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The Sieve Conditions

* per-contact RR is retrospective RR if
(during the trial follow-up period)

1. Infection is possible from at most one strain
2. The relative prevalence of strains is constant

3. Exposure distributions are the same in both treatment
groups, and homogeneous across subjects*™

e Proof in Gilbert, Self, Ashby (1998)

— Holds for all of the aforementioned models

— * the homogeneity aspect of this assumption can be
relaxed. See Gilbert, Statistics in Medicine 2000.

— See Gilbert, et al (2001) for more discussion

* Allows for the interpretation of strain-specific VE as
prospective, per-contact-by-s VE HUTCHIGAN



ASSUMPTIONS and A1-A3

* ASSUMPTIONS

1. Infection is possible from at most one strain
2. (A3) The relative prevalence of strains is constant

3. (A2) Exposure distributions are the same in both

treatment groups, and homogeneous across subjects
A1l: For each strain s € {1,--- ,K},
the probability of infection with strain s
resulting from a specified amount of exposure
1s homogeneous and constant over time among
vaccinated and placebo subjects, so that
vaccination reduces the transmission probability
by the same fraction exp{y,}
for all vaccinees (i.e., “leaky” protection against HUTCHINSON
each strain; Halloran, Haber, and Longini, 1992) CENTER



Retrospective vs prospective

* Retrospective vs Prospective Category Probabilities

P}, = Pr( infected by strain s | infected in [0, 7], vaccine treatment assignment is V)
my = Pr( infected in [0, 7] | V)
Py = Pr( infected by strain s in [0,7] | V)

= Ty XP"}S

* Retrospective vs Prospective Relative Risks

RR, (s) = Pr( infected by strain s | infected in [0, 7], vaccine recipient ) _ P
' Pr( infected by strain s | infected in [0, 7], placebo recipient ) P
RR, = Pr( infected in [0, 7] | vaccine recipient ) o
Pr( infected in [0, 7] | placebo recipient ) T,
RR,(5) = Pr( infected by strain s in [0, 7] | vaccine recipient ) _ Pl
Pr( infected by strain s in [0, ] ‘ placebo recipient ) P
_mP,
- mPr
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Per-contact probabilities and RRs

By assumption A1, the per-contact infection probability
Pr( infected by strain s at time ¢ ‘ one exposure to strain s at time ¢, vaccine treatment assignment is V )

is independent of time ¢. Thus we may define

Pl = Pr( infected by strain s } one exposure to strain s, vaccine treatment assignment is V ), and

Pr( infected by strain s } one exposure to strain s, vaccine recipient ) PEf

RRPC(S) = - : ; . . — ppC*
Pr( infected by strain s ’ one exposure to strain s, placebo recipient ) Ps
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Hazards and the exposure process

Define the hazard function of infection by strain s at time ¢ € [0, 7| for an individual with vaccination status
V as

Pr(t <T <t+A1,Y =5 |T >1,V)
At ’

A(t,s|V) =limpap o
and note that

Pr(t <T<t+AtY =s ! T >1t,V, subject-specific covariates ) =
Pr( exposed to strain s in [t,7 4 /A\t) ‘ V, subject-specific covariates )
xPr(t <T <t+At,Y =s|T >1,V, exposed to s in [t,r + AAr), subject-specific covariates ).

If you assume ASSUMPTION 3 (A2): that the exposure distributions depend only on time and are indepen-
dent of all subject-specific covariates, including treatment assignment, then the first term on the right-hand-side
is the density of a Markov process in z, indexed by s but not by V. Then dividing both sides by At and taking the
limit as Az ™\, 0 gives

_ N pC
A([,S‘V) - fEs(t) X PVS’
where Ng; is the counting process counting exposures to strain s, with Markov intensity f2 defined by

_ Pr(exposed to strain s in [t,7 4 /A\t)
fﬁv(f) EhmAt\O ( N ),

the integral of which will be denoted by F.(t) = [ ¥ (¢)dt.
HUTCHINSON
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Unbiased odds ratios (pt 1 of 3)

Using the equation Pr(T > t|V) = e M) relating a survivor function to a cumulative hazard function, it
follows that

Pr(T > 1|V) = exp (— /O t/l(u|V)du) — exp (- /0 t;m,uvm) — exp (- /O t; fg(u)ngdu> |

T Prt < T <t+At,Y =s|T >1t,V T
p‘fsz/o limas o e < + A L= )dt:/o A(t,s|V) x Pr(T >¢t|V)dt

T
_ / FY(OPLPH(T > 1|V)dt
0

— /0 f2s(£)PS exp ( /0 Xl‘, f,iY,(u)ngdu> dt.
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Unbiased odds ratios (pt 2 of 3)

