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Galois conjugation relates unitary conformal field theories and topological quantum field theories (TQFTs)
to their nonunitary counterparts. Here we investigate Galois conjugates of quantum double models, such as the
Levin-Wen model. While these Galois-conjugated Hamiltonians are typically non-Hermitian, we find that their
ground-state wave functions still obey a generalized version of the usual code property (local operators do not act
on the ground-state manifold) and hence enjoy a generalized topological protection. The key question addressed
in this paper is whether such nonunitary topological phases can also appear as the ground states of Hermitian
Hamiltonians. Specific attempts at constructing Hermitian Hamiltonians with these ground states lead to a loss of
the code property and topological protection of the degenerate ground states. Beyond this, we rigorously prove
that no local change of basis can transform the ground states of the Galois-conjugated doubled Fibonacci theory
into the ground states of a topological model whose Hermitian Hamiltonian satisfies Lieb-Robinson bounds.
These include all gapped local or quasilocal Hamiltonians. A similar statement holds for many other nonunitary
TQFTs. One consequence is that these nonunitary TQFTs do not describe physical realizations of topological
phases. In particular, this implies that the “Gaffnian” wave function can not be the ground state of a gapped
fractional quantum Hall state.
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I. INTRODUCTION

Galois conjugation, by definition, replaces a root of a
polynomial by another one with identical algebraic properties.
For example, i and −i are Galois conjugate (consider z2 +
1 = 0) as are φ = 1+

√
5

2 and − 1
φ

= 1−
√

5
2 (consider z2 − z −

1 = 0), as well as 3
√

2, 3
√

2e2π i/3, and 3
√

2e−2π i/3 (consider
z3 − 2 = 0). In physics, Galois conjugation can be used to
convert nonunitary conformal field theories (CFTs) to unitary
ones, and vice versa. One famous example is the nonunitary
Yang-Lee CFT, which is Galois conjugate to the Fibonacci
CFT (G2)1, the even (or integer-spin) subset of su(2)3.

In statistical mechanics, nonunitary conformal field theories
have a venerable history.1,2 However, it has remained less clear
if there exist physical situations in which nonunitary models
can provide a useful description of the low-energy physics of
a quantum mechanical system; after all, Galois conjugation
typically destroys the Hermitian property of the Hamiltonian.
Some non-Hermitian Hamiltonians, which surprisingly have
totally real spectrum, have been found to arise in the study
of PT -invariant one-particle systems3 and in some Galois-
conjugate many-body systems4 and might be seen to open the
door a crack to the physical use of such models.

Another situation, which has recently attracted some
interest, is the question as to whether nonunitary models
can describe one-dimensional (1D) edge states of certain
two-dimensional (2D) bulk states (the edge holographic for
the bulk), in particular, for certain fractional quantum Hall
states. The first such proposal came in the form of the
Haldane-Rezayi wave function5 to describe the ν = 5/2
quantum Hall state. However, it turns out that the latter
does not describe a gapped topological phase. A more
recent proposal is the “Gaffnian” wave function proposed
to describe a gapped fractional quantum Hall (FQH) state
albeit with a nonunitary “Yang-Lee” CFT describing its
edge.6–9 We conclude here that this is not possible, further

restricting the possible scope of nonunitary models in quantum
mechanics.

We reach this conclusion quite indirectly. Our main thrust
is the investigation of Galois conjugation in the simplest
non-Abelian Levin-Wen model.10 This model, which is also
called “DFib,” is a topological quantum field theory (TQFT)
whose states are string nets on a surface labeled by either
a trivial or “Fibonacci” anyon. From this starting point, we
give a rigorous argument that the “Gaffnian” state can not
be locally conjugated to the ground state of any topological
phase, within a Hermitian model satisfying Lieb-Robinson
(LR) bounds11 (which includes, but is not limited to, gapped
local and quasilocal Hamiltonians).

Lieb-Robinson bounds are a technical tool for local lattice
models. In relativistically invariant field theories, the speed of
light is a strict upper bound to the velocity of propagation.
In lattice theories, the LR bounds provide a similar upper
bound by a velocity called the LR velocity, but in contrast
to the relativistic case, there can be some exponentially small
“leakage” outside the light cone in the lattice case. The Lieb-
Robinson bounds are a way of bounding the leakage outside
the light cone. The LR velocity is set by microscopic details
of the Hamiltonian, such as the interaction strength and range.
Combining the LR bounds with the spectral gap enables us to
prove locality of various correlation and response functions.
We will call a Hamiltonian a Lieb-Robinson Hamiltonian if it
satisfies LR bounds.

We work primarily with a single example, but it should
be clear that the concept of Galois conjugation can be widely
applied to TQFTs. The essential idea is to retain the particle
types and fusion rules of a unitary theory, but when one comes
to writing down the algebraic form of the F matrices (also
called 6j symbols), the entries are now Galois conjugated. A
slight complication, which is actually an asset, is that writing
an F matrix requires a gauge choice, and the most convenient
choice may differ before and after Galois conjugation.
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FIG. 5. Edge labeling for a plaquette of the ladder lattice.

