QR
k− 1

2

. At the right cell interface of

the small cell we have to define values QL
k+ 1

2

and QR
k+ 1

2

. This is indicated by the

shaded boxes at each interface in Figure 1.
The most obvious choice is to define the h-box values via cell averaging over the

piecewise constant initial values. (To keep the notation simple we sometimes suppress
the time index if it is clear that we mean the values at time tn.) We obtain

QL
k− 1

2
= Qk−1, QR

k− 1
2

= αQk + (1− α)Qk+1,

QL
k+ 1

2
= αQk + (1− α)Qk−1, QR

k+ 1
2

= Qk+1.
(3.1)

Such h-box values were used in Berger and LeVeque [5] as well as by Forrer and
Jeltsch [10]. For the advection equation the update of the small cell value can now
be calculated using the upwind method. We obtain

Qn+1
k = Qn

k − �t

αh

(
aQL

k+ 1
2
− aQL

k− 1
2

)
= Qn

k − a�t

αh

(
αQn

k + (1− α)Qn
k−1 −Qn

k−1

)
= Qn

k − a�t

h
(Qn

k −Qn
k−1).(3.2)

Note that the small denominator (that may cause a stability problem) has been re-
moved. One can indeed show TVD stability for this method assuming CFLh ≤ 1;
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(a)

xk+ 1
2

xk− 1
2

Qn
k−1

Qn
k Qn

k+1

QR
k− 1

2

QL
k− 1

2

xk− 3
2

xk+ 3
2

(b)

xk+ 1
2

xk− 1
2

Qn
k−1

Qn
k Qn

k+1

QR
k+ 1

2

QL
k+ 1

2

xk− 3
2

xk+ 3
2

Fig. 1. Schematic description of h-box values assigned to the left small cell interface (see (a))
(respectively, the right small cell interface (see (b))).

see section 4. However, it is clear that this cannot be a very accurate formula. The
truncation error of the scheme (3.2) has the form

Lq =
qn+1
k − qnk

�t
+ a

qnk − qnk−1

h

= qt(xk, t
n) +

a

2
(α + 1)qx(xk, t

n) +O(�t, h)

=
a

2
(α− 1)qx(xk, t

n) +O(�t, h).

Only for α = 1 is the truncation error in cell k of the order O(�t, h). Note that
grid functions for the exact solution q are expressed with lower-case letters, whereas
numerical approximations are written in capital letters.

In spite of the apparent inconsistency of the scheme, numerical tests suggest
that this h-box method converges with first order. For the advection equation we can
indeed prove that under appropriate smoothness assumptions the scheme is first order
accurate in the small cell. This so-called supraconvergence property can be shown using
an idea developed for conservation laws by Wendroff and White [30], [31]. See also
[12], [20], where these ideas were introduced for boundary value problems for ODEs.

Proposition 1. We consider the approximation of the advection equation on an
almost uniform grid with mesh width h that contains one small mesh cell of length αh,
with α ≤ 1. The one-dimensional h-box method (3.2), based on an upwind discretiza-
tion with h-box values calculated by averaging over piecewise constant cell average
values, leads to a first order accurate approximation for sufficiently smooth solutions
of the advection equation, in spite of the fact that the truncation error indicates in-
consistency.

Proof. The basic step of the proof is to calculate the local truncation error for a
grid function w, which must be an accurate enough approximation of the grid function
of the exact solution q. We want to show that the truncation error for w is first order,
i.e., Lw = O(h). In order to do this we specify the grid function to have the form

wn
i = qni +

1

2
(1− αi)hqx(xi, t

n).

Here we assume that �xi = αih, i.e., αi = 1 for i �= k and αk = α. The distance
between xk and xk−1 is 1

2h(1 + α). In the simple situation of only one small grid cell
we have wn

i = qni for i �= k and wn
k = qnk + 1

2 (1 − α)hqx(xk, t
n). The truncation error
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of the grid function w for the scheme (3.2) has in the small cell the form

Lw =
wn+1

k − wn
k

�t
+ a

wn
k − wn

k−1

h

=
qn+1
k + 1

2 (1− α)hqx(xk, t
n+1)− qnk − 1

2 (1− α)hqx(xk, t
n)

�t

+ a
qnk + 1

2 (1− α)hqx(xk, t
n)− qnk−1

h
+O(�t, h)

=
qnk +�tqt(xk, t

n) + 1
2 (1− α)hqx(xk, t

n)− qnk − 1
2 (1− α)hqx(xk, t

n)

�t

+ a
qnk + 1

2 (1− α)hqx(xk, t
n)− qnk + 1

2 (1 + α)hqx(xk, t
n)

h
+O(�t, h)

= qt(xk, t
n) + aqx(xk, t

n) +O(�t, h) = O(�t, h).

From the truncation error of w and the stability of the method for CFLh ≤ 1 it follows
that |wk −Qk| = O(�t, h). Since w = q +O(h) we obtain the estimate

|qk −Qk| = O(h);

i.e., the h-box method (3.2) leads to a first order accurate approximation of the advec-
tion equation in the small cell k, in spite of the fact that the scheme is inconsistent in
the small cell. Using the same grid function w one can also show that the truncation
error Lw in cell k+1 is of the order O(h). In all other regularly spaced grid cells, the
method agrees with the upwind scheme for which the truncation error is also O(h).
Therefore, we obtain first order convergence in the whole domain.

In order to obtain a more accurate small cell scheme, we will now consider the
construction of h-box values based on linear interpolation using again grid cell values
that are overlapped by the h-boxes. Such h-box values have the general form

QL
k− 1

2
= Qk−1, QR

k− 1
2

= λQk + (1− λ)Qk+1,

QL
k+ 1

2
= λQk + (1− λ)Qk−1, QR

k+ 1
2

= Qk+1.

We want to determine λ so that we obtain a consistent h-box scheme, i.e., for which
Lq = O(h,�t). By again using Taylor series expansion we find that only λ = 2α

1+α
leads to an upwind method that satisfies this condition. This suggests that the h-box
values should have the form

QL
k− 1

2
= Qk−1, QR

k− 1
2

=
2 α Qk + (1− α) Qk+1

1 + α
,

QL
k+ 1

2
=

2 α Qk + (1− α) Qk−1

1 + α
, QR

k+ 1
2

= Qk+1.

(3.3)

Note that this interpolation formula was already given in [4] but not further investi-
gated there. In [7], [28] h-box values were defined in a similar way, and the resulting
scheme was shown to give good results for advection and Burgers’s equation.

