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ARTICLE INFO ABSTRACT

Keywords: In this paper we generalize classic maximin model (Scarf, 1958) of the distributionally robust newsvendor
Robust optimization problem, creating data-driven models for sales (i.e., censored demand). In particular, we focus on a single-period
Newsvendor

single-item distributionally robust newsvendor context, where only observations of sales (censored demand)
data are available. We first calculate confidence intervals for the first two sales moments and then derive
necessary and sufficient conditions to ensure that a valid demand distribution exists for any combination
of sales moments contained in the union of the confidence intervals, which lead to guidance on appropriate
confidence levels. Once the confidence intervals are well-posed, their union forms the data-driven ambiguity set
in our new distributionally robust newsvendor models. Focusing on the case where confidence intervals for only
the first two moments are utilized, we derive a closed-form solution for the optimal order quantity. Moreover,
we extend our models by incorporating information about the probability of demand censoring as well as
allowing the sales data to be censored by multiple inventory levels. For the general case where demands are
censored by multiple capacities, we show that the model can be solved via semidefinite programming. Extensive
experiments, based on real data, explore the impact of various parameters and complement our theoretical
contributions. Our paper provides the first robust newsvendor models that can accommodate censored demand
using only data, whose solutions may be implemented easily via either closed-form solutions or tractable
semidefinite programs.

Data-driven
Censored demand

1. Introduction require some distributional assumptions. In contrast, we develop data-

driven distributionally-robust newsvendor models that are based on

Distributionally-robust newsvendor problems have been widely
studied in the operations management literature. For a comprehensive
overview of robust models in this domain, we refer the reader to Lu
and Shen (2021). Among the most influential approaches is the max-
imin model, originally introduced by Scarf (1958), which maximizes
the worst-case (minimum) profit over all valid distributions. In the
maximin model, summary statistics of the demand distribution, such as
mean and variance, are utilized and can be estimated from historical
demand data. However, in many applications the historical data are
observations of sales, or censored demand. Furthermore, the censoring
depends critically on the inventory level that had been previously
chosen; if actual demand exceeds the available inventory, the excess
demand is typically not tracked and hence unobservable. As a result,
it is difficult for firms to accurately estimate the underlying demand
distribution, or even moments of demand, using only sales data. While
the problem of censored demand has been studied in the literature,
the approaches are typically based on stochastic optimization, which
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sales information, rather than demand information; in particular, we
assume that only sales data are available and we use them to calculate
confidence intervals for the sales moments, which serve as building
blocks for ambiguity sets in our robust models. To the best of our
knowledge, we are the first to combine censored demand data with
data-driven distributionally-robust optimization.

1.1. Contributions

Our paper provides several contributions for the distributionally
robust newsvendor problem:

1. Introduction of Data-Driven Censored-Demand Models: Un-
like earlier models that assume demand moments are known
precisely, we instead assume that only sales data are available.
We propose the following framework to incorporate sales data:
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(a) We first calculate confidence intervals for the first # sales
moments, focusing on the case of the first two moments,
based on the sales data. Then, we derive necessary and
sufficient conditions on the confidence intervals to ensure
that a valid demand distribution exists for any combi-
nation of sales moments in the union of the confidence
intervals, which lead to guidelines for setting confidence
levels.

(b) Once it is ensured that the set of confidence intervals is
well posed, their union serves as an ambiguity set in our
distributionally robust newsvendor models.

2. Generalizations: We generalize the maximin model
(Scarf, 1958) to accommodate a data-driven environment with
censored demand. In particular, we show that:

(a) Given well-posed confidence intervals for the first two
moments, we derive a closed-form expression for the
optimal order quantity when the sales data is censored
by a single censoring level.

We extend our model by incorporating confidence inter-

vals for the probability of demand censoring. We retain

our ability to derive a closed-form solution under this

extension. Overall, our single-censoring-level model is a

data-driven DRO model for truncated demand/sales; and

our novelty is not a new Scarf structure, but the construc-
tion of statistically valid ambiguity sets from censored
sales data.

(c) We further extend our model by allowing the sales data
to be censored by multiple historical censoring levels,
which are efficiently solvable by semidefinite program-
ming (SDP).

b

-

3. Technical Contributions: While our analyses are guided by
existing results from the literature (e.g., the duality theory
from Shapiro, 2001 and the data-driven distributionally robust
optimization of Delage & Ye, 2010), the introduction of censored
demand creates technical challenges. Notably, in the case where
there are M censoring levels, we find that the model requires
solving for the maximum of M distinct SDP problems.

4. Benchmarking: We compare our models, using real data from
Kaggle, with three benchmarks, namely (1) a simple de-censoring
strategy, and (2) the Kaplan-Meier (KM) myopic model, a non-
parametric estimate of the classic newsvendor order quantity for
censored demand Huh et al. (2011). We demonstrate that our
models can outperform both benchmarks.

We next provide a literature review to survey the most relevant
research to our paper and to properly position our contributions in
terms of existing work.

1.1.1. The newsvendor with censored demand

We begin by discussing the literature on the newsvendor with
censored demand. The first stream consists of parametric demand
estimation techniques using censored demand. Under this approach, the
underlying demand distribution is assumed to belong to a parametric
family of distributions with unknown parameters; censored demand
information is then used to estimate the underlying demand distribu-
tion’s parameters. For example, Ding et al. (2002) and Lu et al. (2008)
apply a Bayesian approach to the newsvendor model and its multi-
period extension with censored demand. In both papers, the unknown
parameters are first updated through prior and posterior observations,
and then the newsvendor model is solved based on the updated demand
distribution. The second stream of literature focuses on nonparametric
approaches to analyze the same problem. For instance, Burnetas and
Smith (2000) propose an adaptive algorithm to find approximations
for the newsvendor’s optimal order quantity and price. Godfrey and
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Powell (2001) develop algorithms for solving the newsvendor problem
with censored demand. Huh and Rusmevichientong (2009) introduce a
stochastic gradient descent approach to improve convergence rates of
demand estimation. Huh et al. (2011) apply a Kaplan-Meier approach
for a distribution-free newsvendor model with censored demand. In
contrast, our paper adopts distributionally robust optimization in a
data-driven setting to study the newsvendor problem under censored
demand, which leads to tractable solution methods. In our most general
setting, we formulate the resulting maxmin DRO problem and show
that its dual can be reformulated as a finite-dimensional semidefinite
program, yielding a tractable solution approach. For the simpler case
with second-order sales information (mean and variance) under a single
censoring level, we further derive closed-form characterizations.

1.1.2. Maximin distributionally robust newsvendor

We next discuss a stream of literature concerning newsvendor mod-
els that are studied via distributionally-robust optimization, where
moment information of demand is available. As mentioned in the
introduction, the approach is a maximin methodology that derives
the optimal order quantity under the worst-case distribution of de-
mand. Scarf (1958) and Gallego and Moon (1993) are two notable
papers in this stream and both derive closed-form expressions for
optimal quantities when only the mean and variance of demand are
known. Yue et al. (2006) analyze the expected value of distribu-
tional information for the classic maximin order quantity from Scarf
(1958). Ben-Tal and Hochman (1976) study a similar model but where
the mean absolute deviation of demand is available. Ben-Tal et al.
(2013) extend the single-item newsvendor model to a case with mul-
tiple items where the demand information for each item are available.
Recently, Natarajan et al. (2018) introduce demand semivariance in-
formation into the model to measure distributional asymmetry and
derive a closed-form solution for the order quantity. For a more general
model, Zymler et al. (2013) develop a distributionally robust model
with joint chance constraints given first- and second-order moment
information, as well as the support of uncertain parameters, and pro-
vide an SDP to approximate the worst-case conditional value-at-risk.
Our study focuses on a single-item distributionally robust newsvendor
problem; however, in contrast, we assume that only sales data, rather
than demand moments, are available. In particular, given an inventory
level, sales are censored demand. We create confidence intervals for
the first and second moments of sales, and we derive a closed-form
expression for the optimal order quantity. Furthermore, for the case
with multiple censoring levels, we are able to solve for the optimal
ordering quantity using semidefinite programming.

2. Background and baseline model

The classic (stochastic) newsvendor model is concerned with a firm
that needs to decide on an order quantity g at the beginning of a sales
season where demand is uncertain; the demand is realized by the end
of the sales season once the inventory is on hand. The unit revenue is
r and the unit cost is ¢; we assume 0 < ¢ < r. We also assume, without
loss of generality, that unsold units at the end of the sales season have
zero salvage value.

The optimization problems in this paper are defined over a proba-
bility space (£2, D, F), where 2 = R, is the support of demand, D is the
Borel o-algebra on 2, and F is a Borel probability measure of demand
on R, . Given a continuous probability distribution F of demand d, the
firm chooses an order quantity ¢ to maximize expected profit: 1’:1’13())( Tps

where 75 £ Ep [rmin (d, q) — cq], with the well-known optimal solution
g =F (1 =c/r).

However, knowing the precise distribution F is a very strong as-
sumption, as detailed in the distributionally robust newsvendor litera-
ture. If there is ambiguity about the underlying distribution, one can
maximize the expected profit under a worst-case demand distribution,
using various approaches. In this section, we review the maximin
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distributionally robust newsvendor model analyzed by Scarf (1958).
In Section 3, we generalize the model by incorporating censored de-
mand and data-driven ambiguity sets of moment information into their
formulations.