The finite-size gap of the Hermitian model H Herm is again
found to vanish in the thermodynamic limit, showing a linear
dependence on the inverse system size as shown in Fig. 4(b).
To further demonstrate the fragility of these gapless ground
states against local perturbations, we add a string tension20

H pert = Jr

∑

rungs r

δl(r), τ (13)

favoring the trivial label l(r) = 1 on each rung of the ladder.
We parametrize the couplings of the competing plaquette and
rung terms as

Jr = sin θ and Jp = cos θ,

where θ = 0 corresponds to the unperturbed Hamiltonian. The
phase diagrams as a function of θ have been mapped out for
both the DFib model20 and the DYL model,4 respectively.

By directly probing the topological order in the DYL
model and its Hermitian counterpart, we show the lifting of
their respective ground-state degeneracies in Figs. 6 and 7
when including a string tension. We find a striking qualitative
difference between these two models: For the DYL model,
the lifting of the ground-state degeneracy is exponentially
suppressed with increasing system size, characteristic of a
topological phase. For the Hermitian model, on the other
hand, we find a splitting of the ground-state degeneracy
proportional to JrL. The linear increase with both system
size and coupling can be easily understood by the different
matrix elements of the string tension term on a single rung for
the two degenerate ground-states of the unperturbed model.
Plotting the low-energy spectrum in Fig. 7 clearly shows that
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FIG. 6. (Color online) Ground-state degeneracy splitting of the
non-Hermitian doubled Yang-Lee model when perturbed by a string
tension (θ != 0). This figure can be reproduced using the VisTrails33

workflow Fig. 6 included in the Supplementary Material.37
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FIG. 7. (Color online) Ground-state degeneracy splitting of the
Hermitian model H Herm, the counterpart to the DYL model, when
perturbed by a string tension (θ != 0) (a). The slope of the splitting
around the unperturbed model (θ = 0) is given in the inset (a) for
different system sizes L. (b) Shows the low-energy spectrum, which
clearly shows that the degeneracy at θ = 0 is due to a level crossing.
This figure can be reproduced using the VisTrails33 workflows
Figs. 7(a) and 7(b) included in the Supplementary Material.37

the twofold degeneracy of the unperturbed Hermitian model
arises from a (fine-tuned) level crossing. Similar behavior is
found in the honeycomb lattice model (not shown).

Considering the model in a wider range of couplings,
as shown in Fig. 8, further striking differences between the
non-Hermitian DYL model and its Hermitian counterpart are
revealed: The DYL model exhibits two extended topological
phases around θ = 0 and θ = π/2 (with two and four
degenerate ground states, respectively), which are separated by
a conformal critical point at precisely θc = π/4 as discussed
extensively in Refs. 4 and 20. In contrast, the Hermitian
model H Herm exhibits no topological phase anywhere, and
the intermediate coupling θ = π/4 does not stand out.

IV. ABSENCE OF NONUNITARY TOPOLOGICAL PHASES
IN UNITARY MODELS

So far, we have considered a specific set of Hermitian
models constructed to have the same ground states as a
non-Hermitian parent model and found that they no longer
exhibit a topological phase. This raises the question as to
whether this observation points to a deeper principle, which
we investigate in this section in rigorous mathematical terms.
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that, for sufficiently large l, the error ‖UsP (0)U †
s − P (s)‖ is

exactly zero.

C. Proof of absence

Examined in detail, the ground-state manifold GG and the
projector P G that defines it depend on (1) the number and
location (!) within the two-sphere S2 of the anyons, (2) the
anyon particle type (a kind of boundary condition), and (3) the
(possibly nonunitary) trivalent vertex normalization f : L3 →
C\0 or gauge choice, L being the label set. For Fib, DFib, and
their Galois conjugates and time reversals (represented by¯ ), f
is always symmetric and satisfies a consistency relation with
the F symbols: suppose {F̃ ijk

l;nm} are new 6j symbols from
{F ijk

l;nm} by a gauge change {f (a,b,c)},a,b,c ∈ L, then

F̃
ijk
l;nm = F

ijk
l;nm · f (j,k,n)f (i,n,l)

f (i,j,m)f (m,k,l)
.

Except that it would unpleasantly cluster the notation, we
should write GG

n,!,f and P G
n,!,f . The detailed position ! of

the anyons within the lattice model is important to us since our
proof will work with the entire “braid groupoid” Bn. In fact, we
treat ! as a continuous variable on a compact space of 2n (real)
dimensions. This moduli space of anyon position is compact
since distinct anyons are not permitted to closely approach. The
elements of Bn are oriented paths of n-distinct (marked and
framed) points in R2, which compose only when end points
match. Bn represents in a large but finite-dimensional Hilbert
space H of microscopic degrees of freedom on S2, the north
pole serving as a standard ∞ for R2. The vertex normalization
f is also important within the proof. As we have already seen,
the symmetric normalization yields a TQFT with all definite
Hilbert spaces (although some are positive definite and others
are negative definite). The proof of Theorem IV.5 requires as
a “kernel” a single Hilbert space on which a nonsingular form
of mixed signs is preserved by Bn. With this kernel in hand,
the proof actually covers all vertex normalizations f .

Definition IV.4. We call an operator L range r if it is
supported on a ball of diameter r . Also, we use the same
term for sums of such operators. Similarly, an operator is
called weakly range r (in either sense) if it is range r up
to exponentially small corrections. We say that an operator
is short range if it is supported on a ball of diameter small
compared to system size.