One time step of the h-box method based on the interpolation formula (3.3) again
for a > 0 has in the small cell the form

Qn+1
k = Qn

k − a�t

h
· Q

n
k −Qn

k−1

(1 + α)/2
.(3.4)
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We can derive the same method as a finite difference scheme by replacing qx(xk, t
n)

in the Taylor series expansion of

q(xk, t
n +�t) = q(xk, t

n) +�tqt(xk, t
n) +O(�t2)

= q(xk, t
n)−�t · a qx(xk, t

n) +O(�t2)(3.5)

by an appropriate first order accurate finite difference formula. The h-box method
(3.4) can be interpreted as a finite difference scheme that approximates the qx(xk)
terms by one-sided finite differences. This h-box method leads to a first order accurate
method that approximates linear functions exactly. One can also show that an upwind
scheme based on the h-box values (3.3) also leads to a consistent first order accurate
update in the two neighboring grid cells of the small cell.

If we use the wave propagation algorithm, then the first order update in the small
cell can be written in the form

Qn+1
k = Qn

k − �t

αh

(
A+�Q̂k− 1

2
− f(QR

k− 1
2
) +A−�Q̂k+ 1

2
+ f(QL

k+ 1
2
)
)
,(3.6)

with �Q̂k− 1
2

= QR
k− 1

2

−QL
k− 1

2

and �Q̂k+ 1
2

= QR
k+ 1

2

−QL
k+ 1

2

. In the limit case α = 1

we have QR
k− 1

2

= QL
k+ 1

2

, and (3.6) reduces to the first order accurate wave propagation

algorithm that is valid in the regular parts of the grid. This formula remains valid
for nonlinear equations as well as systems of conservation laws, assuming we have a
Riemann solver that provides us a decomposition of QR−QL, as described in section 2.
We indicate quantities that are calculated from h-box values by the “ˆ” symbol.

Numerical results shown in section 5 will demonstrate the superior properties of
an h-box method with h-boxes obtained by linear interpolation.

3.2. A second order accurate h-box method. In order to obtain a high-
resolution scheme we want to include second order correction terms. This means we
want to obtain an update of the small cell that can be written as

Qn+1
k = Qn

k − �t

αh

(
A+�Q̂k− 1

2
− f(QR

k− 1
2
) +A−�Q̂k+ 1

2
+ f(QL

k+ 1
2
)
)

− �t

αh

(
F̂ 2
k+ 1

2
− F̂ 2

k− 1
2

)
,

where F̂ 2 denotes the second order correction terms that are implemented in flux
differencing form. By analogy to the standard wave propagation algorithm, these
second order correction terms should also be calculated by using the waves and speeds
obtained from solving Riemann problems at the cell interfaces. For the small cell we
again use the waves and speeds from Riemann problems defined by the same h-box
values used to obtain the first order update. We will restrict our consideration to
h-box values that are calculated using the interpolation formula (3.3).

The formula (2.4) for the second order correction flux on irregular grids suggests
using correction terms of the form

F̂ 2
i+ 1

2
=

1

2

Mw∑
p=1

(
1

(1 + α)/2
− �t

(1 + α)h/2
|ŝp

i+ 1
2

|
)
· |ŝp

i+ 1
2

| · Ŵp

i+ 1
2

(i = k − 1, k)

(3.7)

in the small cell. The waves Ŵp

i+ 1
2

and the speeds ŝp
i+ 1

2

can be obtained by solving

Riemann problems defined by the h-box values at the small cell interfaces. One can
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show that the truncation error in the small cell that results from such a high-resolution
wave propagation scheme is Lqk = O(h2,�t2); i.e., assuming the scheme is stable we
would obtain a second order accurate approximation in the small cell. However,
numerical tests showed that such an approach is not stable for time steps satisfying
CFLh ≤ 1.

Instead we use second order correction terms of the form

F̂ 2
i+ 1

2
=

1

2

Mw∑
p=1

(
1− �t

h
|ŝp

i+ 1
2

|
)
· |ŝp

i+ 1
2

|Ŵp

i+ 1
2

(i = k − 1, k).(3.8)

The waves are again calculated from Riemann problems defined by the h-box values.
The difference from (3.7) is that we do not take the size of the small cell into account in
the calculation of the correction fluxes. This reflects the general concept of the h-box
method where fluxes are calculated from values defined over regions of length h.

Although the truncation error for the grid cell k now contains first order terms
which do not cancel out, the numerical results are very satisfying and indicate second
order convergence as well as stability for CFLh ≤ 1. Assuming that the solution is
sufficiently smooth we can indeed prove that the resulting method leads to a second
order accurate approximation for the advection equation.

Proposition 2. We consider the approximation of the advection equation on an
almost uniform grid with mesh width h that contains one small mesh cell of length
αh, with α ≤ 1. The h-box method consisting of the first order update (3.4) and the
second order correction terms (3.8) (without limiters) leads to a second order accurate
approximation for sufficiently smooth solutions of the advection equation.

Proof. We again use the idea of Wendroff and White and consider the truncation
error Lw for a grid function of the form wn

i = qni + 1
8h

2(αi+1)(αi−1)qxx(xi, t
n). Here

we assume that �xi = αih. We have αi = 1 for i �= k and αk = α. In regular grid cells
i �= k the grid function w agrees with the exact solution. We want to show only second
order convergence in the small cell as well as in the two neighboring cells k − 1 and
k + 1, since the method reduces to the high-resolution wave propagation algorithm
in the other regular grid cells. In the case considered here, the wave propagation
algorithm on the regular part of the grid is equivalent to the Lax–Wendroff scheme.

The truncation error for the grid function w has the form

Lw =
wn+1

k − wn
k

�t
+ 2a

wn
k − wn

k−1

h(1 + α)
+

(
1− a

�t

h

)
a
wn

k+1 − 2wn
k + wn

k−1

h(1 + α)

= qt(xk, t
n) +

�t

2
qtt(xk, t

n) + aqx(xk, t
n) +

1

4
h(α− 1)aqxx(xk, t

n)

−1

4
h(1 + α)aqxx(xk, t

n)

+

(
1− a

�t

h

)
a

1
4h

2(1 + α)2qxx(xk, t
n)− 1

4h
2(α2 − 1)qxx(xk, t

n)

h(1 + α)
+O(�t2, h2).

Here we use hk+ 1
2

= hk− 1
2

= 1
2h(1 + α) for the distance from the cell center of

the small cell k to the cell centers of the neighboring cells. By using the relations
qt(xk, t

n) = −aqx(xk, t
n) and qtt(xk, t

n) = a2qxx(xk, t
n) all lower order terms in the

above equation cancel and we obtain Lw = O(�t2, h2). This shows that |wk −Qk| =
O(�t2, h2). Since the grid function was chosen to satisfy w = q+O(h2), we conclude
that

|qk −Qk| = O(�t2, h2).
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(a) xk+ 1
2

xk+ 1
2
− h xk+ 3

2
(b) xk+ 1

2
xk+ 1

2
− h xk+ 3

2

Fig. 2. h-box values at the interface xk+ 1
2
; dotted lines depict the initial values, solid lines the

solution after one time step. (a) first order update by h-box method; (b) second order correction
wave of QL

i+ 1
2

.