Assuming that only the mean u and variance o> of demand are
known, the maximin distributionally robust newsvendor model is for-
mulated as follows:

max min E min (x, q) —
max min F [rmin(x, g) — cq]

s.t. /dF(x):l,
Q

/ xdF(x) = p,
Q

/ xzdF(x) = ,142 +62.
Q

Scarf (1958) showed that the optimal order quantity for this formula-
tion is

c r—c C : H C
g = ”+E(\/7_\/:)’ if 7 24/7% 'e))

B .
0, otherwise,

where the subscript B indicates the maximin baseline solution. Note
that we obtain a trivial outcome g} = 0 when the ratio y/c is small.

3. A data-driven Maximin model with censored demand

In this section, we propose and analyze a data-driven maximin
distributionally robust newsvendor model that only has access to sales
data, which we use to estimate the statistical properties of sales. We
create statistical confidence intervals for moments and probabilities,
which are then fed into a new distributionally robust newsvendor
model; we use the percentile Bootstrap method to calculate these
confidence intervals, though other approaches can be used to determine
the intervals. In other words, we propose and analyze data-driven
distributionally robust newsvendor models with censored demand. Our
models generalize the baseline model of Section 2.

We begin by analyzing a base case in Section 3.1, where only the
first two sales moments are considered, and we derive a closed-form
optimal order quantity. In Section 3.2, we extend the base case model
by considering the probability that demand is censored, and derive a
closed-form optimal order quantity. Finally, in Section 4, we extend
our model to allow the sales data to be censored by multiple inventory
levels, which can be solved via semidefinite programming.

Throughout this paper, let d denote the latent demand and s =
min(d, k) denote the observed sales, where k represents the historical
censoring threshold that generated the available data. In Sections 3.1-3.2,
we analyze the single-threshold case where the entire historical dataset
was generated under a common k. This k may represent a physical
display cap, but it often represents a fixed historical order-up-to level
0,1, that remained constant over the sampling period. Under this
interpretation, the manager only observes sales censored by this cen-
soring threshold. The current decision variable is the order quantity q.
Because our historical observations are right-censored at k, the model
optimizes the order quantity within this known data horizon, requiring
q < k. In Section 4, we extend this to multiple historical censoring
thresholds {k;} (when historical censoring thresholds vary). Finally,
Section 4.2 provides an illustrative rolling implementation and discusses
its inherent informational limitations.

3.1. A model with mean & variance

Suppose we have N observations of sales {sj}’_": » where s; =
min(d;, k). Here, d; is the uncensored demand reafization and k is
the common historical censoring threshold. This setting is particularly
relevant when a firm maintains a consistent order-up-to inventory level
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over several periods, thereby generating a stable censoring threshold,
before seeking a distributionally robust adjustment to its order quan-
tity. Given these N sales observations, we first construct confidence
intervals for the first two moments of sales and then derive a closed-
form solution for the optimal order quantity g (subject to ¢ < k),
expressed as a function of these data-driven intervals.

Given the N observations of sales {s;};_; n, an a% confidence
interval for the ith moment y; can be obtained by using the stu-

e Tt - 5 A 8 L
dent’s r-distribution: y; € [M, —tyN-1 \/—’ﬁ,yi +taN-1 75 where g, =
| oN - o1 weN (i A\
~ X,=1 5 is the sample mean, 67 = = X7, (s; —/;) is the asso-

ciated sample variance, and ¢, y_, is the associated critical value of
the student’s t-distribution with N — 1 degrees of freedom.! However,
applying this approach is not appropriate when the sample size N is
small. For example, given (N, k) = (5, 10) and supposing that d; follows
an exponential distribution with mean 5, the sample distribution of the
sales mean i, = lN Zj’i , 5; could be highly skewed, in contrast to the
symmetrical student’s ¢-distribution — see Fig. 1(a). Moreover, when the
order index i is large, the distribution of s’ can become unreasonably
skewed or kurtotic, which also conflicts with the assumption of a sym-
metric student’s z-distribution. For example, given (N, k) = (100,1.2)
and supposing that d; follows a normal distribution with mean and
standard deviation equal to one, the distribution of the sample moment
A = % Zj\i ) sj. is long-tailed when i > 3 - see Fig. 1(b). Consequently,
we take a new approach to estimate moment confidence intervals.

We propose using the percentile Bootstrap method to approximate
confidence intervals of the sales moments y;; Algorithm 1 in Appendix
A of the E-Companion Appendix provides the details. Although the per-
centile Bootstrap method is asymptotically valid only when the sample
size N is large, it is a mature technique that has been widely utilized
in the field of applied statistics even when N is small. Moreover,
many experiments show that the percentile Bootstrap method provides
fairly accurate estimation of confidence intervals for most distributions
(e.g., see DiCiccio & Efron, 1996 and Efron, 1987).

To obtain a good estimation of a moment’s confidence interval, the
M in the algorithm should be large. For example, if we set M = 10°,
the resampled {z;} j=1,..m are symmetrically distributed under most
conditions and an associated, say a, = 95%, confidence interval is
reasonably accurate. However, if the percentile Bootstrap distribution
is not nearly symmetric (e.g., when the actual demand distribution
is highly skewed), the percentile Bootstrap method may fail to pro-
vide satisfactory results. In such a situation, one may switch to the
Bootstrap-t technique (e.g., see Efron & Tibshirani, 1994 and Reiser
et al., 2017).

Given a significance level «,, we define the upper bound of the
ith moment’s confidence interval as m;(a,) = Zi (I+am/2)) and the
lower bound as m,(a;) = z/(1_q)m2))> fOr i = 1,....¢, where ¢ is
the highest moment order considered. For example, given a; = 95%,
we have m;(95%) = 2z jgg75pm7) and m,(95%) = z (g gspr)- To further
simplify notation, we shall use m; and m, to denote the upper and lower
bounds of the ith moment, with «, implied, and consequently we have
the confidence intervals y; € [m,,m], fori=1,...,7.

Given confidence intervals for the first two moments of sales (i.e.,
censored demand), we formulate a new distributionally robust newsven-
dor problem as follows:

max min Ez [rmin(x,q)—c 2
Dax min Fl (x,q) —cq] 2

s.t. /dF(x):l,
Q

/min(k,x)idF(x) €lm.ml, VFED, i=1.2.
Q

! The ith (raw) moment of sales is defined as y; = E[s'], so the moment
index i is exactly the power (exponent) applied to the sales random variable.
In addition, the two-sided critical value satisfying P(|Ty_,| <t, y_) = a.
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(a) N =5, x ~exp(5), k=10,i=2.
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Fig. 1. Possible distributions of f;.

The first constraint ensures that F is a valid cumulative distribution
function on 2. The moment constraints define the ambiguity set by
requiring that, for i € {1,2}, u;(F) & [, mintk,x)' dF(x) € [m,m].
Since k is the censoring threshold that generated the historical data,
the order decision must satisfy ¢ < k when the same threshold applies
in the decision period.

This single-threshold formulation should therefore be read as a
model for datasets generated under a common historical censoring thresh-
old. If the observed quantity in a particular application is min(d, g"*!)
and the historical order-up-to level is constant across the sample, then
we are exactly in this setting with k = ¢"*. When the historical cen-
soring thresholds vary across observations, the appropriate extension is
the multi-threshold model in Section 4.

3.1.1. Selection of the significance level a;

Before solving Problem (2), we select a significance level a, such
that the resulting confidence intervals for the first two moments of
sales are jointly consistent. Specifically, we require that every pair of
moments within the two confidence intervals corresponds to at least
one valid probability distribution of sales. This requirement is imposed
to ensure the ambiguity set defined by interval constraints is a coherent
Cartesian-product uncertainty set and ensure that the moment bounds
do not include unattainable (internally inconsistent) moment pairs.
The following lemma provides a tractable way to allows us to verify
whether a given «, satisfies this joint-consistency requirement.

Lemma 1. The following are true:

1. The non-negative vector (u,, i) is a feasible pair of sales moments
if and only if the associated moment matrix is positive semidefinite,

1
Mé< ”1>z0, and k > 22 (assume p; > 0).
Hi M “

2. The conditions M > 0 and k > Z—z, Yy, ) € [my. ] X [my,my]
1

are equivalent to m, > ﬁf and k > %
=1

Lemma 1 provides necessary and sufficient conditions for the exis-
tence of a valid probability distribution for any pair of sales moments
in the uncertainty set, thus ensuring the well-posedness of Problem (2).
If an exogenous significance level o, does not satisfy the necessary and
sufficient conditions, m, > ﬁf and k > %, we can lower the significance

i ny
level «, until the conditions hold.” In Section 5.1, we will demonstrate
numerically that, for a given sample size and censoring threshold (N, k),

2 As a; —> 0, we have m, = m, = where i = 1,2. Note that

5
M2
the index parameter M /2 is fixed, so (u),p,) = (2}, /z’sz ) BY definition,
for a given M /2, the 2}\4/2 = Z,]\;] z;/N is the sample mean and z%wz =

27:1 z/? /N is the sample second moment. Since the random variable z; follows

there exists an upper bound &, € [0, 1], such that the necessary and
sufficient conditions of Lemma 1 are satisfied when o, < a;.

3.1.2. A closed-form optimal order quantity

Now, we are ready to characterize the optimal order quantity
in closed-form. The subscript C represents the maximin model with
confidence intervals for censored demands.

Theorem 1. If m, > ﬁ% and k > Z—T, then the optimal order quantity q;.
is

m, c
(1) When 7; > )
\/; r—c c . (r—c)v
q*zﬂﬁT( o) ke m
c .
k, otherwise.

[
g = 0, ->=%
k, otherwise,
where v =m, — Zf is the largest possible variance of sales.