Now if you assume ASSUMPTION 2 (A3): that the strain-specific exposure intensities are proportional, i.e.,

then

which, since P, = my x P}, implies that

fes(t) = 65 fgo 1),

P= [ orens( /sz, )RLdu ) d
=0l | st (~ [ fwaeLort;)a

—os [ ro(0exp(~E0) L ORL )
l

1 Fy(7)

_ GPPC) 0, Pre
ZZQIPPCGXP( “; 1y . X G Vs
(1 ( FN(T)ZGPPC)) 6:P);

2N O !
EQ [ Vi Zl QZP‘Z;;
0,P’"
=(1—=Pr(T >1|V Vs
R
0,P¢
Zl 6Py
0P

P, = ,
Y 6,P);
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Unbiased odds ratios (pt 3 of 3)

Pr _ QSP‘I/?;‘
Yy 6P

Finally, this result guarantees equivalence of retrospective, prospective, and per-contact odds ratios, since
Pls/Fus
Pl /Fa
_ P \fs/ P \fl
Pis/Pa
6P /6, Plf
O,PL /01 P
_ P /Py
- PiS/PY
= OR“(s).

OR,(s) =
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Biased relative risks

pC
The result that P, = % implies that the retrospective relative risk is biased as an estimator of the per-
1Pyl

contact relative risk, since
RRr(S ) - I;_‘ZS
us
_BY/YL 0P
- PY/Y 6,P"
Y, 6P
Y, 6P

= RRP“(s)

Note that the extra term (the multiplicative bias) is not a function of the strain category, so it cancels when
taking a ratio as in OR,(s) = RR,(s)/RR,(1).

HUTCHINSON
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Estimation of strain-specific VE and differential VE

Strain-specific VE is defined as VE; = 1 — RR”“(s).

Together, the o"'" and ;" parameters of the MLR model satisfy o" + B"" = log(RR’(s)). RR’(s) is a
biased estimate of RR”“(s).

Differential VE (between strains s and /) is defined as when VE; = VE;, and can be tested by comparing the

strain-specific per-contact relative risks RR”“(s) and RR”¢(1), for instance by testing the hypothesis that RRP(s)/
RRP¢(1) = 1.

The ™" parameters of the MLR model satisfy ;""" = log(OR’(s)), and therefore (under A1-A3), " =
log(OR™(s)).

HUTCHINSON
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Failure time models

Note that the “crude” hazard ratio A(z,s|v)/A(¢,s|u) is an unbiased estimator of the per-contact relative risk,
even without ASSUMPTION 2 (A3), since

At,slv) fgg(t) x PES B -
At~ ) < pE RS

Strain-specific VE is defined as VE; = 1 — RR”“(s).

The B! parameters of the proportional hazards model satisfy B = log (A(z,s|v)/A(t,s|u)), and therefore
(under A1-A2), B = RR¥(s).

Differential VE (between strains s and /) is defined as when VE; = VE;, and can be tested by comparing the

strain-specific per-contact relative risks RR”¢(s) and RR”“(/), for instance by testing the hypothesis that RR”“(s) /
RR”“(]) = 1.

The B/ parameters of the Lunn & McNeil (1995) recoded proportional hazards model satisfy B/ = log ( Mt’j‘v) /

A(t,su)
ig”;g), and therefore (under A1-A2), B/™ = OR"“(s).
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Equivalence of failure time and count models under A3

ASSUMPTION 2 (A3) has two equivalent mathematical expressions. From the binary-endpoint perspective,
the assumption says that the exposure intensities are proportional:

fes(t) = 65 fgo(1),

while from the time-to-event perspective, the assumption says that the strain-specific baseline hazards are pro-
portional:

A(t,s|V=u)= 60, x A(t,1|V = u).

The fact that ASSUMPTION 2 (A3) represents the extra assumption needed for the MLLR model to possess
the same biological interpretation for sieve analysis as the proportional hazards model is connected to a result of
Prentice et al. (1978). They showed that under the cause-specific proportional hazards model with proportional
baseline risks, given by

As(t]2) = exp(a + B 2)2a (1),

the marginal probability distribution of failure type satisfies the MLR model. Thus, when censoring is non-
informative, the failure time and count models intersect under A3.

Kochar and Proschan (Statistica Sinica 1991) showed that the failure time and type are mutually independent
if and only if this model holds.

Under assumption A3 and non-informative censoring, strain-specific proportional hazards models and the
MLR model are equivalent tools for sieve analysis. On the other hand, if A3 is violated, the incorporation of
failure times can potentially improve inference. HUTCHIIEESI\I(%EI\II2
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