Stability of this second order accurate scheme will be shown in the appendix.
Using the same grid function w, one can also show that Lw = O(�t2, h2) in the

neighboring grid cells k − 1 and k + 1. Therefore, the numerical solution converges
with second order accuracy in the whole domain.

Figure 2 shows a schematic description of the first order update and the high-
resolution correction for cell k + 1. The dotted lines depict the initial values, i.e.,
QL

k+ 1
2

and QR
k+ 1

2

= Qk+1. In a first step the piecewise constant values are propagated

over a distance a�t, as shown in Figure 2(a). In order to increase the accuracy,
the piecewise constant initial values are replaced by piecewise linear functions. In
Figure 2(b), we show the piecewise linear reconstructed function QL

k+1(x, t
n) that has

the slope σ = (QR
k+ 1

2

−QL
k+ 1

2

)/h. Since we already calculated the first order update,

the second order correction terms, calculated by propagating piecewise linear initial
values QL

k+ 1
2

(x, tn) instead of the piecewise constant value QL
k+ 1

2

, take only the shaded

region shown in Figure 2(b) into account. Compare with LeVeque [17], where such
second order correction terms were described for the approximation of the advection
equation on a uniform grid.

3.3. Limiters for the h-box method. In order to have control over unphysical
oscillations near discontinuities some kind of limiters must be used in the second order
correction terms (2.4). In the wave propagation algorithm this is done by using wave
limiters that modify the magnitude of the waves Wp (p = 1, . . . ,Mw) in the fluxes
that model the second order correction terms. A limited p-wave Wp

i+ 1
2

is obtained by

comparison of this wave with the neighboring p-waves Wp

i− 1
2

or Wp

i+ 3
2

, depending on

the direction of flow; see LeVeque [18] or [19] for details.
In our high-resolution h-box method we can use the same limiting process in order

to obtain limited versions of the waves that were calculated from h-box values. These
limited waves can then be used in the second order correction fluxes (3.8). In order
to obtain the limiter for waves at a small cell interface, we compare those waves with
waves arising from Riemann problems at a distance h away from the cell interface.
This can be done by constructing two additional h-boxes at the small cell interface.
The waves resulting from the solution of Riemann problems defined by these new
h-box values to the left- and right-hand side of a small cell interface can then be used
in order to estimate the wave limiter for the waves at the small cell interface. This
requires the solution of two additional Riemann problems for each small cell interface;
see Figure 3. We used such a limiting process in order to approximate a shock wave
solution on an irregular grid shown in section 5.

In addition to the wave limiting process we also include a limiter into the approx-
imation of the h-box values. Note that the h-box values (3.3) can also be obtained by
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Fig. 3. Schematic description of h-box values assigned to the left small cell interface. Two
additional h-box values are needed to estimate the wave limiter for the second order correction
terms.

reconstructing a piecewise linear function Q(x) from the cell averages Qi for all i and
calculating the average value of this piecewise linear function over the same boxes of
length h, as indicated in Figure 1. If the reconstructed function has the form

Qk−1(x) = Qk−1 +
Qk −Qk−1
1
2h(1 + α)

(x− xk−1) for x ∈ [xk− 3
2
, xk− 1

2
),(3.9)

Qk+1(x) = Qk+1 +
Qk+1 −Qk
1
2h(1 + α)

(x− xk+1) for x ∈ [xk+ 1
2
, xk+ 3

2
),(3.10)

then averaging over boxes of length h leads to h-box values that have the form (3.3).
The slopes of the piecewise linear initial values are

σk−1 =
Qk −Qk−1

h(1 + α)/2
and σk+1 =

Qk+1 −Qk

h(1 + α)/2
.

Near discontinuities such piecewise linear values may not represent a good approxi-
mation of the solution. We can use standard slope limiters in order to obtain better
approximations there. We can, for instance, use a slope limiter proposed by van Leer
[29]. Here the slopes are replaced by limited versions that have the form σ̂i = σiφi

for i ∈ {k − 1, k + 1}. For our application the limiter has the form

φi(θi) = min

(
1,

|θi|+ θi
1 + |θi|

)
with

θk−1 =
Qk−1 −Qk−2

Qk −Qk−1
and θk+1 =

Qk+2 −Qk+1

Qk+1 −Qk
.

It may be replaced by other limiter functions. Note that we do not want to use
a steeper slope than σk−1 (respectively, σk+1) for the construction of h-box values,
because only those values lead to a second order approximation in smooth regions.
However, near discontinuities we want to limit these slopes. The resulting limited
h-box values can be calculated using the formulas

QL
k+ 1

2
= αQk + (1− α)

(
Qk−1 +

α

1 + α
(Qk −Qk−1)φk−1

)
,

QR
k− 1

2
= αQk + (1− α)

(
Qk+1 +

α

1 + α
(Qk −Qk+1)φk+1

)
.



h-BOX METHODS FOR CONSERVATION LAWS 903

4. On the stability of the h-box method. The h-box method retains stability
by constructing a finite volume scheme for which the flux difference is of the order of
the size of the grid cell. For a small grid cell this requires Fk+ 1

2
− Fk− 1

2
= O(αh). In

this case the term αh arising in the denominator of the finite volume scheme should
not cause a stability problem. In regions where the solution of the conservation law
is smooth, the h-box values are constructed to satisfy an analogous property, namely
QL,R

k+ 1
2

− QL,R

k− 1
2

= O(αh). Since in our applications the flux function is a Lipschitz

continuous function of QL and QR, the flux difference has the required cancellation
property; see [5].

For the advection equation Stern [28] proved that the first order accurate h-box
methods are TVD. Here we will briefly outline this proof which follows the general
concept described above. The first order h-box method can (for a > 0) be rewritten
in the form

Qn+1
i = Qn

i − a�t

αih
(QL

i+ 1
2
−QL

i− 1
2
)

= Qn
i − a�t

αih


αiQ

n
i − αi

1

αih

∫ x
i− 1

2
−h+αih

x
i− 1

2
−h

Q
n

i−1(x)dx︸ ︷︷ ︸
Q̃n

i


 .

Here we assume that each grid cell has the size hi = αih, with 0 < αi ≤ 1. Q
n

i−1(x) is
the piecewise linear reconstructed function (3.9). The stability result also holds on an
irregular grid with more than one small cell. See also section 5 for a slightly different
generalization of the piecewise linear function that has to be used in the construction
of h-box values for a completely irregular grid.

