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MATH 308 SAMPLE Second Exam February 26, 1992
David L. Ragozin

Closed book xam, except one8x11 sheebf notes may be consultedhere are 7 questions, eacbritn 15 points.To
receive full credit you must she all your work and gve reasons. ®u may use your answer toyaguestion to help answer yan
later question, if it is rel@nt.

Here is a sequence ofwamperations which change a matéxinto a reduced r@ echelon form.

M 2 4 3 70====>[ 2 4 3 70 M2 43 7EFTO 243 TR-4RM 2 0 3 -10
= — — — D:::: — —| D; D:::: O
A%45685¥22R1§)030 65 >EbosoesDR25b01ozD >Eb01025
B 6 6 9 9R-3RPO 0 6 0 -12[R3—2R,® 0 0 0 0f ™ 0 0 0 0f M 000 o0

Use A and the information alve t help answer questions 1-4.
1. Computenullity (A). (As alvays your written vork must "justify" your answér

Sol. The nullity of A, v(A), is the dimension of the nullspace of 8ince the dimension of the nullspacefois the number of
vectors in a basis for the nullspace, and there will be one ®atbnfor each freeariable in the solutions t8x = ¢, we
get[v(A) = 3Jasx,, X4 andxs will be free, due to lack of pots in columns 2,4 and 5 of the echelon formAor

Alt. From the echelon form we get that the nullspace Aof(solutions to Ax=46) consists of x which sohe

2%, — 3%, + x5
O X 0
2

X; +2X +3x, -1xg =0 g U _ .
! 2 4 > . Thusx=[] -2x¢ [ From the basis for the nullspace you get from this by
X3 +2X5 =0 0 X 0
4
O O

O Xs O
setting, in turn, one of the 3 freariables to 1 and the others to 0, there arecdovs in such a basi¢dence[v(A) =3
since the basis for nullspace hase8ters.

2. Isv=[3 6 2 9 1]intherow spaceof A? Why?

Sol. The non-zero ms in the echelon form abe ae a basis of the vospace ofA, o its a question of whether there is a solu-
tontoc, [ 12031 ]+c,J]00102]=[36 29 01]. Fromthe first entry we get, =3 and from the third
C, = 2. Naw check if entries 2,4,5 are consistec{2 = 3[2 =6, so entry 2 is OK¢; [B+¢c, (D =3B =9, so 4th OK,
andc; F1+c, [2=3F1+2@R2=-3+4=1%#-1,so NO ok in 5th spot. Thugv is not in row space of A
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Heres the information orA repeated from page 1.

M 2 4 3 70====>0 2 4 3 70 M 2 43 700> 2 4 3 7[R-4R,[ 2 0 3 -1Q
A= 4 5 6 SSRZ—Zthb 0 -3 0 —GD::::>Eb 0 30 60-RH 010 20===0 01 0 20
O O O O

0 0 0 0 o

536 6 9 9R,-3RyD O 6 0 ~12rR;~2R,0 0 0 0 09> [ 0 0 0 of

ar o
Eitherwrite Ag = (8 Uas a linear combination of the other columng\adr explain why that is impossible The question is

O
equiaent to "Can we find a solution tgA; + XA, + X3A3 + X4A, = As?" Lookat the gven A as the augmented matrix
for this system of equationsThen the wrk abwe dows these equations are consistent, ande hsolutions
2, with x, andx, arbitrary If we let the free ariables be zero we gefA; + 2A; = A;

X1 = =1=2X, = 3%y, X3 =

Find an orthogonal basisfor R(A), therange of A. From the rav operations shon we see that4q, A3} the set of
columns ofA corresponding to the ymts in the echelon form form a basis for the rangé.offo get an orthogonal basis,

use Gram-Schmidt (or projections):

a0
Letu; =A; = %B Now to get another gctor in the range orthogonal g just tale avay the projection oA, onu; from

30
GlD ; 10 @0 a0
Ao, i.e. letu, = Ay, — (Uu; AyJupuq)uy, ie.u, = @D [ 2 31 2 3]r % % BTy T %D Thus,

{up=[1 2 3] ,u, =[12/7 3/7 -6/7]"}
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5.

a)

Sol.

b)

Sol.

Alt

: : 2 P _ g Do_o0i10 G20
Inboth parts of this question, R® — R* is a linear map with T{ ) = % PRI(n 1 n=0.,0
0 30 O'o 030
FindT(&y).
. Qo 00 1. 1
First sohe Xl%D*' 20,07 & and findx; = 3, X, = 5. (Found by reducing matrices or obsatien and checking)Then
_ ) o OO0
by linearity

0 1] 1@D E-I-ZD (o0
T(e) = fT%w Tm_l% %m 204 %m

Findthe matrix for Ti.e. find a matrix8 with T(x) = Bx for all X in R?.

O
SinceB =[T(e,) T(&,)] the first column of B iF (g;) = %Dfrom the preious part. We mmpute the second colunir(e,)
[l

either by repeating part a) fey or by expressinge, as a linear combination of twother \ectors for whichT is is knavn.
One vay to do this is

U o o 0o
T(e) = T%D‘ e= %D— %m %)u
Hence
B= (b 2%
B 0p
Lhy; by th 10 [ -20
If B= u then the gien information saysB 0= 0 If we take ransposes we get a "super" aug-
%‘)21 b2z o-lg @3

mented matrix for a system of equations to sdiviind B":

th 1 2 3@ariousr0wops|j1 00 3%
-1 -2 3D ===> 1 2 OD

: _ b 3U _ _ : : :
The associated equations $8) = Sz 0 dand hence ge the B matrix boed in pr&ious solution.
O
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6. Suppos€ is a (10x 6 ) matrix with nullity(C) = 6. CanCx = b be soled forall b. (As always - eplain your answey

Sol. Since rank(C) + nullity(C) = number of columns of C, or rank(C) + 6 = 6, the rank(C) = 0. This says the range of C has
dimension 0, i.e. the onlyeetor in the range of C & Hence you can only s@\Cx = b whenb =6, and so CAN NO
solve for allb in R°.

7. LetR:R? . R? be symmetric or perpendiculeeflection in

. g O I 4
the linel throughe andt = o (For any v, its’ image,
O
R() is auch that PY) is the mid-point of the line ggnent
from v to R\), where P is the perpendiculanojection onto 31
l.)
a) Usethe mid-point property to find,b with 2

R(V) = aPW) + bv. The fact thatP(v) is the mid-point of
segment fromv R(v) saysP(v) =v + % (R(v) = V). Multiply

B0
b) ComputeR(g) 0. (You should use the formula for #(invdving dot-products and part 7aSinceP(v) = (a'v/a'0)a, we
O

compute, using 7a,

30
3500 30 (a0 30 [96/25] [30

R%%ﬂ O0-G0- 2 B2 00 O 0=
® m [43@%%’5 00 T P30 00 022y oo

[21/25]
721257
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