In Theorem 1, the optimal order quantity is a function of the lower
bound of the first moment, m,, together with the upper bound of
the second moment, m,. In other words, when moment information is
estimated via sales data, we use the lowest mean m, and the highest
variance v = m, —m% to characterize the order quantity, which implicitly
illustrates the conservatism of the maximin model. Moreover, our
optimal maximin order quantity restores that of the maximin baseline
in Section 2 when both N — oo and k — co: ky}l\i{rgw q; = qp-

3.1.3. Worst-case sales distribution

Given the first two moments of demand, Scarf (1958) demonstrates
that the underlying worst-case demand distribution that determines the
order quantity ¢}, in the baseline model is a two-point distribution.
Interestingly, if we only have access to confidence intervals for the first
two sales moments, the worst-case sales distribution, that determines
the order quantity g, is also a two-point distribution.

a valid probability distribution, its associated sample mean and sample second
moment must satisfy the necessary and sufficient conditions in Lemma 1. As
a result, we conclude that when a; — 0, the conditions in Lemma 1 must be
satisfied.



J. Lei and M.R. Wagner

Theorem 2. The worst-case sales distribution that determines the order
quantity q7. can be a two-point distribution with first moment equaling m,
and second moment equaling m,.

Remark 1 (Connection to a Truncated-Demand DRO Counterpart). Let y =
min(d, k) denote the truncated demand (equivalently, sales). For any
feasible ¢ < k, min(d,q) = min(y,q) holds. Consequently, Problem (2)
can be interpreted as a distributionally robust newsvendor model, in
the spirit of Scarf (1958), written directly in terms of the truncated
variable y. The structural logic of the solution in Theorem 1 follows the
classical two-moment maximin approach: it is driven by the smallest
admissible mean and the largest admissible variance of the relevant
random variable. The difference is that, in our setting, this variable
is the sales distribution with support [0, k], rather than the latent
demand. The core contribution of our formulation lies in the data-
driven construction of the ambiguity set from censored observations,
the well-posedness conditions established in Lemma 1, and the fact
that Theorem 2 identifies a worst-case sales distribution. We also see
in Section 3.2 that adding censoring-probability information further
tightens this truncated-demand ambiguity set and changes the resulting
solution.

Thus, after taking y = min(d, k) as the primitive random variable,
Problem (2) is the natural counterpart of Scarf (1958). The contribution
here is therefore not a fundamentally new maximin structure, but a
data-driven construction of a valid ambiguity set from censored sales
observations, together with the associated well-posedness conditions
and tractable robust decision rule.

3.2. The probability of demand censoring

To allow our model to use additional available information, we
now extend it by incorporating information about the complementary
probability of demand censoring: p 2 P(d < k) = fok dF(x). Given N
observations of sales, we count the number of observations that are
equal to the censoring threshold k: n(k) = Zf\:' , 1{s; = k}. By Borel’s
Law of Large Numbers (Chandra, 2012), we have

n(k)
lim 52 =1 —p,
m N p

N—-oo

where 1 — p is the probability of demand censoring (almost-sure con-
vergence). For finite N, there is a non-trivial estimation error, and we
calculate the confidence interval for p using the percentile Bootstrap
method.

Given the confidence interval for p, [m;, my] (i.e., my = B(|(11a,m/2))
and m, = p(j(1-q,m/2]))> We update the overall robust constraints to
(D, Hy, M) € Xl.z=0[mi,ﬁ,-]. Next, we study the data-driven distribution-
ally robust newsvendor model with the updated robust constraints
(TS Xl.z=0[ml.,ﬁi] as a demonstrative example of how this
probabilistic information can be incorporated into our models. We
again derive a closed-form order quantity, which we compare with the
order quantity az from Section 3.1.2, that does not consider p. In other
words, we evaluate the benefit of explicitly incorporating information
regarding the probability of demand censoring. We modify the maximin
model as follows:

max min
4€[0,k] FED

s.t. /dF(x): 1,

Ep [rmin(x, g) — cq]

3

1{x < k}dF(x) € [m,,myl, VF € D

fmin(k, x)'dF(x) € [m.,m]1VFeD, i=12.
Q

3.2.1. Selection of the significance level o,

To solve Problem (3), we must again select an appropriate signif-
icance level «ay, so that there exists a valid probability distribution F
for any (p, py, ) € )(1.2=0[mi,ﬁ‘-]. Since Problem (3) is an extension of
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Problem (2), the conditions in Lemma 1 must hold, namely m, > mz and
k > :— to ensure that any vector (uy, #y) € [m,m;]X [m,,m,] admits
a valid distribution F. We extend the logic of Lemma 1 for p in the
following lemma.

Lemma 2. The following are true:

1. For a valid probabilistic distribution F having statistics p and u;,
1 - £L < p must be satisfied.
2. The condition 1— ”7‘
m
tol- TI <my.

< p, Y(p. uy) € [my. molx[m,, m,), is equivalent

3.2.2. A closed-form optimal order quantity

Supposing that confidence intervals for p and y;, i € {1,2}, satisfy all
conditions listed in Lemmas 1 and 2, the firm’s optimal order quantity,
in closed-form, is shown in the next theorem, where the subscript S
denotes the case where the probability of censoring is incorporated.

Theorem 3. If m, > ﬁf, k> %, and 1 -

) < m,, then the optimal order

T_

s
quantity q 1s
m (ck—rm,)?
=Lo> 4/ = oy
(1) When =L > /- — - =2,
m vk (1= /) y(k=m, )2 = =z . = .
qy =4 1= T W ). fkzm 4+ /Tvandy <,
k, otherwise,
m c 7 (ck—rm,)?
(2) When = <[-5 - Lo ==,

if € > 2t
s = O 7>
k, otherwise,

where v =, —m? and y = 1 —m,.

The order quantity g, is determined by the lower bound on the sales
, the upper bound on the sales variance v = m, — mf, and the
lower bound on the probability of censoring y = 1—m (im, is the upper
bound of P(d < k)). In particular, g§ restores g, from Section 3.1.2, if
y = 0. To better measure the impact of incorporating the probability of
demand censoring, we compare the two order quantities g3 and g7, in
the next lemma. We focus on the “non-trivial” quantities, ignoring the
cases where 0 or k are ordered; in other words, we focus on the first
order quantities in the first cases of Theorems 1 and 3.

mean m

Lemma 3. The non-trivial order quantity of Problem (3) is always at most
the non-trivial order quantity of Problem (2): g < q.

Lemma 3 demonstrates that incorporating the censoring probability

= P(s = k) leads to a more conservative order quantity. From a
distributional perspective, this shift occurs because the ambiguity set
in Problem (3) is a subset of the one in Problem (2). By explicitly
accounting for the mass at the censoring point k, we effectively restrict
the worst-case sales distributions to a mixed-type setting with an atom
at k. This additional information reduces the maximum admissible
variance within the ambiguity set, leading to a tighter robust solution.
Finally, we obtain the same limit conclusion as that in Section 3.1.2:
05~ i

3.2.3. Worst-case sales distribution
We now examine the worst-case sales distribution that determines
the optimal order quantity g5.

Theorem 4. The sales distribution that determines the optimal order
quantity ¢ can be a three-point distribution with first moment m,, second
moment m,, and probability of censoring P(min(d, k) = k) = 1 —my,
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By incorporating the probability of demand censoring into the
model, the worst-case sales distribution becomes a three-point distribu-
tion. Comparing to the two-point sales distribution in Theorem 2, the
“extra” point in the sales distribution comes from a mass of y = 1—m at
point k. Furthermore, supposing that y = 0, we have that dg =4z, and
the three-point sales distribution in Theorem 4 restores the two-point
sales distribution in Theorem 2.

Remark 2 (Interpretation of the Censoring-Probability Constraint). Under
the continuous-demand setting of Section Section 2, the sales variable
y = min(d, k) can be interpreted as a mixed distribution consisting of
a continuous part on [0, k) and an atom at k. Section 3.2 incorporates
explicit information regarding the magnitude of this atom: the lower
bound y = 1 —m, represents the probability mass for P(y = k). Relative
to Problem (2), Problem (3) imposes one additional structural restric-
tion on the ambiguity set, namely a lower bound on the probability
mass at k. As a result, the ambiguity set is tighter, the worst-case
sales distribution changes from a two-point distribution to a three-point
distribution with one support point fixed at k, and the resulting non-
trivial robust order quantity weakly decreases, ie., o < g7. When
y = 0, this additional restriction disappears and Problem (3) reduces
to Problem (2).

4. A data-driven maximin model with multiple censoring levels

An important assumption in the previous sections is that all sales
observations are censored at the same censoring threshold k. In other
settings, however, historical sales may be censored at multiple histor-
ical censoring thresholds, for example because the firm used different
order-up-to levels or shelf-space allocations across periods (e.g., during
an experimental or exploratory phase to learn demand). In this section,
we consider sales data censored at multiple levels and study how
these groups of censored observations affect the optimal robust order
quantity.

Suppose we have M > 1 groups of censored demand. Let the ith
group of sales be censored by threshold k;, where we assume that the
indexing is such that k; < k; for i < j. As in previous sections, assume
that, for each group of data, we have confidence intervals for the first
two moments of the sales and the probability of demand censoring.
Model (3) is extended as follows:
max mig /.(2 rmin(x, g)d F(x) — cq “4)

40 Fe

s.t. /dF(x):l, VFeD
Q
/]l{x<k,‘}dF(x)e[mi0,Eivo], VFeD,i=1,...M
Y :
/min(x,kl)de(d)e[n_1ij,ﬁ,j], VFeD,i=1,..M, j=1,2,
A o,

where [m, . m; (] is the confidence interval for the probability that
demand is not censored by threshold k; and [m, ,,m; ;] is the confidence
interval for the jth sales moment that is censored by threshold k;.
We assume all confidence intervals satisfy the sufficient conditions in
Lemmas 1 and 2.