Using this notation we now consider the difference |Qn+1
i+1 − Qn+1

i | and sum over
all grid cells. This sum can be estimated as

TV (Qn+1) =
∑
i

|Qn+1
i+1 −Qn+1

i |

≤
(
1− a�t

h

)∑
i

|Qn
i+1 −Qn

i |+
a�t

h

∑
i

|Q̃n
i+1 − Q̃n

i |.

We obtain the TVD property TV (Qn+1) ≤ TV (Qn) for time steps CFLh ≤ 1 if∑
i

|Q̃n
i+1 − Q̃n

i | ≤ TV (Qn).(4.1)

For the h-box method (3.2) using h-box values that were calculated by averaging over
piecewise constant values, (4.1) is always satisfied, since Q̃n

i = Qn
i . For the more

accurate first order h-box method (3.4), the TVD property can be shown if a TVD
slope limiter is used in the construction of the h-box values, as discussed in section 3.3.

Note that for the approximation of the advection equation, the first order h-box
method based on h-box values (3.1), i.e., defined by averaging over piecewise constant
values of the conserved quantities, is also monotone. This property does not carry
over to the first order h-box method with h-box values calculated by the interpolation
formula (3.3). Note also that none of these two first order accurate h-box methods
applied to Burgers’s equation leads to a monotone method.
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In the appendix we show stability for the second order accurate h-box method
applied to the advection equation. This proof is based on the stability theory of
Gustafsson, Kreiss, and Sundström [11].

5. Irregular grid calculation. In order to demonstrate the robustness of the
high-resolution h-box method we now apply the scheme to a completely arbitrary
grid; see Figure 4. By again assigning values to boxes of length h, we obtain a scheme
that remains stable for time steps appropriate for a uniform grid with grid cells of
length h. In this more general situation more than two grid cells may be overlapped
by an h-box. We assume that grid cells have the length hi = αih, with αi ≤ 1 for all
indices i. We will show that a generalization of the h-box method based on averaging
over piecewise linear values of the conserved quantities gives accurate results also in
this more difficult situation. We will need to use piecewise linear reconstructed values

Qi(x) = Qi +
Qi+1 −Qi

h(αi + αi+1)/2
(x− xi) for x ∈ [xi− 1

2
, xi+ 1

2
), i ∈ {m, l},(5.1)

Qj(x) = Qj +
Qj −Qj−1

h(αj + αj−1)/2
(x− xj) for x ∈ [xj− 1

2
, xj+ 1

2
), j ∈ {s, t}.(5.2)

The indices m, l and s, t indicate the grid cells that are only partly covered by the left-
(respectively, right-) going h-boxes that are constructed at the cell interfaces of grid
cell k. Slopes are needed only in these four cells because averaging over an entire cell
gives a value that is independent of the slope. Averaging over these piecewise linear
functions leads to the h-box values

QL
k− 1

2
=

k−1∑
i=m+1

αiQi +
(
1−

k−1∑
i=m+1

αi

)
·
[
Qm +

Qm+1 −Qm

αm + αm+1

( k−1∑
i=m

αi − 1
)]

,

QR
k− 1

2
=

s−1∑
i=k

αiQi +
(
1−

s−1∑
i=k

αi

)
·
[
Qs +

Qs −Qs−1

αs + αs−1

(
1−

s∑
i=k

αi

)]
,

QL
k+ 1

2
=

k∑
i=l+1

αiQi +
(
1−

k∑
i=l+1

αi

)
·
[
Ql +

Ql+1 −Ql

αl + αl+1

( k∑
i=l

αi − 1
)]

,

QR
k+ 1

2
=

t−1∑
i=k+1

αiQi +
(
1−

t−1∑
i=k+1

αi

)
·
[
Qt +

Qt −Qt−1

αt + αt−1

(
1−

t∑
i=k+1

αi

)]
.

(5.3)

5.1. Approximation of the advection equation on irregular grids. We
can show that these h-box values used in an upwind scheme (which is equivalent to
the first order wave propagation algorithm) lead to a consistent approximation of the
advection equation.

Proposition 3. The h-box method Qn+1
i = Qn

i −a �t
αih

(QL
i+ 1

2

−QL
i− 1

2

) with h-box

values defined by (5.3) leads to a first order accurate approximation of the advection
equation (with advection speed a > 0) on an irregular grid.

The proof is based on Taylor series expansion and may be found in the preprint
version of this paper [2]. Together with the stability result mentioned in section 4,
we obtain first order convergence of this h-box method on irregular grids using time
steps that satisfy CFLh ≤ 1.

Once the h-box values are defined we can apply the same second order correction
terms (3.8) at the cell interfaces of a completely irregular grid. With such an approach
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Fig. 4. Schematic description of the h-box method on a completely irregular grid.
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Fig. 5. Approximation of the advection equation on an irregular grid using the high-resolution
h-box method with h-box values calculated by linear interpolation. (a) numerical results on an irreg-
ular grid with h = 0.04; (b) log-log-plot of h versus L1-norm error as well as maximum-norm error
shows second order convergence.

we can expect second order convergence. Figure 5 shows numerical results for the
approximation of the advection equation on a sequence of irregular grids. The
initial values are set to q(x, 0) = sin(2πx) on the interval [0, 1]. Periodic boundary
conditions are imposed. A convergence study shows that our new high-resolution h-
box method converges with second order accuracy both in the L1-norm as well as the
maximum norm. The accuracy of this calculation compares well with the accuracy
of the standard wave propagation algorithm that was briefly described in section 2.
However, here we could use much larger time steps. In Figure 6, we show results
for the same test case, but here the h-box values were constructed by averaging over
piecewise constant values of the conserved quantity, i.e., the formally inconsistent
method described in section 3.1. Although we add second order correction terms
(which increases the accuracy) the resulting method is only first order accurate. This
is analogous to our analytical results for the simpler situation with only one small
cell.

5.2. Approximation of the Euler equations on irregular grids. In this sec-
tion we study the performance of the high-resolution h-box method for one-dimensional
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Fig. 6. Approximation of the advection equation on an irregular grid using an h-box method with
second order correction terms, where h-box values are calculated by averaging over piecewise constant
values of the conserved quantity. (a) numerical results on an irregular grid with h = 0.04; (b) log-
log-plot of h versus L1-norm error as well as maximum-norm error shows first order convergence.

Euler equations. The equations can be written in the form (1.1) with

q = (ρ, ρu,E), f(q) = (ρu, ρu2 + p, u(E + p)),

where ρ, p, E, and u describe the density, pressure, total energy, and the velocity,
respectively. The equation of state has the form

E =
p

γ − 1
+

1

2
ρu2.

First we consider the approximation of a test problem defined in Example 5.1 on an
irregular grid.