We say an operator O is a local normalizer iff there is some
constant c that is small compared to system size such that
OLO−1 is range r + c whenever L is range r . We say that an
operator is a weakly local normalizer iff there is some constant
c that is small compared to system size such that OLO−1 is
weakly range r + c whenever L is range r .

A uniform family of (weakly) local normalizers O" is a
parameter-dependent family of operators such that O"LO−1

"

is (weakly) range r + c whenever L is (weakly) range r , with
a uniform bound on the exponentially small corrections and on
the constant c, and such that whenever |" − "′| ! O(1), the
product O"O−1

"′ is a product of at most O(1) operators, which
are all (weakly) range r and are not necessarily the same, for
some r which is O(1). An example of a local normalizer is
a finite-depth quantum circuit of invertible (not necessarily

unitary) local operators. An example of a uniform family of
local normalizers is a family of finite-depth quantum circuits
of invertible local operators, such that an O(1) change in the
parameter changes only O(1) different operators in the circuit;
for the applications we have in mind, one should imagine that
the parameter " refers to different anyon positions and that
changing " changes the circuit only near the anyon positions.

In the definition of weakly local normalizer, it will be
important to define how we quantify the error term in the
approximation by a bounded range operator. The natural
way to do this would be to require that the error term
be small in operator norm compared to the operator norm
of OLO−1. However, for technical reasons, for use later
we will be interested in what we call a g.s. weakly local
normalizer (g.s. stands for ground state). In this case, we
consider certain operators M(i), which have the property that
M(i) is bounded range and exactly maps the ground-state
subspace of some non-Hermitian Hamiltonian to the ground-
state subspace of some other non-Hermitian Hamiltonian, with
M(i)†M(i) exactly preserving the ground-state subspace of the
first non-Hermitian Hamiltonian and having its ground-state
expectation value equal to its norm. Then, we require that the
error term be small in operator norm compared to the norm
|O"(i+1)M(i)O−1

"(i)ψ | for ψ in the ground state of some other
Hermitian Hamiltonian (this ground-state subspace is obtained
by applying O to the ground-state subspace of the Hermitian
Hamiltonian). Note that if O were an isometry, then the norm
|O"(i+1)M(i)O−1

"(i)ψ | would equal the norm of M and so this
would reduce to the more natural definition. Note also that any
local normalizer is a g.s. weakly local normalizer.

Theorem IV.5. Fixing the number n " 5 and particle type
τ ⊗ τ of DFib anyons on S2 and any vertex normalization f ,
there can be no continuous uniform ! family of (g.s. weakly)
local normalizer operators O!: H → H, so that O!GG

n,!,f

is, for all anyon positions !, the ground-state manifold of
a uniformly Lieb-Robinson and uniformly gapped family of
Hermitian Hamiltonians H (!) defining a topological phase
[see Eq. (1)].

Proof. The theorem uses the notation of Ref. 21 to
describe the anyons in DFib. For now, fix the algebraic vertex
normalization λ = f . Below, we may suppress ! and f from
the notation when they play no role. #

Suppose O! exists, then O!GG
! is a family of code

subspaces, and for ! near !′, the subspaces are connected up to
exponentially small discrepancy by a local unitary U!,!′ (these
are the Us of Lemma IV.3). Writing DFibGf ∼= FibGf ⊗ Fib

G
f

(one may think DFib describes a bilayer), let us recall a
theorem stated in Ref. 23 for the right-hand factor FibG

f ,
where f is the algebraic normalization. (Note: While DFibG

f

is a theory of string nets on the surface S2, with boundary
conditions at anyons, FibGf is the corresponding string-net
theory28 in the 3-ball with boundary S2. Thus, the function
f gauging vertices acts compatibly in both theories.)

Now, according to Ref. 23, Corollaries 1.2.4 and 1.2.6, for
n " 5, the Jones representation ρ on the topologically defined
Hilbert space VR of ground states for FibG is (analytically)
dense in a noncompact special unitary group (preserving
a Hermitian metric of mixed signs) SU(p,q) := SU[(X,n ·
1,0,e

4π i
5 )] ∼= SU[(X,n · 2,0,e4π i/5)].
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The finite-size gap of the Hermitian model H Herm is again
found to vanish in the thermodynamic limit, showing a linear
dependence on the inverse system size as shown in Fig. 4(b).
To further demonstrate the fragility of these gapless ground
states against local perturbations, we add a string tension20

H pert = Jr

∑

rungs r

δl(r), τ (13)

favoring the trivial label l(r) = 1 on each rung of the ladder.
We parametrize the couplings of the competing plaquette and
rung terms as

Jr = sin θ and Jp = cos θ,

where θ = 0 corresponds to the unperturbed Hamiltonian. The
phase diagrams as a function of θ have been mapped out for
both the DFib model20 and the DYL model,4 respectively.