4.1. A solution by semidefinite programming

By strong duality (Shapiro, 2001), the inner minimization of Prob-
lem (4) can be replaced by its dual. Conditioning on the location of
the order quantity ¢ among the sorted censoring levels k; < k, < -+ <
ks, we can write the dual of the inner minimization problem as the
maximum of M semidefinite programs.

Theorem 5. Given confidence intervals for the probability of demand
censoring and the first two sales moments for all M groups of data,
[mi,ﬁ-,ﬂ, where i = 1,...,.M and j = 0,1,2, if ¢ € (k;,k;, ], the

1
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dual of the inner minimization problem in (4) is equivalent to the following
semidefinite optimization problem:

2 M
V(glq € (k;. ks D £ max % 2 Z [(W,‘J +m,vj)y,-_,- + (ﬁiyj —m[./)l,-_j +Y]
j=0 i=1
st 0= Y X n=12% w=0,..J-1,
i+j=2n—1
A 05k kpy) = Y, X, n=0,1,2;
i+j=2n
w=0,...,J—1,
0= Y v, n=12
i+j=2n—1
A0k )= Y v n=0.12 w=J,
i+j=2n
0= Y wuy n=12

i+j=2n-1

AY0,rq g, ks ) = Z w; n=0,1,2; w=1J,

i+j=2n
0= Y 2. n=12 w=J+1..,M-1,
i+j=2n-1
A rgi Ky k) = Y, 2 n=0,1.2,
i+j=2n

w=J+1,....M-1,
X*,Z", V.U >0, Vw,
yij€lzp=zyl i=1,...,M, j=0,1,2,
z;; 20, i=1,...,.M, j=0,1,2,

i S

where AY(-) is the SDP-representable polynomial function: A" (A, B;a,b) =

n 2+i—n

. . 2w ) M
5 S () v =S k- S s earn

i=0 j=i j=li=1 i=w+1
M M
Y, =- Z yii+tA and Y, = - Z Yi2- Moreover, V(qlq € (k;,k;1]1)
i=w+1 i=w+1

is concave in q.

The SDP problem V(qlq € (k;,k;,,]) is concave in g, so we can

always find an optimal quantity ¢} such that ¢; € argmax V(qlg €
qe(ky k1]
(ky,ky.q]) using, say, a golden-section search method. Solving the

conditional problem V(qlg € (k;,k;,,]) only provides the optimal

solution in the restricted domain ¢ € (k;,k;,,]. To solve the master

problem (4), namely o m?/’f V(g), we need to search the best solutions
<q<kp

max V(q|q €

for all subproblems; this is equivalent to solving max { max
q€(ko,ky

(ko, ki), =, kmax V(qlq € (kp_1.kp D) p, where each is solvable
q€

M-1-FM
via an SDP, possibly in parallel, per Theorem 5. We conclude by noting

that these SDP problems are efficiently solvable (i.e., in seconds to
minutes) for reasonable values of M; further details are provided in
Section 5.

It is also useful to clarify how our framework relates to, and differs
from, existing DRO/moment-problem techniques (e.g., Bertsimas &
Popescu, 2005). While we build on similar duality-based ideas, our
setting is fundamentally driven by censored observations (i.e., demand
data). In the single-censoring model, this censoring enters through
moment constraints of the form E[min(d, k)] (see model (2)), and in the
multi-level setting through constraints of the form E[min(d, k;)/] across
multiple thresholds k; (see model (4)).

At a technical level, the dual of our inner moment problem is closely
related in spirit to Bertsimas and Popescu (2005), but censoring induces
a different dual structure. In particular, the dual constraints become
piecewise in the demand variable, with separate regimes (e.g., d € (0, k]
and d € (k, ) in the single-level case), whereas the uncensored mo-
ment problems are defined over a single domain (0, c0). With multiple
censoring levels, the partition becomes finer (e.g., d € (k,,, k1), lead-
ing to a more subtle indexing of the dual constraints. As a consequence,
in our formulation the resulting computation is not represented by a
single SDP in general; rather, it can be expressed as the maximum over
a finite collection of SDPs (one for each relevant interval induced by the
censoring levels). These structural differences are specific to censored-
demand information and are not present in the standard uncensored
moment-DRO formulations.
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Several extensions are natural. First, higher-order censored mo-
ments (i.e., £ > 2) can be incorporated by adding corresponding
constraints and applying the same SDP machinery to the inner problem,
followed by the same outer search over q. Second, the ambiguity set can
be strengthened using richer summary information — e.g., partitioned
(segment-wise) moments, asymmetry measures, or other censoring-
induced statistics — along the lines of the partitioned-information ideas
in Natarajan et al. (2018). These directions can enrich the model while
retaining tractability.

4.2. An illustrative multi-period implementation

This subsection presents a stylized multi-period implementation of
the multi-threshold model when successive historical order quantities
generate successive censoring levels. Note that our proposed implemen-
tation is not intended as a general exploration policy. In particular,
if the initial censoring level is too small, the accumulated sales data
contain limited information about the upper tail of demand, creating
an “information bottleneck” (Lariviere & Porteus, 1999) that a purely
rolling update may not overcome. For that reason, the procedure below
is most informative when the initial threshold is deliberately large,
or when exogenous experimentation provides several censoring levels.
Our core theoretical results in Sections 3.1-4 do not depend on this
subsection.

We revisit our model from a multi-period perspective. In each
update period, the firm chooses an order quantity using confidence
intervals constructed from sales data generated under previous order
decisions, and the current order decision becomes a future censoring
level. This repeated-update perspective is related in spirit to Saghafian
and Tomlin (2016), which studies Bayesian updating in a repeated
newsvendor setting without censoring and under distributional assump-
tions.

We restate the general multi-threshold model (4) as

max ,kkm) =max min E;[rmin(x,q)—
nas fq ) nax  min plrmin (x, ) — cq]

s.t. /dF(X)=l,
Q

/ L{x < k;}dF(x) € [m, o], i=1,....M,
A :

/ min(x,k,-)j dF(x) € [ﬂ”,ﬁu],
o 2 My
i=1,... M, j=12

where k 2 (ky, ..., k) and m £ {mi,/’ﬁi,/}i,j'

Sequential implementation. Our implementation follows the roll-
ing (sequential) manner. In update period ¢, we set the state to be the
collection of previous order quantities, k; = (ky, ..., k) = (qp,..-,q_))-
Given k, and the confidence intervals m, constructed from all accu-
mulated sales data, we compute the next decision by solving ¢ €
argmax, f(q;k,m,), and then set k,,; = ¢/. This rule is intention-
ally myopic: it repeatedly re-solves the static DRO problem using the
accumulated data and does not separately optimize experimentation.
We use it here only to illustrate how the multi-threshold model can be
implemented sequentially. In particular, it is not a general exploration
policy and is not designed to recover from an initially uninformative
low threshold.

Numerical illustration. We implement the rolling procedure in
blocks. Starting from an initial order quantity ¢, the firm applies the
same quantity for n consecutive periods, then uses the resulting sales
observations to update the confidence intervals and compute the next
order quantity. At stage 7, the update uses all data collected so far
under censoring levels {a9,47.---,q ,}. For simplicity, we fix n = 10
throughout.®

3 Hall (1992) recommends (page 286) at least ten data points for
bootstrap-based procedures.
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Fig. 2. Convergence of order quantities to the optimal newsvendor solution.

5. Numerical experiments

In our numerical studies, we utilize real sales data downloaded from
Kaggle.com. Since there is no evidence of censoring (see Appendix B
in E-Companion Appendix), we assume that this sales data set is a
demand data set. We generate various sales data sets by censoring the
raw demand data by different inventory capacities. To further support
conclusions obtained using the real dataset, numerical studies that are
based on synthetic demand data are also provided in Appendix B of
the E-Companion Appendix; we use well-behaved gamma and normal
distributions, a heavy-tailed lognormal distribution, and an ill-behaved
beta distribution, which, using parameters a,b < 1, is U-shaped. To
begin, we provide a brief overview of the Kaggle data.

The real sales data set consists of product sales at a set of retail
stores, available at https://www.kaggle.com/c/demand-forecasting-ke
rnels-only. There are four variables in this data set: date, store, item ID
and sales. In our numerical experiments, we select the data for a single
product at a single store (randomly selected), from January 1, 2011 to
December 31, 2017. There are 1826 observations, d; for i =1, ..., 1826,
with mean 53.2 and standard deviation 15.0.

In Section 5.1, we provide a numerical study to identify the values
of a, that admit feasible distributions for any vector of moments in the
ambiguity set and we propose finding an appropriate «, value through
K-fold cross validation. In Section 5.2 we provide sensitivity analysis
for our model’s order quantity and (realized, not worst-case) expected
profit. Finally, in Sections 5.3 and 5.4, we compare our model with
two benchmarks: (i) a simple parametric de-censoring strategy (normal-
based) and (ii) the Kaplan-Meier (KM) myopic policy for censored
demand.

In the numerical study, demand is normally distributed with x4 = 100 and
o = 20. With r = 2 and ¢ = 1, the optimal newsvendor quantity is 100. We
initialize the procedure at g, = 1.5u, so that the first block of observations is
only lightly censored and therefore informative about the upper tail. In each
update period, the confidence intervals m, are obtained by bootstrap from
the accumulated censored sales data, using 10,000 resamples. We repeat the
simulation 100 times and summarize the resulting path in Fig. 2. In this high-
initial-threshold setting, the order quantity moves quickly toward the optimal
benchmark and then stabilizes, illustrating the rolling implementation in a
high-initial-threshold setting.
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Fig. 3. Impact of significance level ¢, on ambiguity sets for sales moments.