Example 5.1. We consider the numerical approximation of the one-dimensional
Euler equations on an irregular grid. The grid cells vary in size between h/10 and h.
The initial values are sufficiently smooth so that the solution does not develop shocks
over the time interval considered. Reflecting boundary conditions are imposed on the
left and right boundary. The computational domain is the interval [0, 1]. Our initial
values are

ρ(x, 0) = 1 + 0.4 sin
(π

2
+ xπ

)
, u(x, 0) = 0.25− (x− 0.5)2, p(x, 0) = 1.

The ratio of specific heats is set to γ = 1.4.
In Figure 7 we show numerical results for the approximation of Example 5.1

using our new high-resolution h-box method. A convergence study for density at
different time steps is shown in Table 5.1. Here we compare the numerical solution
for density on a sequence of irregular grids to a highly resolved reference solution
that was calculated on a regular spaced grid. We show results for both the unlimited
second order h-box method and a version using the minmod limiter. Next we consider
the approximation of a shock wave with the Euler equations.

Example 5.2. We consider the one-dimensional Euler equations with initial values
on the interval [0, 1] that have constant density ρ = 1 and constant pressure p = 1.
The velocity is set to u = 1 for x < 0.5 and u = −1 for x > 0.5. The ratio of specific
heats is γ = 1.05. The exact solution of this problem consists of two symmetric
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Fig. 7. Numerical results of density and pressure for Example 5.1 on an irregular grid (h =
0.02). The solid line shows a highly resolved reference solution calculated on a regular grid.

Table 5.1
Convergence study for Example 5.1. L1 error of density at different times as well as the ex-

perimental order of convergence (EOC) are shown. For this smooth test problem, we show results
for the unlimited second order h-box method as well as the limited h-box method using a minmod
limiter.

t=0.2 t = 0.4 t = 0.6 t = 0.8 t = 1

h/EOC L1 error of density (unlimited method)

0.02 1.1229d-4 1.544d-4 3.4573d-4 5.9017d-4 0.0014
0.01 2.9567d-5 4.2550d-5 9.4628d-5 1.7825d-4 4.2628d-4
EOC 1.92 1.86 1.87 1.73 1.72
0.005 7.7282d-6 1.1786d-5 2.5092d-5 5.1242d-5 1.3381d-4
EOC 1.94 1.89 1.91 1.80 1.67

h/EOC L1 error of density (using minmod limiter)

0.02 1.6893d-4 2.0212d-4 3.1620d-4 5.2083d-4 0.0012
0.01 5.6937d-5 6.5761d-5 1.1105d-4 1.9282d-4 3.6960d-4
EOC 1.57 1.62 1.51 1.46 1.70
0.005 1.6357d-5 2.1260d-5 4.5036d-5 7.6802d-5 1.2018d-4
EOC 1.80 1.63 1.30 1.33 1.62

shock waves that are propagating outwards. We use an irregular grid with grid cells
that may be smaller than h = 0.01 on the left half of the interval. For x > 0.5 the
grid is regular with mesh length �x = 0.01. We use time steps that correspond to
CFLh ≈ 0.9.

Figure 8 shows numerical results of Example 5.2 for the high-resolution h-box
method based on the linear interpolation formula. Our numerical results in Figure 8(a)
show that the limiters described in section 3.3 can suppress spurious oscillations near
the discontinuity. The approximation of the shock wave that is moving into the
region of the irregular grid is in good agreement with the symmetric shock wave that
is moving into the regular part of the grid. On the irregular grid the shock is smeared
out over more grid cells than on the regular grid. The reason for this more smeared
out shock profile is that a jump in the conserved quantities can influence several h-
box values. In Figure 8(b) we show the results obtained by the second order method
without limiters.

6. Approximation of transonic rarefaction waves. In this section we point
out that h-box methods can cause numerical difficulties in the approximation of tran-
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Fig. 8. Approximation of Example 5.2 on a grid that is irregular for x < 0.5 and regular
for x > 0.5. (a) plot of density with limiters; (b) plot of density without limiters. The solid line
indicates the exact solution.

sonic rarefaction waves that do not appear for standard Godunov-type methods on
regular or irregular spaced grids. To see this we first consider the approximation of
Burgers’s equation qt + (q2/2)x = 0 with initial values q(x, 0) = −0.5 for x ≤ 0.5 and
q(x, 0) = 0.5 for x > 0.5 on an irregular grid. The first order accurate fluxes at the
cell interface xi− 1

2
can be calculated by using the exact formula, i.e.,

Fi− 1
2

=




minQL

i− 1
2

≤q≤QR

i− 1
2

f(q) : QL
i− 1

2

≤ QR
i− 1

2

,

maxQR

i− 1
2

≤q≤QL

i− 1
2

f(q) : QR
i− 1

2

≤ QL
i− 1

2

,

with the flux f(q) = 1
2q

2. Figure 9(a) demonstrates that this method produces un-
physical oscillations around the sonic point. Note that in this section we use only first
order accurate methods to isolate this phenomenon from the flux limiting procedure.
The numerical problem can be avoided by using the Lax–Friedrichs flux, which has
at the interface xi− 1

2
the form

Fi− 1
2

=
1

2

(
f(QL

i− 1
2
) + f(QR

i− 1
2
)
)
+

h

2�t

(
QL

i− 1
2
−QR

i− 1
2

)
.

See Figure 9(b) for numerical results.
The same effect can also be observed in the approximation of a transonic rarefac-

tion wave for the Euler equations. To see this we consider a shock tube problem for
which the solution consists of a right-moving shock wave, a contact discontinuity, and
a left-moving transonic rarefaction wave. The initial values are ρ = 1, u = 0.75, p = 1
for x ≤ 0.3 and ρ = 0.125, u = 0, p = 0.1 for x > 0.3. The ratio of specific heats
is γ = 1.4. For the numerical approximation we used a Roe–Riemann solver with
standard entropy fix for transonic rarefaction waves. The results of this calculation
are shown in Figure 10. The numerical solution shows some oscillations around the
sonic point; see Figure 10(b) for a closer view of the region around the sonic point.
If the fluxes at the cell interfaces are again calculated by the Lax–Friedrichs method
this numerical problem does not arise; see Figure 11.

In the preprint [2] of this paper, we studied the entropy consistency of the h-
box method for the approximation of Burgers’s equation. For the h-box method with
Godunov flux, we showed that a discrete entropy inequality is satisfied away from sonic
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Fig. 9. Approximation of a transonic rarefaction wave solution for Burgers’s equation on an
irregular grid. (a) h-box method based on Godunov flux; (b) h-box method based on Lax–Friedrichs
flux.
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Fig. 10. Approximation of a shock tube problem for the Euler equations. (a) plot of density
obtained by first order Roe solver with entropy fix; (b) zoom of density around sonic point.

points. This implies that the numerical solution converges to the entropy consistent
weak solution of the conservation law. We showed that this discrete entropy inequality
can be violated at a sonic point. While this does not give us any prediction whether
or not the method is entropy consistent at the sonic point, it is interesting to note
that this is exactly the case where the h-box method leads to numerical difficulties.
We plan to further investigate the entropy consistency of h-box methods in order to
develop an entropy fix that is less dissipative than the Lax–Friedrichs method and
that can be extended to a high-resolution method.