By directly probing the topological order in the DYL
model and its Hermitian counterpart, we show the lifting of
their respective ground-state degeneracies in Figs. 6 and 7
when including a string tension. We find a striking qualitative
difference between these two models: For the DYL model,
the lifting of the ground-state degeneracy is exponentially
suppressed with increasing system size, characteristic of a
topological phase. For the Hermitian model, on the other
hand, we find a splitting of the ground-state degeneracy
proportional to JrL. The linear increase with both system
size and coupling can be easily understood by the different
matrix elements of the string tension term on a single rung for
the two degenerate ground-states of the unperturbed model.
Plotting the low-energy spectrum in Fig. 7 clearly shows that

-0.1 -0.05 0 0.05 0.1
coupling parameter   θ / π

0 0

1 1

2 2

3 3

gr
ou

nd
-s

ta
te

 d
eg

en
er

ac
ry

 s
pl

itt
in

g 
  (

E
1-E

0) 
x 

10
00

L = 4 
L = 6 
L = 8 
L = 10 

FIG. 6. (Color online) Ground-state degeneracy splitting of the
non-Hermitian doubled Yang-Lee model when perturbed by a string
tension (θ != 0). This figure can be reproduced using the VisTrails33

workflow Fig. 6 included in the Supplementary Material.37

-0.05 -0.0375 -0.025 -0.0125 0 0.0125 0.025 0.0375 0.05
coupling parameter   θ / π

-1 -1

-0.5 -0.5

0 0

0.5 0.5

1 1

en
er

gy
   

E
n

-0.05 -0.0375 -0.025 -0.0125 0 0.0125 0.025 0.0375 0.05
coupling parameter   θ / π

0 0

0.08 0.08

0.16 0.16

0.24 0.24

0.32 0.32

gr
ou

nd
-s

ta
te

 d
eg

en
er

ac
y 

sp
lit

tin
g 

  E
1-E

0

L = 10 
L = 8 
L = 6 
L = 4 

0 2 4 6 8 10
system size   L

00

22

44

66

88

sl
op

e 
of

 th
e 

sp
lit

tin
g

θ < 0

θ > 0

(a)

(b)

FIG. 7. (Color online) Ground-state degeneracy splitting of the
Hermitian model H Herm, the counterpart to the DYL model, when
perturbed by a string tension (θ != 0) (a). The slope of the splitting
around the unperturbed model (θ = 0) is given in the inset (a) for
different system sizes L. (b) Shows the low-energy spectrum, which
clearly shows that the degeneracy at θ = 0 is due to a level crossing.
This figure can be reproduced using the VisTrails33 workflows
Figs. 7(a) and 7(b) included in the Supplementary Material.37

the twofold degeneracy of the unperturbed Hermitian model
arises from a (fine-tuned) level crossing. Similar behavior is
found in the honeycomb lattice model (not shown).

Considering the model in a wider range of couplings,
as shown in Fig. 8, further striking differences between the
non-Hermitian DYL model and its Hermitian counterpart are
revealed: The DYL model exhibits two extended topological
phases around θ = 0 and θ = π/2 (with two and four
degenerate ground states, respectively), which are separated by
a conformal critical point at precisely θc = π/4 as discussed
extensively in Refs. 4 and 20. In contrast, the Hermitian
model H Herm exhibits no topological phase anywhere, and
the intermediate coupling θ = π/4 does not stand out.

IV. ABSENCE OF NONUNITARY TOPOLOGICAL PHASES
IN UNITARY MODELS

So far, we have considered a specific set of Hermitian
models constructed to have the same ground states as a
non-Hermitian parent model and found that they no longer
exhibit a topological phase. This raises the question as to
whether this observation points to a deeper principle, which
we investigate in this section in rigorous mathematical terms.
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The finite-size gap of the Hermitian model H Herm is again
found to vanish in the thermodynamic limit, showing a linear
dependence on the inverse system size as shown in Fig. 4(b).
To further demonstrate the fragility of these gapless ground
states against local perturbations, we add a string tension20

H pert = Jr

∑

rungs r

δl(r), τ (13)

favoring the trivial label l(r) = 1 on each rung of the ladder.
We parametrize the couplings of the competing plaquette and
rung terms as

Jr = sin θ and Jp = cos θ,

where θ = 0 corresponds to the unperturbed Hamiltonian. The
phase diagrams as a function of θ have been mapped out for
both the DFib model20 and the DYL model,4 respectively.

By directly probing the topological order in the DYL
model and its Hermitian counterpart, we show the lifting of
their respective ground-state degeneracies in Figs. 6 and 7
when including a string tension. We find a striking qualitative
difference between these two models: For the DYL model,
the lifting of the ground-state degeneracy is exponentially
suppressed with increasing system size, characteristic of a
topological phase. For the Hermitian model, on the other
hand, we find a splitting of the ground-state degeneracy
proportional to JrL. The linear increase with both system
size and coupling can be easily understood by the different
matrix elements of the string tension term on a single rung for
the two degenerate ground-states of the unperturbed model.
Plotting the low-energy spectrum in Fig. 7 clearly shows that
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different system sizes L. (b) Shows the low-energy spectrum, which
clearly shows that the degeneracy at θ = 0 is due to a level crossing.
This figure can be reproduced using the VisTrails33 workflows
Figs. 7(a) and 7(b) included in the Supplementary Material.37

the twofold degeneracy of the unperturbed Hermitian model
arises from a (fine-tuned) level crossing. Similar behavior is
found in the honeycomb lattice model (not shown).