5.1. Selection of significance level ay

In our models, a required preprocessing step is to select a proper
significance level « to ensure that there exists a valid probability dis-
tribution F for any combination of moments contained in the ambiguity
sets. A natural question arises: given a sample size N and a censoring
threshold k, what values of @, may we utilize in our models? We answer
this question in this section.

In Fig. 3-(a), we plot the upper and lower bounds of the first two
moments, m, and m; for i € {1,2}, as functions of «,, using the real data
that are censored by censoring threshold k = 115, the maximum sales
value in the data set. The upper and lower bounds are computed using
the percentile Bootstrap method in Algorithm (see Appendix A in the
E-Companion Appendix). We observe that the interval widths increase
monotonically in «,, as expected.

Next, we examine this monotonicity property of the ambiguity sets
[m,,m;], i € {1,2}, in terms of Lemma 1, which stipulates conditions
that ensure a valid distribution F for any combination of moments
in the sets. In Fig. 3-(b), the x-axis represents sample size N €
{25,50, 100,200,400, 800,1600} and the y-axis represents significance
level a; € {0%,5%,...,95%,100%}. Given a significance level «,, we
randomly select N samples from the sales data set and re-calculate the
ambiguity sets using the percentile Bootstrap method. If the associated
ambiguity sets satisfy the necessary and sufficient conditions of Lemma
1, we color it as a dark cell; otherwise it is a light cell. We observe
that, for a given (N, k) pair of values, there exists an upper bound &,
where, if a, < @, the resulting ambiguity sets satisfy the necessary and
sufficient conditions in Lemma 1. The conjecture below summarizes the
main insights:

Conjecture 1.

1. The lower bound of the ith moment m, is decreasing in a,, while the
upper bound of the ith moment m; is increasing in a;.

2. Given inputs (N, k), there exists an upper bound a, for a,, where
the ambiguity set of the moments [m,,m,]X [m,,m,] admits a valid
probability distribution F for any element of the set if and only if
a; < ag.

3. The upper bound a; is increasing in the sample size N.

For example, in Fig. 3-(b), given N = 200, we have a, ~ 65%, and all
values of a; < 65% induce ambiguity sets that allow a valid distribution
F for any element of the sets. In addition, @, increases from 65% to
95% when the sample size increases from N = 200 to N = 1600. For
a given (N, k) pair of inputs, one can numerically find a, through a

binary search.

For each candidate a,, we construct the moment confidence inter-
vals (and hence the ambiguity sets) using only the training data through
censored sales observations. We then solve the corresponding model
on the training set to obtain the optimal order quantity. Finally, we
evaluate this decision on the test set using the raw demand observations
via the sample-average realized profit formula. Once the upper bound
@, and feasible range of «, are available, we can find the significance
level o that maximizes the out-of-sample performance using K-fold
cross validation, as follows. We first randomly permute the raw demand
observations, and then divide the whole data set into K equal folds,
where data in the first X-1 folds are labeled as the training data ©,,,;,
and data in the last fold are labeled as the testing data £2,,,,. For a given
a, in the feasible range, we find the optimal order quantity g(a,|£2;,,,)
on the training data and calculate the realized profit ] leml le,f;”’l 11
on the test data, where IT,,,, = {rmin[d;, q(a,|2qi)] — cq(ets|2,,4;, }- We
repeat this procedure, letting each fold play the role of the test data
set, and average the realized profits. The final score for the given «; is
the averaged profit over the K folds, and the best significance level «
is the one that provides the highest final score. Finally, we emphasize
that the confidence level is a hyper-parameter that is tuned and does
not correspond to any probabilistic guarantee of model performance.

test

5.2. Sensitivity analysis

In this section, we examine the order quantity and expected profit’s
dependence on the censoring levels k; and the number of censoring
levels M, for # = 2 (i.e., the first two moments of sales). We also
performed sensitivity analysis for the significance level «, and found
that, as long as our models are feasible (c.f., Section 5.1) and the
order quantity is not trivial, the profit does not depend strongly on the
significance level a;.

In our experiments, the order quantities are obtained via obser-
vations of the sales (censored demand), while the expected profit is
computed using the raw demand data, rather than the worst-case profit
objective of our models. For example, the expected profit is calculated
as 7, = % >N [rmin(g. d;) - cq], where g is the optimal order quantity
in our DRO model.

5.2.1. Impact of censoring level

To study the impact of the censoring level, we fix the unit revenue
r = 1.4, assume that the demand data are censored by one inventory
level k € [55,110], and then numerically examine the dependence of the
order quantities and profits on k. Fig. 4 provides the order quantities
and expected profits in the model.
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Fig. 4. Impact of censoring threshold k on order quantities and profits.

We examine the cases where a, € {80%,85%,90%,95%}. In Fig. 4,
despite minor fluctuations, the recommended order quantity is gener-
ally increasing in k, especially when & is relatively small. As expected,
both the order quantity and the realized profit converge to their uncen-
sored counterparts as k — oo. This behavior follows from the definition
of censored sales s = min(d, k): when k is small, censoring is severe
and the observed sales contain limited information about the upper tail
of demand; increasing k reduces censoring and makes the sales closer
to the true demand, which typically tightens the resulting ambiguity
set and leads to less conservative order quantities. When k is large,
censoring becomes negligible, so the solution progressively approaches
that of the baseline newsvendor model with uncensored demand.

Observation 2. The order quantity is increasing in the censoring threshold
k when k is small (i.e., k < 1.5m,), and then slightly decreases as k increases
further (i.e, k > 1.5m;).

5.2.2. Impact of the number of censoring levels M

To study the impact of the number of censoring levels M, we
partition the demand dataset into M groups, where M € {1,2,3,4,5}.
For each M, we associate each group with a censoring level and con-
struct moment confidence intervals for the censored sales in that group.
Specifically, the censoring capacities are {90}, {90,100}, {80, 90,100},
{80,90, 100, 110}, and {70, 80,90,100,110} for M = 1,2,3,4,5, respec-
tively. We fix unit revenue r = 1.4 and significance level a;, = 90%. Fig.
5 reports the resulting optimal order quantities and realized profits. The
histograms display the optimal order quantity (left axis) and the dashed
line displays the realized profit (right axis). The total computing time
for M € {1,2,3,4,5} is {< 0.1 5,9.76 s, 17.14 5, 39.11 s, 105.23 s}.

Note that increasing M does not mean that we “consider fewer
constraints”. Rather, a larger M provides additional moment information
about the underlying demand through multiple censoring thresholds,
which typically tightens the ambiguity set and can lead to a less
conservative worst-case distribution. This additional information can
improve the resulting decision and realized profit. In our experiments,
the realized profit increases with M for small values of M and then
levels off, indicating diminishing returns from adding more censoring
levels.

Observation 3. In our experiments, the realized profit increases with the
number of censoring levels M when M is small and then plateaus as M
becomes larger.
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Fig. 5. Impact of number of censored groups M on order quantities and
profits.

5.3. Comparisons with a simple de-censoring strategy

In this section we compare our robust order quantities with a simple
parametric benchmark for censored data under an assumed normal
demand model. Specifically, we assume demand D ~ N(u,62) and
observed sales are censored at threshold k. Given the sample mean x
and variance s of the sales observations, we estimate the underlying
demand parameters (u,c?) by inverting the moment relationships im-
plied by censoring (Barr & Sherrill, 1999; Cohen, 1959). Let ¢ and @
denote the pdf and cdf of the standard normal distribution. We com-

2
pute &* as the unique solution to <1 (7} (@ —.f))/(M - ) =

seyoey O \0O @)
2 /(% — 1)? h— ;
s%/(x — k), and set 6 T TEG T The demand mean and variance

are then estimated by 4 = x — 0(% — k) and 62 = 52 + O(X — k)2. We
then apply the classical newsvendor solution under the fitted normal
demand distribution N (4, 62).

We systematically compare our robust models and this simple
method through numerical studies (based on the Kaggle data). Specif-
ically, we normalize the unit cost ¢ = 1, consider different revenues
re {1.2,1.4,1.8,2.6}, and censoring levels k € {70, 80,90, 100, 110}; note
that the largest sales value in the Kaggle data set is 115. We compare
both the order quantities and expected profits based on different meth-
ods. We observe that our model significantly outperforms the simple
method when the censoring level is low (i.e., kK = 70). In particular, we
note that the simple method’s order quantity g,  is significantly larger
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than our robust order quantity g7, when k = 70, which can be used to
explain the poor performance of the simple method. However, when
the censoring level is large, the ratio between our robust profits and the
simple method’s profit becomes approximately 100%, which indicates
comparable performance between both methods; this is not surprising
since censoring is less impactful. Finally, this simple approach only
works if the demand distribution is normally distributed; we are not
aware of another simple general-purpose technique that can handle
non-normal demand distributions.

5.4. Comparisons with the KM-myopic approach

In this section, we compare the realized profit of our DRO policies
with the Kaplan-Meier (KM) myopic benchmark of Huh et al. (2011).
Given censored sales observations and their associated censoring levels,
the KM estimator provides a consistent nonparametric estimate of the
demand distribution under standard conditions, and the resulting KM-
myopic policy can serve as a strong plug-in benchmark when the
sample size is large. Specifically, suppose we observe sales from M
censored groups, denoted by {(s ), ;) ---» (S jy» v )} for j =
1,..., M, where 8ajy = Ilsay < kj} indicates whether observation (i, j)
is uncensored at level k;. The KM estimator of the complementary cdf is

i N-i
FKM(X) = H(i,j): Sy <X ( N—i+1

order quantity is g, = inf{x : Fgp(x) < c/r}.