7. Higher-dimensional irregular grid calculations. Now we will consider
two-dimensional systems of conservation laws in the form

∂

∂t
q(x, y, t) +

∂

∂x
f(q(x, y, t)) +

∂

∂y
g(q(x, y, t)) = 0.(7.1)

The simplest way to extend a one-dimensional method for conservation laws to mul-
tidimensional problems is to use dimension splitting. Equation (7.1) would be ap-
proximated by solving one-dimensional subproblems in an alternating way. The high-
resolution one-dimensional h-box method could be used in each substep.
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Fig. 11. Approximation of a shock tube problem for the Euler equations. (a) plot of density
obtained by Lax–Friedrichs method; (b) zoom of density around sonic point.

Instead of using a dimensional splitting approach, we will here develop a two-
dimensional h-box method that is based on the multidimensional wave propagation
algorithm [17], [18]. We assume that the reader is familiar with the two-dimensional
wave propagation algorithm and with the notation used below. As a first step in this
approach we solve one-dimensional Riemann problems normal to each cell interface.
Based on formula (3.6), which describes the one-dimensional h-box method, we obtain

Qn+1
ij = Qn

ij +�up
ij

= Qn
ij −

�t

�xi

(
A+�Q̂i− 1

2 ,j
+A−�Q̂i+ 1

2 ,j
+ f(QL

i+ 1
2 ,j

)− f(QR
i− 1

2 ,j
)
)

− �t

�yj

(
B+�Q̂i,j− 1

2
+ B−�Q̂i,j+ 1

2
+ g(QL

i,j+ 1
2
)− g(QR

i,j− 1
2
)
)
.

(7.2)

The method (7.2) is stable for time steps that satisfy CFLh ≤ 1
2 . Second order

correction terms of the form (3.8) can be included in x as well as in y direction, which
leads to a method of the form

Qn+1
ij = Qn

ij +�up
ij − �t

�xi

(
F̂ 2
i+ 1

2 ,j
− F̂ 2

i− 1
2 ,j

)
+

�t

�yj

(
Ĝ2

i,j+ 1
2
− Ĝ2

i,j− 1
2

)
.(7.3)

The second order correction terms are again obtained by using the waves and speeds
calculated from solving Riemann problems defined by h-box values. Limiters are used
in exactly the same form as described earlier for the one-dimensional case.

In addition to fluxes in the normal direction, the multidimensional wave propaga-
tion algorithm also calculates waves that are moving in a transverse direction. For the
usual wave propagation scheme one has QL

i+ 1
2 ,j

= QR
i− 1

2 ,j
and QL

i,j+ 1
2

= QR
i,j− 1

2

. In this

case the transverse propagation of waves can be obtained by a decomposition of the
flux differences A±�Q, B±�Q into transverse fluctuations. For the h-box method
this transverse propagation has to be modified. In order to explain the transverse
propagation we consider the two-dimensional advection equation

∂

∂t
q(x, y, t) + a

∂

∂x
q(x, y, t) + b

∂

∂y
q(x, y, t) = 0, a, b > 0.

Assuming first that �xi = h and �yj ≤ h, the change of the cell average of the
conserved quantity q in grid cell (i, j) due to the first order update in the x-direction
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Fig. 12. Different possibilities for transverse propagation of a right-moving wave for the ad-
vection equation on a nonuniform Cartesian grid.

has the form

− �t

�xi
A+�Qi− 1

2 ,j
= −�t

h
a(Qn

i,j −Qn
i−1,j).(7.4)

Since we assume that the advection speed a in the x-direction is positive, there is no
wave that moves into this cell from the right cell interface. Furthermore, the difference
f(QL

i+ 1
2 ,j

) − f(QR
i− 1

2 ,j
) vanishes in the case �xi = h. In the two-dimensional case a

part of the right-moving flux difference A+�Q should affect other grid cells. This
is indicated in Figure 12. The shaded regions indicate the influence of the jump
Qij − Qi−1,j (initially located at the left cell interface) due to the solution of the
Riemann problem in the normal direction. In a multidimensional method the solution
of the Riemann problem at the interface xi− 1

2
should not affect only the cell average

of the conserved quantities in the grid cell (i− 1, j) and (i, j). It should also have an
effect on grid cells in the tangential direction. In the situation shown in Figure 12(a),
the triangular portion of the wave describes the fraction that should affect the grid cell
(i, j + 1). The transverse propagation of the wave considered in Figure 12(a) should
change the cell average of the conserved quantity in grid cell (i, j) by the amount

(�t)2

�xi�yj

1

2
bA+�Qi− 1

2 ,j
=

(�t)2

�xi�yj

1

2
B+A+�Qi− 1

2 ,j
.

The change of the cell average of the conserved quantity in cell (i, j + 1) due to the
transverse propagation of this wave has the form

− (�t)2

�xi�yj+1

1

2
B+A+�Qi− 1

2 ,j
.

The notation B±A±�Q was introduced in [18] to describe transverse propagations
of left- and right-moving flux differences. For the wave propagation algorithm with
time step restriction CFL ≤ 1 the transverse propagation has always the triangular
form depicted in Figure 12(a), even if the grid is irregular. Since the transverse
propagation approximates terms that are needed in order to obtain second order
accuracy, we include those terms into the second order correction terms used in (7.3).
The up-going flux difference B+A+�Qi− 1

2
contributes to the G̃ term in the form of

an update

Ĝ2
i,j+ 1

2
:= Ĝ2

i,j+ 1
2
− 1

2

�t

�xi
B+A+�Qi− 1

2 ,j
.
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For our h-box method we have to extend the transverse propagation to allow also
wave propagation of other forms, for instance those shown in Figures 12(b) or (c). For
the situation shown in Figure 12(b) the update of the flux G̃ due to the transverse
propagation has the form

Ĝ2
i,j+ 1

2
:= Ĝ2

i,j+ 1
2
− �t− 1

2�yj/b

b�t�xi
�yjB+A+�Qi− 1

2 ,j
.

In the situation shown in Figure 12(c), the transverse propagation of A+�Qi− 1
2 ,j

leads to an update of Ĝ2
i,j+ 1

2

as well as Ĝ2
i,j+ 3

2

, depending on the fraction of the wave

considered. As demonstrated in these examples, simple geometric routines can be used
to calculate the fraction of the waves that determine the change of the cell average
of the conserved quantity due to the transverse propagation. Note that the wave
speed in the normal direction (i.e., a in our example) is present in the fluctuations
A±�Q. In order to calculate the transverse propagations no other information from
the structure of the Riemann problem in the normal direction is needed. Therefore,
even for a system of conservation laws, we have only to decompose the left- and right-
moving flux differences, instead of decomposing each wave resulting from the Riemann
problem in the normal direction separately.

