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Satisfiability

Definition
A compound proposition is satisfiable if there is an assignment of
truth values to its variables that renders the proposition true.

Example
Let us examine which of the following propositions is satisfiable:

1 (p ∨ ¬q) ∧ (q ∨ ¬r) ∧ (r ∨ ¬p)
2 (p ∨ q ∨ r) ∧ (¬p ∨ ¬q ∨ ¬r)
3 (p ∨ ¬q) ∧ (q ∨ ¬r) ∧ (r ∨ ¬p) ∧ (p ∨ q ∨ r) ∧ (¬p ∨ ¬q ∨ ¬r)

Comment
To show that a proposition is satisfiable we need to find only one
assignment of truth values that renders it true while to show that it is
not satisfiable we need to check all possible truth assignments.
Thus for a proposition of “only” 50 variables we need to perform 250

checks.
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Reductions

Reductions play an important role in mathematics. Reducing one
problem to another whose solution is known, is commonly used to
solve many problems even in real life.

Example

1 You need to go to HMC. You can grab a map and start walking, or
reduce the problem by riding your xe may or reduce it further by
taking the train or flying, in which case you no longer need a map.

2 Here is another, a mathematical example:

You need to show that the integer
4854548878092130357971100435107311 is composite.
You can try to factor it.
You can calculate 2n−1 mod n 6= 1 which calculates much faster.
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SAT and 3-SAT

Recall that for every truth table there is an equivalent conjunction
of disjunctions proposition.

Stephen Cook from the University of Toronto proved that every
decision problem is “efficiently” reducible to deciding whether a
conjunction of disjnuncions proposition (also called conjunctive
normal form) is satisfiable.
In other words, if we knew how to “efficietly” decide whether a
conjunction of disjunctions is satisfiable, we could “solve” almost
every mathematical problem!
“Efficiently:” If you need to determine whether a proposition with
“only” 50 boolean variables is satisfiable, you may need to perform
upto 250 tests. But if there was a clever way to perform say only
504 tests we will consider it as efficient.

Theorem
SAT is reducible to 3-SAT
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The classes P and NP

1 The class P consists of all decision problems for which we can
construct the answer efficiently.

2 2256 +1 = 11579208923731619542357098500868790785326998
4665640564039457584007913129639937

3 Is 2256 + 1 =
9346163971535797776916355819960689658405123754163818

8580280321×1238926361552897 ?
4 Both can be calculated efficiently So they are in the class P.
5 The class NP consists of decision problems for which given an

answer, the answer can be verified efficiently.
6 Verifying the factorization of 2256 + 1 given above can be efficiently

calculated. So this problem is in the class NP. But is it in P?
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the Millenium Problems

The Millenium problems is a list of what is considered the most
challenging problems in mathematics.
The list contains seven problems. A solution to any one of them carries
a prize of $ 1,000,000 (USD). The list was published in 2000. For more
details go to: http://www.claymath.org/millennium/.

So far, only one probem was solved. The Poincaré conjecture was
solved in 2002− 3 by the Russian mathematician Grigori Perelman.

Perelman was awarded the Fields medal in 2006 and in 2010 it was
announced that his proof passed all tests and he was entitled to
receive the $ 1,000,000 prize.

He decilned both the Fields’ medal and the monetary prize.
P = NP is one of the remaining six unsolved Millenium problems.
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Summary

Here is a list of topics we visited:
1 One:

2 Two:
3 Three:
4 Four:
5 Five:
6 More ?

To conclude our short journey in the wide world of mathematical logic,
we shall see how logic is used in electronics.

The program logicsim.exe is a nice simulation for constructing logical
gates and analyzing compound propositions. It has a nice tutorial. We
shall see it at work in class.
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