Given a sample size N, we divide the dataset into M equally
sized groups, each censored by a prescribed censoring threshold. We
use censoring capacities {90}, {80,90, 100}, and {70, 80,90, 100, 110} for
M = 1,3, and 5, respectively, and set a, = 90% and r = 14. In
Fig. 6, the x-axis shows the sample size and the y-axis reports the
profit ratios n:é /”;&M (left) and ”é R /er’QM (right). For our full dataset
(N = 1826), we obtain nl/mgy ~ 100%, indicating that our DRO
policy does not materially outperform the KM-myopic benchmark when
data are abundant (especially for smaller M). We observe a similar
pattern in additional stress tests across synthetic demand distributions,
critical fractiles 1 — ¢/r, and censoring levels: while the resulting
order quantities may differ, the realized profits are typically very close
(with an average profit ratio of 98.9% across the cases considered).
In contrast, when the sample size is smaller and/or censoring is more
pronounced (e.g., larger M), our DRO policies can yield substantially
higher realized profit than the KM-myopic benchmark (e.g., 7. /7, ~
123% at N = 400 for M = 5 in Fig. 6). As N increases, this ad-
vantage diminishes and the two approaches become comparable. A
natural explanation is that our DRO construction explicitly accounts
for estimation uncertainty through bootstrap-based moment confidence
intervals, which can be particularly valuable in finite-sample settings
with censored observations; by contrast, the KM-myopic policy is a
plug-in approach whose performance improves as the nonparametric
estimate stabilizes with more data. Overall, these results suggest that
our DRO approach is most beneficial in data-limited regimes, while
with abundant data it tends to match the KM-myopic benchmark.

8
) ‘ ”, and the corresponding KM-myopic

6. Conclusion

The primary contribution of our paper is to extend the distribution-
ally robust newsvendor model literature in two important directions:
(1) providing a data-driven framework and (2) assuming that demand is
censored, so that only sales data are available. We propose such a model
that generalizes the maximin model by Scarf (1958).

We provide a complete framework in our paper to solve such data-
driven demand-censored distributionally robust newsvendor models.
We first compute confidence intervals for sales moments for a given
confidence level «,, which serve as our ambiguity sets for the sales
moments. We then show how to appropriately select a significance level
ay, so that these ambiguity sets allow a valid demand distribution to
exist for any vector of moments in the ambiguity set; this ensures our
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Fig. 6. Ratio of profits with different sample sizes.

models are well posed. We then solve the models. When considering
only the first two sales moments, we derive an explicit closed-form
expression for the optimal order quantity for the model. We also
analyze two main model extensions: (1) incorporating the probability
of demand censoring and (2) allowing sales data to be censored by
multiple inventory capacities; these generalizations typically require
semidefinite programming to solve.

There are many ways our paper can be extended. Our study is based
on a single-item newsvendor problem. One interesting extension can be
to study multiple products, possibly correlated, and possibly censored
by different inventory levels. Another interesting problem would be
to extend our models to allow covariate-driven demand, where the
demand in each period may depend upon external features. Finally,
we could enrich our models by considering price as a variable, with
stochastic demand a function of this price.
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Appendix A. Proof of the main results

Proof of Lemma 1. Our proof is motivated by Theorem 1 in Bert-
simas and Sethuraman (2000), and effectively extends it to the case
of censoring. Recall that s = min(d, k) denotes sales, so s € [0,k].
The lemma requires that for every pair (u;,u,) € [ml,ﬁ]] X [mz,ﬁz],
there exists a valid probability distribution of s with E[s] = p; and
E[s?] = u,. Necessary conditions for a fixed pair (4, u,). For any
random variable s, we must have u, — ;4% = Var(s) > 0, i.e., pp >
< Low 1> > 0.
M1 M
Moreover, since 0 < s < k, we have s? < ks almost surely, which implies
Hy = E[s*] < kE[s] = kp,.

Convert to conditions that hold for all pairs in the box. Requir-
ing p, > /4% for all (y;, u,) in the rectangle is equivalent to checking
the worst case y; = m; and u, = m,, hence we must have m, >
(m,)?. Similarly, requiring u, < kg, for all (u;,u,) in the rectangle is
equivalent to checking the worst case u, = m, and u; = m,, hence we
must have m, < km,.

yf, equivalently the moment matrix M(u, u,) =
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Sufficiency via explicit construction. Assume the box-level con-
ditions m, > (m,)* and m, < km, hold. Take any (u,, ) € [m,.m,] X
[m,,m,]. Then automatically y, > m, > (my)? > ﬂ% and p, <mp <km <
kuy, so the pair satisfies y, > #f and p, < ky,.

We now construct a sales distribution with these moments. If 4; =0,
then y, < ky, implies y, = 0, and we take s = 0. If y; > 0, define
=0, x, := ,’Z <k p:i=1- Z € [0,1]. Consider the two-point
distribution P(s = x;) = p and P(s = x,) = 1 — p. A direct calculation
gives E[s] = (1 — p)x, = u; and E[s?] = (1 — p)x% = y,. Thus, for every
pair (u;, #,) in the box, a valid sales distribution exists. Finally, defining
d := s yields a valid demand distribution supported on R, satisfying
s = min(d, k), completing the proof. []

X

Proof of Theorem 1. By strong duality (see Shapiro, 2001), we obtain
the dual of the inner minimization problem, redefining m, = m; - 4; and
m; =m; + A;,, where i = 1,2:

MAXMAX - myYy + My, +4yz, + 4,21 + Y

subject to  x%y, + xy, + Yo < rmin(x, q) — cq, Vx € (0, k],
k2y2 +ky; + yg < rmin(x, q) — cq, Vx € (k, 0], (5)
z; <y < — i=12,
z; <0, i=1,2.

The second constraint is redundant because it is implicitly induced by
the first constraint. Thus, we focus on analysis of the first constraint
and the case g € [0, k]. Define the left-hand side of the first constraint as
(%) := x>y, +xy; +,. Since the objective is linear in y,, y;, and y,, we
will analyze all cases when f(x) is just bounded by r min (x, ¢)—cgq, for all
x < k. By doing this, any ¢ increase/decrease of y;, where i = 0, 1,2, will
violates the boundary conditions. To facilitate our proof, we provide a
figure for each case in the analysis.

Case (I): y, >0 and f(x) crosses (0, —cq) and (k, (r — c)q) (see Fig.
7-1). In this case, we have: (1) f(0) = —cq and (2) f(k) = (r — c)q.
Accordingly, we obtain (1) y, = —cq and (2) y, = % — ky,. Plug y,
and y,; into the objective function, we obtain z(y,, zy,2,,q) = (m, —
kmy)y, + (m; 7 = c) q + Ayz, + Az, with constraints z, < y, < —z,,
z; < ——kyz —z; and z; < 0 where i = 1,2. Recall y, >0 and z; <0,
we have (1) Zy < =¥, (2) z; < ——ky2 if y, > q and (3) z; < ——+ky2
if y, < . The objective functlon is 1ncrea51ng in z; and z,.

(a) If V2 z ;—Z, we have 7(y,,q) = (my — kmy — k4 — 4)y, +
(m1£ +4,7 - c) g. The objective function z(y,,q) is decreasing in y,
(note that m, —km, — k4, — 4, <0), hence we have y; = ;—Z to maximize
Ay) - c) q. To
=0 if

the objective. Therefore, we obtain x(q) kLz(mZ -
further maximize the objective via g, we have ¢* = 0 and z*
> mzk_AZ; otherwise ¢* = k and 7* = [kLz(mz —4,) - c] k.

®) If y, < I:—Z, (my — km; + k4, —

we have z(y,.q) = )y, +

0 (note
m, n(q) =
—4) - c) g. Similarly, we maximize the objective through q, we
""T_A‘ and 7* = 0. While when ¢ < A‘ ,q =k
and 7* = (i(ml —4) - c) k. To summarize, the solution of thls case is
obtained by choosing the larger profit between case (a) and case (b).
Hence, we have ¢* = k if ¢ < m-A % with profit is rm; — kc; and
q* = 0 otherwise with profit equaling 0.

Case (II) f(x) is tangent to rx — cq and (r — ¢)q (see Fig. 7-2).
In this case, y, < 0 and f(x) is tangent to rmin(x, q) — cq. We have:
(@) f(r yl) = rz Y; —cq and (2) f(— = (r — ¢)q. Thus, the two

constraints give y, = £ —2gy, > 0 and Yo = % + - o
Plug y, and y, into the objectlve function, we obtain n(yz,zz,zl q) =
[my —m? +(m1—q)]y2+16y +<E_C 4+7+4222+4121~

Recall that y, < 0 and z; < 0, so we have (1) z, < y, and (2)

zy < 2qy, — g < 0. Note that the objective function 7(y,, z5, 21, ¢9) is

(mli —47 - c) g- To maximize the objective, we have y; =
my — km; + kA, — 4, = — km, < 0) and objective is

(zon

have ¢* = 0 when % >
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increasing in z; and z,, to maximize the objective, we have z} = 2¢y,—3

2
and z = y,. Thus, we have 7*(3,,q) = [v + (¢ + 4; — m;)*]y, + — % +
2

(5 - c) q+ M where v =m, — m . Taking the first derivative, we

have =v+(g+4,— ——; and it is concave in y,. Therefore,

dr* (92,9) 2
4" (.9) m)2—

dy, ? 162

.