So far we have assumed that �xi = h. If �xi < h, we want to use the one-
dimensional h-box method in order to calculate the fluxes in the normal direction.
The transverse propagation will take a very similar form as discussed above. Now we
could interpret the grid cells (i, j), (i, j+1) shown in Figure 12 as h-boxes constructed
at the interface xi− 1

2
. The transverse propagation of waves should again depend on the

fraction of the wave that moves through the h-box considered. This can be calculated
in exactly the same way as described above for the case �xi = h. In order to obtain
the correct cancellation property needed for a stable update, we have to include the
terms f(QL

i+ 1
2 ,j

) and f(QR
i− 1

2 ,j
) that arise in (7.2) into our transverse propagation.

Motivated by (2.1), (2.2) we do this by applying an update of the form

A+�Qi− 1
2 ,j

:= A+�Qi− 1
2 ,j

− f(QR
i− 1

2
),

A−�Qi− 1
2 ,j

:= A−�Qi− 1
2 ,j

+ f(QL
i− 1

2
)

before we calculate the change of the fluxes Ĝ2. For our example of the advection
equation with positive advection speeds, this update of A±�Q has the effect that
A−�Q is no longer equal to zero. Moreover, the fraction of the wave that is prop-
agated in the transverse direction depends only on the size of the grid cells and the
speed b. Therefore, our transverse propagation has the effect that a fraction of the
update used in (7.3) is propagated in the transverse direction. The update, which
describes the wave propagation in the x-direction was already constructed to be of
the order O(�x) with �x ≤ h. Our transverse propagation allows that at most a
fraction of magnitude O(�y) (�y ≤ h) is propagated in the transverse direction.
(See, for instance, Figure 12(c).) Therefore, our transverse propagation satisfies the
cancellation property. The transverse propagation of B+�Q also has to be included in
an analogous way. By including the transverse propagation into our two-dimensional
h-box method, we obtain stability for time steps that satisfy the condition CFLh ≤ 1.

A transverse propagation of the second order correction (3.8) can be included
into the transverse propagation in the same form as it was discussed for the wave
propagation algorithm in [18]. This further increases the accuracy of the method. It
was used in our test calculations below.
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Fig. 13. Approximation of Example 7.1. (a) The grid for a discretization with h = 0.02; (b)
contour plot of the solution using the two-dimensional h-box approach with h = 0.01 and CFLh ≈ 0.9;
(c) convergence study for irregular grid clawpack algorithm, CFL ≈ 0.9; (d) convergence study for
h-box method, CFLh ≈ 0.9 (o-symbol: error in L1-norm; +-symbol: error in maximum norm).

We now demonstrate the performance of our two-dimensional high-resolution h-
box method for the approximation of the advection equation. We will compare the
numerical results obtained for this h-box scheme with results obtained using the stan-
dard high-resolution clawpack algorithm for irregular grid calculations. The latter
method requires the time step restriction CFL ≤ 1, while the h-box method is stable
for time steps that satisfy CFLh ≤ 1. We first study the accuracy for the two-
dimensional advection equation.

Example 7.1. We consider the approximation of the advection equation qt + qx +
qy = 0, with initial values q(x, y, 0) = sin(2πx) cos(2πy) on the domain [0, 1] × [0, 1].
We impose periodic boundary conditions. The grid contains two lines as well as two
columns of grid cells with height (respectively, width) 0.1h and 0.9h. All other grid
cells have the size h× h. See Figure 13(a) for a plot of a fraction of the grid.

Test calculations for Example 7.1 confirm that the h-box method leads to sec-
ond order accurate approximations also in this multidimensional application. In Fig-
ure 13(d) we document the experimental order of convergence of the h-box method
in both the L1-norm (depicted by o-symbols) as well as in the maximum norm (+-
symbols). For this grid, inaccuracies near the small cells would be displayed in the
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Fig. 14. (a) Contour plot of density obtained by the high-resolution wave propagation algorithm
on a uniform grid with h = 0.005; (b) contour plot of density obtained with high-resolution h-box
method, h = 0.005. We used the monotonized centered limiter.

maximum norm rather than in the L1-norm. However, in both norms the experimen-
tal order of convergence is about 2. The results for the h-box method compare well
with numerical results obtained with the standard wave propagation algorithm with
appropriate modifications that allow the approximation on a nonuniform grid. Both
schemes converge with second order, but the error is slightly smaller if we use the
h-box method. This is due to the numerical viscosity, since the time step restriction
CFL ≈ 0.9 for the wave propagation algorithm leads away from the small cell to time
steps that correspond to CFL ≤ 0.1.

Our two-dimensional h-box method can be extended to systems of conservation
laws in the same way as the standard wave propagation algorithm. The modifications
described above now have to be applied to each wave resulting from the decomposition
of the left- (respectively, right-) going flux differences into up- and down-going waves.
In our last example we consider the approximation of a two-dimensional Riemann
problem for the Euler equations, as studied in [27]. This same example was considered
in [18], where results of clawpack calculations on a uniform grid are shown. The
initial values are piecewise constant in four quadrants, and the solution of each single
Riemann problem is a shock wave. Due to the interaction a complex solution structure
is obtained. For this calculation we have, in addition to the regular grid cells of the
size h× h, 10 lines and 10 columns with height (respectively, width) varying between
0.1h and 0.9h. Our solution on a nonuniform grid calculated by the high-resolution
h-box method with h = 0.005 compares well with those obtained on a regular grid; see
Figure 14. The shock waves are equally well approximated with both methods. Slight
differences are visible only at the unstable contact lines, which are very sensitive to
the numerical method; see also [18], where it was shown that different limiters have
quite a large impact on the approximation.

8. Conclusions. We studied high-resolution h-box methods for the approxima-
tion of hyperbolic systems of conservation laws on irregular grids and showed that the
definition of the h-box values is important in order to construct accurate schemes. In
forthcoming work we will use this to construct a new two-dimensional high-resolution
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Fig. 15. Notation for GKS stability, with one small cell in the middle.

h-box scheme for the approximation of conservation laws with embedded irregular
boundaries. So far there is no Cartesian grid embedded boundary method that leads
to a second order accurate approximation at boundary cells. Further work will also
concentrate on the entropy consistency of h-box methods and the approximation of
transonic rarefaction waves.