Considering the model in a wider range of couplings,
as shown in Fig. 8, further striking differences between the
non-Hermitian DYL model and its Hermitian counterpart are
revealed: The DYL model exhibits two extended topological
phases around θ = 0 and θ = π/2 (with two and four
degenerate ground states, respectively), which are separated by
a conformal critical point at precisely θc = π/4 as discussed
extensively in Refs. 4 and 20. In contrast, the Hermitian
model H Herm exhibits no topological phase anywhere, and
the intermediate coupling θ = π/4 does not stand out.

IV. ABSENCE OF NONUNITARY TOPOLOGICAL PHASES
IN UNITARY MODELS

So far, we have considered a specific set of Hermitian
models constructed to have the same ground states as a
non-Hermitian parent model and found that they no longer
exhibit a topological phase. This raises the question as to
whether this observation points to a deeper principle, which
we investigate in this section in rigorous mathematical terms.
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replaced by n − 2 to the first term of that estimate, and so on, shortening the product of operators at each step until we arrive at
a trivial estimate], until we find that

‖P (0)U (n)P (n − 1)U (n − 1)P (n − 2) . . . U (1)P (0) − zP (0)M ′(n)P (n − 1)M ′(n − 1)P (n − 2) . . . M ′(1)P (0)‖

! const.
n∑

i=1

‖P (i)U (i)P (i − 1) − z(i)P (i)M ′(i)P (i − 1)‖, (B15)

where the constant is the bound on the product of norms
‖P (i)M ′(i)P (i − 1)‖.

So, we must bound Eq. (B10). Since U (i) is an ap-
proximate isometry, it suffices to bound ‖P (i − 1) − P (i −
1)U (i)†z(i)M ′(i)P (i − 1)‖. At first sight, this seems to follow
immediately from the disk axiom: since U (i)†M ′(i) is short
range, or at least approximately short range [note that for
M ′(i) this follows by the definition of a family of local
normalizers, but see the next paragraph for a more careful
treatment of error terms], by the disk axiom it is close to a
scalar when projected into the ground-state subspace. Hence,
choosing z(i) to be the inverse of this scalar, the desired result
seems to follow. However, there is a complication: suppose
P (i − 1)U (i)†M ′(i)P (i − 1) is within some distance ε of
z(i)−1P (i − 1) for some z(i); then, we bound ‖P (i − 1) −
P (i − 1)U (i)†z(i)M ′(i)P (i − 1)‖ ! ε|z(i)|. Hence, if z(i) is

large, the resulting error can be large even if ε is small. This
is why we will need the Lemma (B.1) above.

By definition of g.s. weakly local normalizer, the operators
M ′(i) can be approximated by operators that are short range, up
to an error that is small compared to |M ′(i)ψ | for all ψ in the
ground-state subspace P (i − 1) with |ψ | = 1. Since U (i) is
approximately unitary and an approximate isometry between
two ground-state subspaces, this means that U (i)†M ′(i) can
be approximated by an operator O(i) that is short range, up
to an error that is small compared to |U (i)†M ′(i)ψ | for ψ in
P (i − 1). [Note that if O is a local normalizer, then M ′(i)
already is short range so we can take O(i) = U (i)†M ′(i) in
that case.] So, for the O(i), ‖[1 − P (i − 1)]O(i)P (i − 1)‖ is
small compared to |O(i)ψ | for all ψ . Applying Lemma (B.1),
this means that P (i − 1)O(i)P (i − 1) is close to z(i)P (i − 1),
for some z(i) up to an error that is small compared to z(i). "

1C. N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952); 87, 410
(1952).

2J. L. Cardy, Phys. Rev. Lett. 54, 1354 (1985).
3C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243 (1998).
4E. Ardonne, J. Gukelberger, A. W. W. Ludwig, S. Trebst, and
M. Troyer, New J. Phys. 13, 045006 (2011).

5F. D. M. Haldane and E. H. Rezayi, Phys. Rev. Lett. 60, 956 (1988).
6N. Read, Phys. Rev. B 79, 245304 (2009).
7N. Read, Phys. Rev. B 79, 045308 (2009).
8B. A. Bernevig and F. D. M. Haldane, Phys. Rev. Lett. 102, 066802
(2009).

9S. H. Simon, E. H. Rezayi, N. R. Cooper, and I. Berdnikov, Phys.
Rev. B 75, 075317 (2007).

10M. A. Levin and X.-G. Wen, Phys. Rev. B 71, 045110 (2005).
11E. H. Lieb and D. W. Robinson, Commun. Math. Phys. 28, 251

(1972).
12M. H. Freedman, Commun. Math. Phys. 234, 129 (2003).
13D. Gottesman, in Quantum Computation: A Grand Mathematical

Challenge for the Twenty-First Century and the Millennium, edited
by S. J. Lomonaco Jr. (American Mathematical Society, Providence,
RI, 2002), pp. 221–235.

14S. Bravyi, M. Hastings, and S. Michalakis, J. Math. Phys. 51,
093512 (2010).

15The requirement “TQO-2” excludes some exotic nontranslationally
invariant Hamiltonians.

16K. Walker [http://canyon23.net/math/1991TQFTNotes.pdf].
17K. Walker [http://canyon23.net/math/tc.pdf].
18V. Turaev, Quantum Invariants of Knots and 3-Manifolds, De

Gruyter Studies in Mathematics, Vol. 18 (Walter de Gruyter, Berlin,
1994).