44/ v+(g+4,— ml)2 ’
we have z(q) = —5\/v+ (g + 4, —m 2 + (g - )q + WA and the
i = c

by first order condition, we obtaln vy = Accordingly,

outer layer problem provides ¢* = m, + riE), where
=m; — 4. F1nally, by checklng the two boundary conditions: (1)
r- yl

7 r—c
%, >0and(2)k> weobtamf>‘/:andk2ml+\/;‘/7.

Case (III): f(x) crosses (k,(r — ¢)g) and is tangent to rx — cq (see

Fig. 7-3). In this case, we have: (1) f(%) = r% —cq and (2)
2 2

f(k) = (r — c)q. Hence, we obtain y; = r — 2ky, — 24/ry,(g—k) > 0
and y, = (r—c)q — k(r —2ky,) +2k\/ry,(q — k) — k%y,. Plug y, and y, into
the objective, we obtain z(y,, z,, 2|, q) = [m, — mf + (k — m)?)y, + 2(k —
m)\ry (g — k) + A zy + 4,2, + (m; — k)r + (r — ¢)q, with constraints:
1) z, < y, £ -z, and z; < y; < —z;. Note that the objective
function is increasing in z, and z;, to maximize the objective, we have
z] =2ky, +24/ry(g - k) —r and z; = y,. Hence, we have z(y,,q) = [v+
(k—m, +A1)2]y2+2[k+A1 —m1\/ry,(q — k)—(k+4A; —m))r+(r—c)q, where
v =my — ﬂf The maximum is obtained at the first-order condition:

vy = —r(k—g) (st

v(k—m+4;)?
we obtain z(q) = r(k — q) —(k+A4; —mr+ (r — c)q. Finally,

(m1=41-k)*
vt+(k—my+4;)?

we maximize the objective through q. T'§1k1ng first derivative of n(q)
regarding to ¢ yields d”—f;’) = %
As seen, (a) if k < m + v, the objective function is increasing in
q so q* = k; (b) 0therw1se, the obJectlve function is decreasing in g so

= 0. Since the ¢* are achieved at boundaries, so this case has no
contribution to the final results.

Summary The optimal order quantity ¢* is obtained from Case I
and Case II. We compare the associated objectives (profits) in the Case
I and Case II and select the maximum of two. []

m =

2
) - Now, plug y; into the objective function,

r—c=r————— —
+ V(k—my+47)2

Proof of Theorem 2. In this proof, we construct a demand/sale distri-
bution such that the DRO order quantity characterized in Theorem 1 is
obtained. Let y = min(d, k) represents the sales, which is demand that
right truncated by censoring threshold k. The underlying distribution of
the sales, y, is a two-point distribution with a mass p at point a > 0 and
a mass 1 — p at point b € (a, k]. The two-point distribution satisfies the
conditions: (1) E(y) = ap+b(1—p)=m,, and (2) EG?) =2a2p+b2(1 —p) =
(my—m7)

m2
m,. Hence, we have b = m, +— <kandp= That isto

m (ml—ﬂ)2+(mz m?
say, all the two-point dlstrlbutlons with a first moment m, and a second
’)

< k).

Case I. Suppose ¢ > 0 and b < k, we have proflt functlon

IT = rmin(d,q) — cq. The profit function is increasing in ¢ if ¢ < a
and is decreasing in ¢ if ¢ > b. Therefore, the optimal quantity ¢
maximizing the profit should be chose in (a,b]. Now, let ¢ € (a,b]
)
(my —a)>+(my— Wl
(r — ¢)q. Our objective is maxmm II(a,q). Given g, we first find' a*

moment 7, can be indexed by parameter a > 0 (if b = m, 42

and plug b and p back, we obtain: I1(a,q) = r(a —

Taking first derivative of the proflt function regarding to a prov1des

) -, _ —q)2 +(my—m?)—(a—q)*

first-order condition @2 = r(m, — m%)w = 0. As
“ [, ~@2+p-m)

seen, the profit function is convex in a, so a* satisfies the first-order

=q- \/(ﬂl — )? + (my — m?). Next, plug a* back to the

profit, we have II(q) = % {ml +q-— \/(ml - @)%+ (m, —m%)} - cq.

condition a*

Taking first derivative of the profit function regarding to ¢ yields:
(m;—q)

/=@ +@my—m?)

i@ _ r
= 3 1+

a7 — ¢ = 0, which provides ¢* =
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Fig. 7. Proof of Theorem 1.

m o+ \/T;( /% + 4 /i), where v = m, — m?. Plug ¢* back, we have

a=m — \/;\/E, b=m + \/;F As can be seen, the results restore
the non-trivial case in Theorem 1.

Case II. In this case, the first-order condition in case I cannot be
satisfied. That is, for a given g, the parameter ¢ minimizing the profit
—q)? + (my — m%) < 0. This condition

. Therefore, we have a =
2

function is negative: a* =q- \/ (m,

provides ¢ < - 0 and b < k. Hence, we have

b=" and p=1- =
Case III. In this case, the first-order condition in case I cannot be
satisfied. That is, for a given ¢, the parameter ¢ minimizing the profit

function is a* = g — \/ (m, - )2+ (m, —mf) and the corresponding
2 2 —
oo e my—my . K2 =iy
parameter b* is b* = m + o > k, which means ¢ > W)
. _ ﬂ]k*mz (k— ml)
Accordingly, we have a = o and p = D O

Proof of Lemma 2. We prove the first statement of the lemma: by
definition, we have p = /0 dF(x) and 1—"—1 1=/ %dﬂx). Since
1[5 MR g Fx)— [ dF(x) = = de(x) <0,s0wehave I-4 < p.
Next, we prove the necessary and sufficient condition in the second
statement of the lemma. If 1 — "—k‘ < p. Vo, py) € [my,mol X [my,m, ],
choosing y; = m and p = m thus proving

i _4
my, we obtain 1 - < m,

necessity. Next, supposing we have 1 — % < m,, the set inclusions
p € [my, gl and py € [m;,m,] imply that 1 — 4 < 1- 2L <my < p,
V(p, uy) € [my, mg] x [m,,m;], thus showing sufficiency.

Finally, to make the finite-support construction explicit, let y :=
1—p = P(s = k) denote the mass at the censoring point. For any feasible

triple (p, u;, u,), define the conditional moments below k by

_ M-k

Hy — v K?
# ="
-7y

s Hy = 1—y

These are the first two moments of the subdistribution of s on [0, k).
If iy = 0, then this subdistribution is degenerate at 0. Otherwise,
feasibility implies that (,, fi,) satisfies Lemma 1, so we may take a two-
point subdistribution on {0, fi,//, } with conditional mass 1 — ;212 /i, at
0. Equivalently, one explicit three-point sales distribution is obtained
by placing mass

~2 ~2

_ M _ H
p=0-y(1-—), l-y=p=0-7)—, 14
Ha Ha

at the points x; = 0, x, = @, and k, respectively, with the obvious

i
degenerate interpretation when ji; =0. [

Proof of Theorem 3. By strong duality, we have dual problem as
follows:

rr;z;X myy, +myyy +myyy + 4,2, + Az + 4yzp + y

subject to X%y, + xy; + ¥, + ¥ < rmin(x, q) — cq, Vx € (0, k],
k2y2+kyl +y < rmin(x,q) —cq, Vx € (k, 00),
z; <y <=2, i=0,1,2,
z; <0, i=0,1,2,

©

where m; = m; — A; and m; =m; + 4;, A, >0and i =0, 1,2.

Similar to the proof of Theorem 1, we shall focus on analysis round
function f(x) := x%y, + xy; + y + y. Fig. 8 illustrates the analysis of
each case.

Case (I): When y, > 0 and f(k7) < (r — ¢)q (See Fig. 8-1).
This case corresponds to case (I) in the proof of Theorem 1. we have:
(1) f(0) = —cq and (2) f(k*) = (r — ¢)q. Accordingly, the objective
function becomes 7(y,, ¥y, 29> 21> 22, q) = (My — km)y, + mli —c)q+

% +my — 1) Yo + 4yz5 + Ay 2| + 4z, with constraints z, < y, < —z,,
z; < @ —ky, £ -2y, 29 £ ¥y £ =7y and z; < 0 where i = 0,1,2.
Simplifying the constraints, we have (1) z, < —y,, (2) z; < rq:y 0 — ky,
if y, > rq+y°, 3)z < @ + ky, if y, < qu# and (4) zj < y,.
(a) When ¥ > q:zy“, we have 7(y;,y5.q9) = (m, — km)y, +

(% -1+ E()) Yo+ (ml i - c) g. The objective function is decreasing in
¥, and is increasing in J’o (because =1 -
% and y; = 0 (by plugglng v = rq:zy % back to
the objective, the objective is increasing in y, as k— —1+4my > 0). From

here, our case restores the case when y, > —g in the proof of theorem

(2) Case I.
(D) If 3, < "2, we have (. @) = (m, — ki )yy + (% = 147 ) yo+

1 +my > 0). To maximize the
objective, we have vy =

(m i c) q. To maximize the objective, we have ¥;=0 and y(’; = 0; and
thus z(q) = m]i
» < ]’(—Z in the proof of theorem (2) Case I. Therefore, the optimal ¢
should be chosen from either 0 or k.