Appendix A. Stability of the second order h-box method. In this ap-
pendix we prove the stability of the second order h-box scheme for qt = qx using
linear interpolation according to the theory of Gustafsson, Kreiss, and Sundström
[11] (henceforth GKS). We treat the small cell with mesh width αh as a boundary
condition for the Lax–Wendroff scheme applied on either side of the small cell, using
the notation of Figure 15. Here the conserved quantity assigned to the right h-box
at the interface x− 1

2
is denoted by V0. The left h-box value at the interface x 1

2
is

U0. The derivation of the stability condition for the update of the small cell is similar
to those used in Berger [1], where stability for schemes with local grid refinement was
analyzed.

Both U and V are computed using the second order Lax–Wendroff scheme,

Un+1
j = Un

j + λ/2(Un
j+1 − Un

j−1) + λ2/2(Un
j+1 − 2Un

j + Un
j−1), j ≥ 1,

V n+1
j = V n

j + λ/2(V n
j+1 − V n

j−1) + λ2/2(V n
j+1 − 2V n

j + V n
j−1), j ≤ −1,

(A.1)

with λ = �t
h . Using the approach of [1], we look for solutions of the form

Un
j = ρκjzn, |κ| ≤ 1, j = 1, 2, . . . ,

V n
j = στ jzn, |τ | ≥ 1, j = −1,−2, . . . .

(A.2)

With this numbering, for l2 solutions the root κ of the characteristic equation for
U on the right side has magnitude less than 1, and τ has magnitude greater than 1.
Roughly speaking, the scheme is unstable if and only if there are l2 solutions satisfying
the interpolation conditions with growth in time |z| > 1.

The linear interpolation conditions (3.3) give us

U0 =
1− α

1 + α
V−1 +

2α

1 + α
W, V0 =

1− α

1 + α
U1 +

2α

1 + α
W,(A.3)
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where the small cell, labeled W above, satisfies the “small cell” version of Lax–
Wendroff,

Wn+1 = Wn +
∆t

αh

[
U0 + U1

2
+

∆t

2h
(U1 − U0)− V0 + V−1

2
− ∆t

2h
(V0 − V−1)

]
.(A.4)

The characteristic equation for W is Wn = ŵzn. We normalize the equations and take
ŵ = 1. Substituting the characteristic roots for U, V into the interpolation conditions
(A.3) gives

ρ =
1− α

1 + α
στ−1 +

2α

1 + α
, σ =

1− α

1 + α
ρκ +

2α

1 + α
.(A.5)

Equation (A.5) is easily solved for ρ and σ, giving

ρ =
2α
(
1 + α + (1− α)τ−1

)
(1 + α)2 − (1− α)2κτ−1

, σ =
2α (1 + α + (1− α)κ)

(1 + α)2 − (1− α)2κτ−1
.(A.6)

Substitution of the resolvent equations for U and V into (A.4) gives

z = 1 +
λ

2α

[
ρ(1 + κ) + λρ(κ− 1)− σ(1 + τ−1)− λσ(1− τ−1)

]
.(A.7)

We use (A.5) to replace ρ and σ in terms of στ−1 and ρκ. Also, for a given mesh
width h on both the left and right, it is easily seen that the product of the roots κ
and τ are κτ = λ−1

λ+1 , so τ−1 can be replaced using κ. Thus, (A.7) simplifies to

z = 1− 2λ2

1 + α
+

λ(1 + λ)

1 + α
κ(ρ + σ).(A.8)

We call this root condition for the stability of the small cell scheme with Lax–Wendroff.
If there are roots z with |z| > 1 and κ, τ−1 with magnitude less than or equal to 1,
satisfying (A.8), then by the GKS theory the scheme is unstable. Conversely, if there
are no such roots, the scheme is stable. As in [1], we will use the maximum principle
to reduce the range of values we need to check for stability.

To see that the maximum principle applies, we will show that the right-hand side
of (A.8), call it f(z), has no singularities for |z| ≥ 1 and is bounded as z → ∞. First

note that f(z) = (1 − 2λ2

1+α ) + λ(1+λ)
1+α κ(ρ + σ) has no branch points for |z| ≥ 1. This

is because the roots κ, τ satisfy the Lax–Wendroff characteristic equation for (A.1),

z = 1 +
λ

2
(η − η−1) +

λ2

2
(η − 2 + η−1),(A.9)

which lead to a quadratic equation for η with roots

η1,2 =
z − 1 + λ2 ±√(z − 1)2 + λ2(2z − 1)

λ(λ + 1)
.(A.10)

One of the roots is always inside the unit circle, and the other one is outside the unit
circle; see [11, Lemma 6.1]. The root inside the unit circle is the root we call κ above,
and τ is the root that is outside the unit circle.

The square root term of (A.10) is zero only for z = 1− λ, which being inside the
unit circle is outside the region of interest, so there are no branch points for |z| > 1.
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Fig. 16. Locus of values of f(z) for |z| = 1; all values lie inside or on the unit circle.

Also, note from (A.10) that as z → ∞, the root τ grows like 2z
λ2+λ , so the root κ grows

like λ(λ−1)
2z , which is clearly bounded for large z. So the maximum principle applies.

Thus f(z) attains its maximum value on the circle |z| = 1. The next step then is
to examine the magnitude of f(z) for values of z on the unit circle. Since we can show
only analytically that f(z) ≤ 1 for λ > 0.5, we instead evaluate f(z) numerically, for
0 ≤ α ≤ 1, and 0 < λ ≤ 1, on the unit circle for z = eiθ, 0 ≤ θ ≤ 2π. Figure 16 shows
the locus of values of f(z), where the unit circle is also drawn. As the figure and some
algebra shows, only for z = 1, λ = 0, and z = −1, λ = 1, does z = f(z).

Examining the first value z = 1 = f(z), we have λ = 0, or equivalently ∆t = 0,
so Qn+1 = Qn (with Q ∈ {U, V,W}), which is clearly a stable solution. For the
other case, we have z = −1 = f(z), whose only solution (again using some numerical
evaluation and some algebra) is λ = 1, α = 0. But α = 0 corresponds to the usual
Lax–Wendroff scheme without the small cell, and λ = 1 for this case is straight copying
of the solution (κ = 0, τ = −1). Again this is stable.

Since Lax–Wendroff is a second order method, the use of linear interpolation with
O(h2) error on a lower-dimensional set of points is reasonable. However, one might
consider the use of quadratic interpolation for U0, V0. The next question is what
stencil to use for the quadratic interpolant. Using the notation of Figure 15, one
might consider using the same interpolant based on V−1, W , and U1 to get both U0

and V0. However, this choice reduces the stability region to λ < .5. If instead the
interpolant for U0 uses the surrounding points V−1 and W , and the third point is
always the upwind point V−2, full stability for a Courant number of λ ≤ 1 is retained
for all small cells with 0 < α < 1.
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