NAME SAMPLE

MATH 308 SAMPLE FIRST EXAM April 13, 1990
David L. Ragozin IN CLASS FRART

Closed book xam, except one8x11 sheebf notes may be consultedhere are 8 questions, with a
total of 100 points.To receive full credit you must shawv all your work and give reasons. ¥u may point
to and use the esults (work) for any problem in solving (explaining) any later ppblem.

M 21 10

Let A= E@ 6 4 2 Uand leta; denote tha’th column of A. Each of problems 1-3 concern these
MM 0 4 -3

objects.

1.(10 pts.) If A is the coefficient matrix of a linear system, iomary unknowns does that system
have? (Explain.)

Sol. A system withA as codicient matrix has 4 ariables(or unknens), one for each column of
A

2.(15 pts.)  Find areduced echelomatrix which is rev equivalent to A.

Eﬂ. 2 1 lD:::>
Sol. Perform the follaving elementary no ops: E@ 6 4 2 S%Z -3R,
MM 0 4 -3
m 2 1 M 1 lﬂQl_R3[|1 2 1 OH?l—RZDJ- 2 0 0O
-_ |:|::: -_ |:|::: D
Eb011 >Eb01 1%32_+_R35b010D >Eb010D
MM 0 4 0 0 1F==> [0 0 0 1 MM 0 0 1

This last is reduced echelon as its echelost (i0on-zero in each woto right of first non-
zero in preceeding v and each column with a leading non-zero has all other entries 0.

3.(10 pts.) If B=[a a, a3], how mary solutions does thBomogeneousnatrix equatiorBx =6 have?
(Why?) (You may of course, refer to your solution to #2 if that can helplan.)

Sol. The work in #2, applied to just the first 3 colummm) plus a column of zere'(for the RHS
M 2 1 OQgious™@ 2 0 00O
of Bx = 6) shows: E@ 6 4 Ogowopsgb 0 1 OB ThusBx = 6 hasinfinitely many
M 0 4 OF==> O 0 0 0Of
solutions, as there are 2 non-zeravgoin a rev equivalent echelon matrix, and thus
3 -2 =1 unconstrained variables in ag solution. (Alternately from the vork abwe we
32X,
read of the solutionsx = B ngwith the infinitely maw (arbitray) \alues forx, leading to

. . . . D OD
infinitely mary solutions.)
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4.(15 pts.)  Suppose a square matrix J satisfiés 4J, but J # 41 . Explain why Jmust be singular

Sol. If J is non-singular then J™! exists. Multiply through by J™ (on the right) to get:
J2Jt =433t Or J=J1 =337 =433 = 41. This contradicts] # 4. HenceJ™ does
not eist andJ must be singular

020
5.(10 pts.)  Suppose the (1002) matrixV = Bvl Vs Bsatisfiesl O 1[;:6.
00

Explain wty { uy, u, } i sdependent whenu; =v; +V,, U, ==V, +V,.

020
Sol. SinceVD_lmsays ®,-v, =6, we havev, =2v,. Plug into the definitions of); to get:

u; = v +2v, =3v; andu, = -v; +2v; = v,. This saysu; = 3u,. Thus theu,’s form a lin-
early dependent set since one is a multiple of the.ofernote:u; — 3u, = 4. Thusx; =1,
X, = =3 give a non-zero solution to;u; + XU, = 8. And so s, U,} is a inearly depen-

: 0,0 —
dent set.) (Oryou could attempt to find non-zexo= ' with [u; u,]x =8. Plugging in
20
the gwen information leads to the equations € x,)v; + (X; + X,)v, = 6. But this will be
satisfied preided x; — X, =2 and x; + X, = -1, from the equation fov. These tw can be
solved to get the non-zero solutian = 1/2, x, = —-3/2).

1 2 40
6.(15 pts.) LetF = Sl 1 6 B Find F 2, the inverse ofF.
0 0 2
Sol. Apply row operations toff |]] to get to | B], since then the columns & solve Fb; =e;.
1 2 -40
Hence you can readfoB = F* = B 1 -1 10 (One sequence ofwoops which does
00 0 1/2g

the job is R,===>R,-R; to get an echelon matrix.Then R,===>R, - R,
Ri===>R; - 2R;, Ri===>R; +2R,, to get a reduced echelon matrix ("back elimina-
tion"). And thenR,===> - R,, Ry===>(1/2)R; to get ones on the diagonal.
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2 30 7z 80
7.(10 pts.) LetM = andN = 0
D4 5 67 Ep 10 3

a) WhichproductMN or NM is defined? (Explain.)

Sol. NM is defined since 2 number of columns of the left factor (N) = number of rows of the
right factor M) = 2.

b) Calculateghe entry in the ® row and I column of the product defined in a).

Sol. (2,1) entry in NM is just the product of w 2 of N with column 1 of M: [9
QA0
10]%1D=9DI+10E4:49

8.(15 pts.)  Suppose a matriC is changed by the folNwing elementary ne operations,R, — 2R;,
R; + Ry, R; + 3R, into the matrixF as represented in the foNng diagram:

R,—2R R3+R R3+3R Dl 2 BD
C=2==>D=—==>E=2==5F=Up 1 oU
O O
0 0 1
%, O
Find C and find allx = sz E‘With Cx=6.
X3
Sol. Get back tdC by undoing the i operations starting from the righf Y and working back-
wards (R — aR; undoesR + aR; as operations oR;:
M 2 30 1 2 30 01 2 30===> o1 2 30
F= Eb 1 0U=== E= Eb 1 olk==> D= Do 1 03?2+2R1C:82 5 6%
[p 0 1% -3R, -3 1% Ry -5 -2 m1l -5 -2

Solwve for x
Since rav operations will tak [C 6] to [F 6], we can read 6fthe fact that there will be no uncon-
strained (free) ariables in the solutior, as there is no columnin the coeficient part of F 8] without
a leading non-zero entrience there are only theviial solution toFx = 8 and thus only tyial solu-
tion toCx = 6.

Alter nate
Or from the system determined bly p], backsolving from the bottom up, we read thfe solution:
[0

X3 =0, X, =0, andx; = -2X, —3X3 =-2[0-3[M=0. Thusx = g)gis theonly solution.
90



