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SETS

Definition
A set B is a collection of objects such that for every object X in the
universe the statement:

X belongs to B

Is a proposition

Example

1 A1 = {1,2,ab,ba, table,airplane,Hanoi ,♠,♥}
2 A2 = {2,3,5,7,11,13, . . . ,2011}
3 A3 = {1,3,5,7,11, . . .}
4 A4 = {A,B,C, . . . ,Z}
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Notation

1 ab ∈ A1, a 6∈ A1 (ab belongs to the set A1, a does not).

2 31 ∈ A2, 57 6∈ A2.
3 2011 ∈ A3, 47766774547531 ∈ A3.
4 a 6∈ A4, W ∈ A4.

(special common sets)

1 N = {0,1,2,3, . . .} the set of non-negative integers.
2 Z = {. . . ,−2,−1,0,1,2, . . .} the set of all integers
3 Z+ = {1,2,3, . . .} the set of positive integers.
4 R = { the set of all real numbers}.
5 Q = { the set of rational numbers }.
6 R2 = { the set of all points in the plane }.
7 Rd = { the set of all points in d-dimensional space }.
8 ∅ : the set with no members (x 6∈ ∅ ∀x)
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Notation and Set Operations

Set builder : A = {x | x has property P}
Ex. 1: A = {n | n = a2 + b2, a,b integers.}

Ex. 2: X = {x | 0 ≤ x ≤ 1} (the unit interval).
Ex. 3: P = {n | n is prime }
Ex. 4: M = {(p,q) | p,q are prime numbers}.
Set Operations

1 UNION: A ∪ B = {x | x ∈ A ∨ x ∈ B}.
2 INTERSECTION: A ∩ B = {x | x ∈ A ∧ x ∈ B}.
3 DIFFERENCE: A \ B = {x | x ∈ A ∧ x 6∈ B}.
4 SYMMETRIC DIFFERENCE: A⊕ B = A \ B ∨ B \ A.
5 COMPLEMENT: A = {x | x 6∈ A} (A = U \ A) (U the universe).
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Venn Diagrams

Venn diagrams, were used a long time ago to visualize different
relations, particularly among sets. John Venn formalized them in 1880.
He did not call them Venn Diagrams but rather Euler Diagrams. Euler
used them previously.
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Euler’s four cycles

This is Euler’s drawing of a diagram for four sets: B, P, Y, G.

Hình: What is missing from this diagram?
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Relations among sets

1 A is a subset of B denoted by A ⊂ B if x ∈ A→ x ∈ B.

2 Note that for all sets A, ∅ ⊂ A.
3 A is a proper subset of B if A ⊂ B and B \ A 6= ∅.
4 Two sets A and B are equal if they contain the same elements.

Or x ∈ A↔ x ∈ B
5 Alternatively: A = B if A ⊂ B and B ⊂ A

Example

Theorem (De Morgan’s Law)

A ∪ B = A ∩ B

Chứng minh.

DO IT.
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5 Alternatively: A = B if A ⊂ B and B ⊂ A

Example

Theorem (De Morgan’s Law)

A ∪ B = A ∩ B

Chứng minh.

DO IT.
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More notation

Assume that A1,A2, . . . is a family of sets.
1 A1 ∩ A2 ∩ A3 ∩ . . . ∩ An = ∩n

i=1Ai

2 A1 ∪ A2 ∪ A3 ∪ . . . ∪ An = ∪n
i=1Ai

3 Let M = {1,5,6,9}. ∪i∈M = A1 ∪ A5 ∪ A6 ∪ A9

Example

Let Ak = {x | 1
k < x < 1 k = 1,2, . . .}.

What is: ∪10
k=1Ak?

What is: ∩∞k=1Ak?
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Cardinality and the Power Set

Definition
The cardinality of a set M, denoted by | M |, is the number of
members it contains.

Example

1 | {1,3,5,7,9} |= 5, | ∅ |= 0
2 | {a,b, {a} |=

3
3 | A ∪ B |=| A | + | B | − | A ∩ B |

Definition
The power set of a set A is P(A) = {B | B ⊂ A}

P({a,b}) = {∅, {a}, {b}, {a,b}}.
NOTE: a 6∈ P({a,b}), {a} ∈ P({a,b}). P(∅) = {∅}. | P(∅) |= 1.
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the Cartesian Product

Definition
Let A,B be two sets. A× B, the cartesian product of A and B is:
A× B = {(a,b) | a ∈ A ∧ b ∈ B}.

Comment
We introduce here a new concept: the ordered pair (a,b). We note that
if a 6= b then (a,b) 6= (b,a) while {a,b} = {b,a}, also (a,a) 6= (a)
while {a,a} = {a}.

For the mathematical purist we note that the introduction of the ordered
pair is not necessary. We can use the sets notions to achieve the same
goal as follows:
A× B = {{a, {a,b}} | a ∈ A, b ∈ B.

Exercise
Prove that if {a, {a,b}} = {c, {c,d}} then a = c and b = d.
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Definition
The cartesin product of n sets:
A1 × A2 × . . .× An = {(a1,a2, . . . ,an) | ai ∈ Ai}.

Exercise
Is A× B × C = A× (B × C)?

(RELATIONS)
Relation is a very important concept in mathematics and some
important applications. Relations are the engines of modern data
bases, you probably use them daily when you surf the internet, and
there are many other applications of relations.

Definition
A relation R from the set A to the set B is a subset of A×B (R ⊂ A×B)
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