15-2 Frequency Domain Methods

Problem 153
From the figure the waveform is periodic with period T, and may be written:
f(8) =1 —4]el/T 4] < T/2

The sinusoidal form of the Fourier series is found in two parts from Table 15.1:
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Thus f(t) is represented by a cosine series, but in addition we note that a, = 0 when n is
even, and a, = 8/7°n® when n is odd. Therefore
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The exponential series may be found by writing the above expression in terms of exponentials
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The series with the first four terms is

f(t) = ao+aicos(2nt/T) + as cos(4nt/T) + aa cos{67t/T)
0 + 8/7% cos(27t/T) + 0 + 8/(972) cos(6xt /T)

Problem 15-4

From Fig. 15.25 the period is T = 0.04 seconds. The complex Fourier series coefficients are
(Table 15.1):
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The coefficients are real, indicating a cosine function:

f(t) = %ao + i(an cos(nwot) + by, sin(nwot))
n=1

where (Eqg. 15.10)
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For T' = 0.04 s, the first few terms of the series are:
f(t) = 0.318 4+ 0.5 cos(507t) + 0.212 cos(1007t) — 0.0424 cos(2007t) + 0.01818 cos(3007t) +

The sum of these terms is shown below

The average (or dc) value is

f)=F=

= 0.318

1 {sin(——ﬂ'/?,) N sin(/2)
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Problem 15-5
From Table 15.1 '
n, t —j27rnt/T)dt
T / szf )e

(a) f( ) = ('— ) = n = T/I;lli —j2wnt/T)dt

Change the variable of integration v = —t
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(b) f(t) = dt = Fr T]:rfz T dt
Integrate by parts
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(1) = s 1 T2 _ —j2mnt/T)
(©) f)=7t-T) <= F=g / o FE=10e &t
Since f(t — T') = f(#), it follows that F, = F,,.

(@) f&) = f_:o f(t)dt (Assume Fy = 0.)

Since f(t) = 24 from (b) above

dt
__j?mn 2
Fo= T F,
I
= Orn "

Problem 15-6

Let the waveform in Fig. 15.4 be designated f(t) and the waveform in Fig. 15.5 be designated
g(t}, each with period T. '

(a) The waveform r{t) = f(t — T/4) + 0.5g(¢) is shown below

A f1-T/4)-0.5g(t)

>t
e ar | o T2 T
(b) From Example 15.4 the Fourier series for f(¢) is
1 27, 1. 1. 1.
f(t) = § + ; [SID(th) + ‘3‘ sm(3wgt) + g SlI'l(E)U)gt) —+ ? Slﬂ(7&d0t) + .. ]

When the function is delayed by a time 7 = T'/4, the Fourier series is modified by a
phase shift nwom = nx /2. The Fourier series for g(t) is (from Example 15.5)

2 1 1 1

g(t) =~ [Sill(wot) — —sin(2wot) + = sin(3wot) — = sin{4wot) + .. ]
T 2 3 4

The sum r(t) = f(t — T/4) + 0.5¢(¢) is therefore

1 2

1 1
r(t) = 3t . [% sin{wot) + sinf{wet — 7/2) — Esin(zwot) + 8 sin(3wot)
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1
H-lLQ sin(6wot) + ﬁSiD(TWDt) + = sin(Twot — Tr/2) + .. ]

1 1
1 + 2 [1 sin{wot) — cos(wpt) — = sin(2wot) + — sin(3wot)
2 w2 4 6
1 1, 1 . 1
+3 cos(3wot) — 3 sin(4wot) + I sin(BSwot) — 5 cos{Bwot)

1. 1. 1
T sin(Bwot) + 1 sin{Twot) + = cos(Twel) + .. ]

1 1 1 . 1 .
+3 sin{3wot — 37/2) — 3 sin{4wot + — sin{Swot) + z sin{dwot — 57 /2) +

Problem 15-7

(a) The Fourier series for f(t) = |sin(wt)i is defined from
)

Tro . 17 ,
F,= ] / — sin(2nt/T)e 1T gy +T sin(2rt/T)e 32 4T gy
~T[2 1]

where T = 27 /w, and which may be evaluated in a similar manner to Problem 15.4 to

give
Fo= _cos(nr) 41
7(n? -~ 1)
—-"'""'_2"—“ T even
= w(n?—1)
0 n odd

The trigonometric series is found from Eq. 15.10, that is

an = Fo+F_n=-4/rx(n*—=1) (n even)
b, = 0

The series is

f(#) lao “+ i ancos{nwt)

2 n=1
= 0.63663 — 0.4244 cos(2wt) — 0.0848 cos(4wt) — 0.0364 cos(6wt)
—0.0202 cos(8wt) — 0.0128 cos(10wt) — 0.0089 cos(12nt) + ...

from which the spectrum may be plotted.

(b) The frequency response is
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Problem 15-9

At a rotational speed of 100 rpm, the angular velocity is 2007 /60 rad/s, and the period is
T = 0.6 s. Then y(t) is as shown below:

A ¥

T2 T4 0 TA TR oot
(a) The Fourier series is found in a piecewise manner:
8
yit) = S+=t  —T/4<t<O
= 5— ;—t 0<t<T/4
= 3 T/4<t<3T/4

Working directly in the trigonometric series, noting that y(t) is an even function (b, =
0): ' ‘

2 fo 8 2 T4 8
n = T f—T/4 (5 -+ Tt) cos(2znt/T)dt + -j‘“,/(; (5 - -T-t) cos(27mj§/T)dt

9 [3T/4
+T j;”M 3cos(2rnt/T)dt
3nmsin{nw/2) — 4cos(nw/2) + 4 . 3nmsin(nw/2) — 4cos(nm/2) + 4

n2r? n2r?
+3 sin(3n7/2) — 3sin(nx/2)

nw

7 n=20
{ 8(1 — cos(nx[2))

1.3 n=123...

where the case for n = 0 must be computed using 'Hospital’s rule.
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The function formed by the first eight terms is shown below:

(b) The linear velocity of the follower is v(t) = dy/dt, that is:

A Y
8

T e d Th TR

-BT

and the function is odd and therefore represented by sine terms only:

b, = 7 /T/4 ( )sm (27nt/T)dt + — T f_ i (—;—) sin(2xnt/T)dt

16(cos(nw/2) — 1)
naT

Problem 15-10

40000

H(s) = 5505 = 20000

then for the system w, = 200 rad/s, and { = 0.05 so that the system is very lightly damped
and will exhibit resonant behavior if excited at frequencies near to w,.

(a) In normal operation with a nominal shaft speed of 50 rad/s

Q(t) = 30 (1 + isin(lOOt) + ésin(200t))

and the fourth harmonic component (angular frequency of 200 rad/s) will excite the
resonance 1 the shaft.
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(b) When the nominal shaft speed is increased to 100 rad/s,
1. 1.
Q(t) = 100 (1 + 7 in(2008) + 3 sm(400t))

and now the second harmonic is at the resonant frequency, therefore significant vibra-
tions would be expected.

Problem 15-11

(a) Write the sine in its exponential form sin(2rt/T) = (e/*™T — e77*7/T) /2], then

T2 , | ] .
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(b) Write the cosine in its exponential form cos(27t/T') = (e72m/T 4 =i27/T) (2 then

“ 1 T, | _
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(c) Write the expression in its exponential form e~% cos(2mt) = (e7*92™ 4 727727} /2, then
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2 jo (e +e ) e 7Nt
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Problem 15-12
(a) The waveform in-Fig. 15.28(a) is:

f(t) = %t 0<t<T/2

2
_ —_— — <
= (2 Tt) T/2 t<T