19E. Witten, Commun. Math. Phys. 121, 351 (1989).
20C. Gils, S. Trebst, A. Kitaev, A. W. W. Ludwig, M. Troyer, and

Z. Wang, Nat. Phys. 5, 834 (2009).

21Z. Wang, Topological Quantum Computation, Regional Conference
Series in Mathematics, Vol. 112 (American Mathematical Society,
Providence, RI, 2010).

22M. H. Freedman and Z. Wang, Phys. Rev. A 75, 032322 (2007).
23G. Kuperberg, Geom. Topol. 15, 11 (2011).
24L. Fidkowski, M. Freedman, C. Nayak, K. Walker, and Z. Wang,

Commun. Math. Phys. 287, 805 (2009).
25M. B. Hastings and T. Koma, Commun. Math. Phys. 265, 781

(2006).
26B. Nachtergaele and R. Sims, Commun. Math. Phys. 265, 119

(2006).
27S. Bravyi, M. B. Hastings, and F. Verstraete, Phys. Rev. Lett. 97,

050401 (2006).
28M. H. Freedman, Found. Comput. Math. 1, 183 (2001).
29In fact, it is possible to find a braid of length l such that

the corresponding matrix M in the representation ρ ⊗ ρ∗ has
a ratio between largest and smallest singular values that grows
exponentially with l. This exponential growth actually requires
some care to show since the representation is nonunitary, and it
does not appear to follow directly from the fact that ρ is dense;
we have been able to prove it using a form of the Solovay-Kitaev
algorithm. However, since the particular exponential growth does
not play any role in the proof, we omit the details.

30B. Bauer et al., J. Stat. Mech. (2011) P05001.
31F. Albuquerque et al., J. Magn. Magn. Mater. 310, 1187 (2007).
32[http://www.caam.rice.edu/software/ARPACK/].
33[http://www.vistrails.org].
34M. B. Hastings and S. Michalakis, e-print arXiv:0911.4706.
35M. B. Hastings, Phys. Rev. B 69, 104431 (2004).
36M. B. Hastings and X.-G. Wen, Phys. Rev. B 72, 045141 (2005).
37See Supplemental Material at http://link.aps.org/supplemental/

10.1103/PhysRevB.85.045414 for full provenance information and
workflows to recreate the figures.

045414-15



Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Publishing requires compromises (1)

§ No stable URL or DOI for supplementary material
§ No link from the figure, but only a reference

§ reference goes to supplementary material page
§ find the right workflow, then download the workflow

5

GALOIS CONJUGATES OF TOPOLOGICAL PHASES PHYSICAL REVIEW B 85, 045414 (2012)

α

β

γ

δ

a b

cd

FIG. 5. Edge labeling for a plaquette of the ladder lattice.

The finite-size gap of the Hermitian model H Herm is again
found to vanish in the thermodynamic limit, showing a linear
dependence on the inverse system size as shown in Fig. 4(b).
To further demonstrate the fragility of these gapless ground
states against local perturbations, we add a string tension20

H pert = Jr

∑

rungs r

δl(r), τ (13)

favoring the trivial label l(r) = 1 on each rung of the ladder.
We parametrize the couplings of the competing plaquette and
rung terms as

Jr = sin θ and Jp = cos θ,

where θ = 0 corresponds to the unperturbed Hamiltonian. The
phase diagrams as a function of θ have been mapped out for
both the DFib model20 and the DYL model,4 respectively.

By directly probing the topological order in the DYL
model and its Hermitian counterpart, we show the lifting of
their respective ground-state degeneracies in Figs. 6 and 7
when including a string tension. We find a striking qualitative
difference between these two models: For the DYL model,
the lifting of the ground-state degeneracy is exponentially
suppressed with increasing system size, characteristic of a
topological phase. For the Hermitian model, on the other
hand, we find a splitting of the ground-state degeneracy
proportional to JrL. The linear increase with both system
size and coupling can be easily understood by the different
matrix elements of the string tension term on a single rung for
the two degenerate ground-states of the unperturbed model.
Plotting the low-energy spectrum in Fig. 7 clearly shows that
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FIG. 6. (Color online) Ground-state degeneracy splitting of the
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tension (θ != 0). This figure can be reproduced using the VisTrails33

workflow Fig. 6 included in the Supplementary Material.37

-0.05 -0.0375 -0.025 -0.0125 0 0.0125 0.025 0.0375 0.05
coupling parameter   θ / π

-1 -1

-0.5 -0.5

0 0

0.5 0.5

1 1

en
er

gy
   

E
n

-0.05 -0.0375 -0.025 -0.0125 0 0.0125 0.025 0.0375 0.05
coupling parameter   θ / π

0 0

0.08 0.08

0.16 0.16

0.24 0.24

0.32 0.32

gr
ou

nd
-s

ta
te

 d
eg

en
er

ac
y 

sp
lit

tin
g 

  E
1-E

0

L = 10 
L = 8 
L = 6 
L = 4 

0 2 4 6 8 10
system size   L

00

22

44

66

88

sl
op

e 
of

 th
e 

sp
lit

tin
g

θ < 0

θ > 0

(a)

(b)
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perturbed by a string tension (θ != 0) (a). The slope of the splitting
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different system sizes L. (b) Shows the low-energy spectrum, which
clearly shows that the degeneracy at θ = 0 is due to a level crossing.
This figure can be reproduced using the VisTrails33 workflows
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the twofold degeneracy of the unperturbed Hermitian model
arises from a (fine-tuned) level crossing. Similar behavior is
found in the honeycomb lattice model (not shown).