Case (II) When y, < 0 and f(k™) < (r — ¢)q (See Fig. 8-2). In
this case, y, < 0 and f(x) is tangent to rmin(x,q) — cq. We have:
W f(GH =5l —eq. ) f=35) = (=g @) fUH) = (r -
c)q. Plug Yi> Yo and y in to the objectlve function, we obtain = =

2 2 (m—kr (k—q) 2
[my =2myq = (k = @)* + ¢ + my(k = @)*] yy + == +m0(%+lg—yz)+

(r—c)q+ Y 4;z;, with constraints z, < y, < —z,, z; < L 29y, < -z,
z9 < ¥y < —zy and z; < 0. Note that the objective function is increasing
in z;, to maximize the objective, we have zJ = y,, z] = 2qy, - 5 and

z' = y,. Plug z' and z; back to the objectlve, we have b4 (yz,q) =

0 1
—_ _ 2
[v+(m —@* = (1 =my)k - g)*] y2+m01;—yz+(r—c)q+(m1 k) +my r(k 0

2
m.

- c) q. From here, this case restores the case when

where v=m, —
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Fig. 8. Proof of Theorem 3.

To maximize the objective, we take first derivative with regarding
to y, and yield the first order condition (the objective is concave in
AR, SR iy S | R
20 =~ S ar-aear
and maximize z(q) via ¢. By taking first derivative, we have the first

\/gv—(1 =7ig)(k—m, 2 —
\ e=(=moyr

\/*TW). Finally, we check the two boundary conditions: (1)
4 > 0and (2) k > =Z. We obtain ZL > 6,/--, where § =
2 2y \/; r—c

Next, we plug y; into the objective

m, —k(1-my)

m

order condition: ¢* —
2mgy

1-my  (ck=rm))?

- c2—(1=mg)re v
boundary conditions are satisfied, we have

*_ﬂ1_(l_y>k Vyv—(l—y)(k—ml)z r—c fe=0=p)r
= 1% * 2y Vc—(l—y)r_ r—c ’
x =—”ry_c{\/r—c[ml — U=kl =\ frv = (L= k= m Ve (1 —y)r},

where v =m, + 4, — (m; — 4,)* and y = my + 4,

Case III: f(x) passes through (x, f(x)) = (k,(r—c)q) (see Fig. 8-3).
This case restores the case III in the proof of theorem (2); it will not
contribute to our final results. []

and k > m, + v. Therefore, if the two

Proof of Lemma 3. We start by writing the two non-trivial order

quantities as: ¢} M + V(lzz: z()k Vvl=p-y=py (1 /C' y”r ,/‘ 7’) and ¢}, =

(,/ V= ) where v = m, + 4, — (m; — 4,)%, f = m; — 4,
andy—m0+ 0-

We first show g — % > 0. That is because f — % = li—y[(l -)p-

B-rk) =

Ty(k_ p) > 0. Next, we compare the second terms in the two

Vvd=p)—rk=p)* V(=) =1 =P < r=c c— yr)
c— yr r—c

order quantities. Note that we have 3 ion)

5 (‘fy) VT (, =Y. == ), because the non-trivial order quantity

exists under condition k > f + /- —v Hence, we have

ﬂ( [r=c [\ VWU-n=-yk=p2( [7=c  [c=yr
c r—c 21 -y) c—yr r—c

=5 (V=) n

rVv
l—y

c—yr r—c c—yr
c c—yr r—c

Y=o v
1-y c 1-y

Therefore, We have ¢ — q5 >
(bory=) 20

Proof of Theorem 4. Similar to the proof of Theorem 2, we construct
a sales distribution (a three-point distribution) that corresponds to the
result characterized in Theorem 3. Let y = min(d, k) to represent the
sales. The underlying distribution of the sales, y, can be a three-point
distribution with a mass p at point ¢ > 0, a mass 1 — y — p at point

Lk = p -

13

b € (a, k) and a mass y at k, where 1 —y = m,. Suppose a > 0 and given

k
M<kand

first moment m, and second moment m,, we have b = =, -

_ U=p)m=mD)—y(k=m)?
T -0y (k=a)2+(my—n?)

Case 1. Suppose a S 0and b < k, we have profit function IT =
rmin(d, g)—cq. The profit is increasing in ¢ if ¢ < a and is decreasing in ¢
if ¢ > k. Therefore, the optimal quantity ¢ maximizing the profit should
be chose in (a, b]. Let g € (a, b] and plug b and p back to the profit func-

(=)= s (k=m) )

— — +(r—c)q.

(ﬂ(}_' a) T —kP+ 2 71
Our objective is max In111 I (a,q). For any given quantity q, taking first
k 2
derivative of the proflt function regarding to a provides (*(11 :) - a) -
—rk .
s, = 0 + - ;l -2 - (%=5 -a) = 0. By checking the
second derivative, the profit function is convex in a and the optimal
a minimizing the profit can be achieved by the first-order condition
above. Next, plug a* back to the profit, we have I1(q) = —%(1 —
my—yk

g (T _ )2 (- 2 2)
a-n 9 \/(a—y) q) *+ o (5 kP by —my )

(r — ¢)q. The optimal g¢* is set to maximize the above profit function:

- V(—p)=y(k—m;)?
== N T T T ( /’c W EE ”) Plug ¢* back, we have
1=y 20—y r-e

N P-rem,?

tion, we obtain: I1(a, q) = r(a—q)

V)

_ m-rk
- 1-y —-7) c—ry
Case II. In thls case, the flrst-order condition in case I cannot be

satisfied: the parameter ¢ minimizing the profit function is negative
a* < 0. In this case, we have a =0 and b < k.

Case IIL. In this case, the first-order condition in case I cannot be
satisfied: the parameter b* that minimizes the profit function greater

—yk—a*
thank:b*:m‘l_y—y_;”’>k. O

I—c

Proof of Theorem 5. By strong duality (Shapiro, 2001), the inner
minimization problem can be replaced by its dual, and we may write
the model as (where ¢ = 2)

—m )z, |+ @)

Ms

2
1
A
V(q) = max 5 E

J=0 i

>

[ +m )y + 0y
1

2w M
VX A Y Y ikl 4 Y vig+y <rmin(x,q) - cq

Mz

s.t.
Jj=li=w+l1 Jj=1i=0 i=w+1
X € (kykporls w=0,.... M
z; -Sy,ij—Z,-,,-, i=1,...,M, j=0,1,2,
2, <0, i=1 M, j=0,1.2

where k| < k, < -+ < kj; and we set k
(7) has 2 x (M + 1) constraints.

We next replicate the relevant portions of Proposition 3.1 in Bertsi-
mas and Popescu (2005).

=0and kj;,; = co. Formulation

1. The polynomial g(x) = Ef=0 y,x" satisfies g(x) > 0 for all x €
[0,a] if and only if there exists a positive semidefinite matrix
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X = [xi,j]i,jzo,_“,f, such that

0= Xij» n=1,...,¢;

i+j=2n—1
(7
—m\

Zym< >a = Z Xij» n=0,...,%;
m=0 n—m i,ji+j=2n

X >0.

2. The polynomial g(x) = Y_ y,x" satisfies g(x) > 0 for all x €

[a,b] if and only if there exists a positive semidefinite matrix

X = [xi,j]i,jzo,“_,f, such that
0= Z X n=1,..,7;
i+j=2n—1
n 4+m-n / P
z z yi( >< _>tmbm_ inj’ n=0,...,¢;
=i m nh— . >
m=0 t=m i+j=2n
X >0.

By applying parts (c) and (f) of the above proposition, the formula-
tion in the theorem can be obtained.

Finally, we show that the function V(qlq € (kj,k;.;)) is con-
cave in g. We utilize the original formulation of V(g) (here, we drop
condition ¢ € (kj,k;,) in the expression for the ease of presenta-
tion). Suppose that we have § = Aq; + (1 — A)g,, where 4 € (0,1)
and ¢, < ¢, (¢ € (ky,ky ), for i = 1,2). Now, define yzl.(q),
zij(q), and y*(q) as the solution to V(g). In other words, we have
V) = 1T, 3 @, #1000 + G = _,,>z,,<ql>] + ¥a)),
where Y7 TM v @)X+ X5 Do v Gk + XY L vty (a) <
rmin(x,q;) = cq;, x € (k. kypl, ¥ ,(q) € [z];(q1),—2;;(g))] and
z;(q)) <0.

Similarly, we V(gy) =
[(‘,, )] ) + Gy~ )z S|+ ),
Y T V@)X + X X i@k + T v + (@) <
rmin(x,q;) = c¢qy, x € (kykypl, ¥ (@) € [z];(42). -2} ;(g,)] and
z; () <0.

Now, we take a convex combination of the left-hand sides of the
two constraints and obtain

have

1 52 M
2 Zj:O Ei:l

where

ALHS(q))+ (1 —A)LHS(q,) < Alminr(x,q,) —cq]1+ (1 — AHlrmin(x, q,) — cq,]

2 M 2w . M

DY @+ YN @k + Y v+ @)
j=li=w+1 Jj=11i=0 i=w+1

The last 1nequa11ty is due to the concav1ty of the function f(q) =

min(x, g). In other words, (’W,-,j(‘h) + (1 - /l)yi’j(qz), Azi’j(ql) + (1 -
A)z;.f j(qz), Ay*(q)) + (1 — A)y*(gp)) is a feasible solution for V(g), which
implies

< rmin(x,q) —cq

where LHS(q) :=

V@ = +m, )y} (@) + (my

—i,j —i,j

1 2 M
(122l
2 M
+(1-/1>< ZZ[
Jj=0 i=1
V(g + (1 =DV (gy).

-m )Z,,(ql)] +y(q1))

jtm )y (@) + (my

N =

- m, )z ()] +y<q2)>

Therefore, we conclude that V' (q) is concave in ¢ by definition.

a
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Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ejor.2026.05.001.
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