Considering the model in a wider range of couplings,
as shown in Fig. 8, further striking differences between the
non-Hermitian DYL model and its Hermitian counterpart are
revealed: The DYL model exhibits two extended topological
phases around θ = 0 and θ = π/2 (with two and four
degenerate ground states, respectively), which are separated by
a conformal critical point at precisely θc = π/4 as discussed
extensively in Refs. 4 and 20. In contrast, the Hermitian
model H Herm exhibits no topological phase anywhere, and
the intermediate coupling θ = π/4 does not stand out.

IV. ABSENCE OF NONUNITARY TOPOLOGICAL PHASES
IN UNITARY MODELS

So far, we have considered a specific set of Hermitian
models constructed to have the same ground states as a
non-Hermitian parent model and found that they no longer
exhibit a topological phase. This raises the question as to
whether this observation points to a deeper principle, which
we investigate in this section in rigorous mathematical terms.
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replaced by n − 2 to the first term of that estimate, and so on, shortening the product of operators at each step until we arrive at
a trivial estimate], until we find that

‖P (0)U (n)P (n − 1)U (n − 1)P (n − 2) . . . U (1)P (0) − zP (0)M ′(n)P (n − 1)M ′(n − 1)P (n − 2) . . . M ′(1)P (0)‖

! const.
n∑

i=1

‖P (i)U (i)P (i − 1) − z(i)P (i)M ′(i)P (i − 1)‖, (B15)

where the constant is the bound on the product of norms
‖P (i)M ′(i)P (i − 1)‖.

So, we must bound Eq. (B10). Since U (i) is an ap-
proximate isometry, it suffices to bound ‖P (i − 1) − P (i −
1)U (i)†z(i)M ′(i)P (i − 1)‖. At first sight, this seems to follow
immediately from the disk axiom: since U (i)†M ′(i) is short
range, or at least approximately short range [note that for
M ′(i) this follows by the definition of a family of local
normalizers, but see the next paragraph for a more careful
treatment of error terms], by the disk axiom it is close to a
scalar when projected into the ground-state subspace. Hence,
choosing z(i) to be the inverse of this scalar, the desired result
seems to follow. However, there is a complication: suppose
P (i − 1)U (i)†M ′(i)P (i − 1) is within some distance ε of
z(i)−1P (i − 1) for some z(i); then, we bound ‖P (i − 1) −
P (i − 1)U (i)†z(i)M ′(i)P (i − 1)‖ ! ε|z(i)|. Hence, if z(i) is

large, the resulting error can be large even if ε is small. This
is why we will need the Lemma (B.1) above.

By definition of g.s. weakly local normalizer, the operators
M ′(i) can be approximated by operators that are short range, up
to an error that is small compared to |M ′(i)ψ | for all ψ in the
ground-state subspace P (i − 1) with |ψ | = 1. Since U (i) is
approximately unitary and an approximate isometry between
two ground-state subspaces, this means that U (i)†M ′(i) can
be approximated by an operator O(i) that is short range, up
to an error that is small compared to |U (i)†M ′(i)ψ | for ψ in
P (i − 1). [Note that if O is a local normalizer, then M ′(i)
already is short range so we can take O(i) = U (i)†M ′(i) in
that case.] So, for the O(i), ‖[1 − P (i − 1)]O(i)P (i − 1)‖ is
small compared to |O(i)ψ | for all ψ . Applying Lemma (B.1),
this means that P (i − 1)O(i)P (i − 1) is close to z(i)P (i − 1),
for some z(i) up to an error that is small compared to z(i). "
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The finite-size gap of the Hermitian model H Herm is again
found to vanish in the thermodynamic limit, showing a linear
dependence on the inverse system size as shown in Fig. 4(b).
To further demonstrate the fragility of these gapless ground
states against local perturbations, we add a string tension20

H pert = Jr

∑

rungs r

δl(r), τ (13)

favoring the trivial label l(r) = 1 on each rung of the ladder.
We parametrize the couplings of the competing plaquette and
rung terms as

Jr = sin θ and Jp = cos θ,

where θ = 0 corresponds to the unperturbed Hamiltonian. The
phase diagrams as a function of θ have been mapped out for
both the DFib model20 and the DYL model,4 respectively.

By directly probing the topological order in the DYL
model and its Hermitian counterpart, we show the lifting of
their respective ground-state degeneracies in Figs. 6 and 7
when including a string tension. We find a striking qualitative
difference between these two models: For the DYL model,
the lifting of the ground-state degeneracy is exponentially
suppressed with increasing system size, characteristic of a
topological phase. For the Hermitian model, on the other
hand, we find a splitting of the ground-state degeneracy
proportional to JrL. The linear increase with both system
size and coupling can be easily understood by the different
matrix elements of the string tension term on a single rung for
the two degenerate ground-states of the unperturbed model.
Plotting the low-energy spectrum in Fig. 7 clearly shows that
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FIG. 6. (Color online) Ground-state degeneracy splitting of the
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tension (θ != 0). This figure can be reproduced using the VisTrails33

workflow Fig. 6 included in the Supplementary Material.37

-0.05 -0.0375 -0.025 -0.0125 0 0.0125 0.025 0.0375 0.05
coupling parameter   θ / π

-1 -1

-0.5 -0.5

0 0

0.5 0.5

1 1

en
er

gy
   

E
n

-0.05 -0.0375 -0.025 -0.0125 0 0.0125 0.025 0.0375 0.05
coupling parameter   θ / π

0 0

0.08 0.08

0.16 0.16

0.24 0.24

0.32 0.32

gr
ou

nd
-s

ta
te

 d
eg

en
er

ac
y 

sp
lit

tin
g 

  E
1-E

0

L = 10 
L = 8 
L = 6 
L = 4 

0 2 4 6 8 10
system size   L

00

22

44

66

88

sl
op

e 
of

 th
e 

sp
lit

tin
g

θ < 0

θ > 0

(a)

(b)

FIG. 7. (Color online) Ground-state degeneracy splitting of the
Hermitian model H Herm, the counterpart to the DYL model, when
perturbed by a string tension (θ != 0) (a). The slope of the splitting
around the unperturbed model (θ = 0) is given in the inset (a) for
different system sizes L. (b) Shows the low-energy spectrum, which
clearly shows that the degeneracy at θ = 0 is due to a level crossing.
This figure can be reproduced using the VisTrails33 workflows
Figs. 7(a) and 7(b) included in the Supplementary Material.37

the twofold degeneracy of the unperturbed Hermitian model
arises from a (fine-tuned) level crossing. Similar behavior is
found in the honeycomb lattice model (not shown).

Considering the model in a wider range of couplings,
as shown in Fig. 8, further striking differences between the
non-Hermitian DYL model and its Hermitian counterpart are
revealed: The DYL model exhibits two extended topological
phases around θ = 0 and θ = π/2 (with two and four
degenerate ground states, respectively), which are separated by
a conformal critical point at precisely θc = π/4 as discussed
extensively in Refs. 4 and 20. In contrast, the Hermitian
model H Herm exhibits no topological phase anywhere, and
the intermediate coupling θ = π/4 does not stand out.

IV. ABSENCE OF NONUNITARY TOPOLOGICAL PHASES
IN UNITARY MODELS

So far, we have considered a specific set of Hermitian
models constructed to have the same ground states as a
non-Hermitian parent model and found that they no longer
exhibit a topological phase. This raises the question as to
whether this observation points to a deeper principle, which
we investigate in this section in rigorous mathematical terms.
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replaced by n − 2 to the first term of that estimate, and so on, shortening the product of operators at each step until we arrive at
a trivial estimate], until we find that

‖P (0)U (n)P (n − 1)U (n − 1)P (n − 2) . . . U (1)P (0) − zP (0)M ′(n)P (n − 1)M ′(n − 1)P (n − 2) . . . M ′(1)P (0)‖

! const.
n∑

i=1

‖P (i)U (i)P (i − 1) − z(i)P (i)M ′(i)P (i − 1)‖, (B15)

where the constant is the bound on the product of norms
‖P (i)M ′(i)P (i − 1)‖.

So, we must bound Eq. (B10). Since U (i) is an ap-
proximate isometry, it suffices to bound ‖P (i − 1) − P (i −
1)U (i)†z(i)M ′(i)P (i − 1)‖. At first sight, this seems to follow
immediately from the disk axiom: since U (i)†M ′(i) is short
range, or at least approximately short range [note that for
M ′(i) this follows by the definition of a family of local
normalizers, but see the next paragraph for a more careful
treatment of error terms], by the disk axiom it is close to a
scalar when projected into the ground-state subspace. Hence,
choosing z(i) to be the inverse of this scalar, the desired result
seems to follow. However, there is a complication: suppose
P (i − 1)U (i)†M ′(i)P (i − 1) is within some distance ε of
z(i)−1P (i − 1) for some z(i); then, we bound ‖P (i − 1) −
P (i − 1)U (i)†z(i)M ′(i)P (i − 1)‖ ! ε|z(i)|. Hence, if z(i) is

large, the resulting error can be large even if ε is small. This
is why we will need the Lemma (B.1) above.

By definition of g.s. weakly local normalizer, the operators
M ′(i) can be approximated by operators that are short range, up
to an error that is small compared to |M ′(i)ψ | for all ψ in the
ground-state subspace P (i − 1) with |ψ | = 1. Since U (i) is
approximately unitary and an approximate isometry between
two ground-state subspaces, this means that U (i)†M ′(i) can
be approximated by an operator O(i) that is short range, up
to an error that is small compared to |U (i)†M ′(i)ψ | for ψ in
P (i − 1). [Note that if O is a local normalizer, then M ′(i)
already is short range so we can take O(i) = U (i)†M ′(i) in
that case.] So, for the O(i), ‖[1 − P (i − 1)]O(i)P (i − 1)‖ is
small compared to |O(i)ψ | for all ψ . Applying Lemma (B.1),
this means that P (i − 1)O(i)P (i − 1) is close to z(i)P (i − 1),
for some z(i) up to an error that is small compared to z(i). "
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