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1. Introduction

The aim of the present note is to generalize to quantities we call Grassmann angles
the results of Perles-Shephard [6] and Shephard [9] concerning angles and deficiencies of
convex polytopes.

We shall define, for each d-polytope (=d-dimensional convex polytope) P* and for
each m, 1<m<d -1, a (d —m)-dimensional vector y™(P% = (yg (P, ..., yi-1-m(P%) related
to the shape of P? at its different faces. It will turn out that the Grassmann angle sums
yi"(P? satisfy equations similar to those of Euler and Dehn-Sommerville, and that they
satisfy certain inequalities. For m =1, m =2, or m =d —1, the Grassmann angles are related
to the usually considered angles, deficiencies, or exterior angles, and our results therefore
specialize to known facts concerning those entities.

As a preliminary stage we investigate the corresponding Grassmann angles for convex
polyhedral cones; the results obtained contain as special case the theorem of Sommerville
[10] relating (for even d) the volume of a spherical d-polytope to its angles, as well as
a result of Fary [2]. '

The main tool used, which was similarly applied in special cases already in Fary [2],
Perles—Shephard [6], and Shephard [9], is the invariant measure on the Grassmann mani-
fold of all m-flats through the origin of the Euclidean d-space E’. The measure-theoretic
approach permits to restrict the consideration to m-flats which are in “general position”
with respect to the polytope or cone considered, thus eliminating the necessity to take
into account various “singular situations’.

We start by investigating the Grassmann angles of convex cones (Section 2); in
Section 3 we consider the Grassmann angles of polytopes, while the concluding Section 4
is devoted to some additional remarks and problems.

We shall freely use the standard results on convex polytopes; facts for which no
references are given may be found in [4]; an account of the older results on angle-sums
and their history is also given in [4].
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2. Grassmann angles of cones

Throughout the: paper we shall denote by G™¢ (where 1<m <d —1) the Grassmann
manifold consisting of all the m-flats (=m-dimensional subspaces) through the origin O
of the Euclidean d-space B It is well known (see, for example, Petkantschin [8], Had-
wiger [5], Bourbaki [1, p. 118] that there exists a (unique) invariant measure u=p,,
on ™% such that u(G™?) =1.

We shall denote by C* any k-cone (=*k-dimensional polyhedral convex cone) in E¢
such that O is an apex of C*. As is well known, the set of all apices of C* forms a linear
subspace of E?, which is a face of C* and is contained in every proper face of C. If this
subspace is j-dimensional we shall sometimes denote the cone C* by (C*7). Throughout
the paper, we shall assume that j<£%.

For a given k-cone C* in E? we shall denote by Gg"*=Gg"*(C*) the subset of G™¢
consisting of all the m-flats which are in general position with respect to C*. More precisely,
this means that M™€G§"? if and only if for each i-face C* of C¥

dim (C'N M™)=max {0, i +m —d}.

Simple considerations of dimensions show that u(Gg" %) =1.
For each (% in EY it is convenient to use the complementary characteristic functions
» and y, defined for M™€Gy"? by
1 if M™nC*={0}
#(M™, CFy =1~ (M™, C¥) = .
0 if M™nC*+{0}.
The Grassmann angles y™*(C*) are defined by
p™aACF) = f w(M™, C¥)dy = f #(M™, C¥)du.
Gm,d e d
At times it is more convenient to use the complementary angles defined by

pruc =1-yma0 = |, e

In order to illustrate the significance of the Grassmann angles in some special cases,
let 0¢=C%! be a d-cone in K¢, with face of apices C’. The angle p(C’, C%) spanned by C*
at C’'is defined as the fraction of the unit sphere S?7! belonging to C? (see [4, p. 297]),
while for j=0 the external angle y(C°, (%) of (¢ at its apex C° is defined as the fraction of
8%-! covered by outward normals to hyperplanes supporting C?¢ at C° (see [4, p. 308]).
It is immediate that
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B (0%) =1 A 4(C*) —2q(CY, )
yd—l,d(od,()) — 1 _ﬂd*l,d(od,()) =2w(00’ Cd).

We note first some rather obvious facts concerning the Grassmann angles.
(2.1) Forall m,k,d, 0<y™%C*)<1.

If m+k<d then »{M™, C*¥)=0 implies M™¢ G ?; hence

(2.2) If m+k<d then y™%(C¥)=1.

If m+7>d then x(M™, C*%) =1 implies M™¢GF %; hence

2.3y If m+j=d then y™C*) =0.

It follows that the only interesting cases are those for which m+k>d+1 and

m+j<d-—1, that is
d+1-k<m<d-1-j.

From now on we shall assume that this inequality is satisfied; then, in particular,
jH+2<k.
With these assumptions, (2.1) may be strengthened to
(2.4) If1<m<d—j—1 then 0<y™4C%))<1.
Proof. The assumptions imply that each of the sets
{M™eGy™ 4| (M™, C*7)=0} and {M™€GF°|x(M™ C*))=1}

is non-empty and open in G§"¢, hence the inequalities are obvious.
Our next aim is to indicate how the computation of all the Grassmann angles may
be reduced to the computation of angles of the type p™4C?°). We shall first establish

(2.5) Let d+1—k<d—1—j; then ymd((le-l) =ymh-ak(Cksy,

Proof. Let E*=aff C* be the subspace of E¢ spanned by C*. If M™€ G then Y™+ 4 =
M™n E* belongs to G§ **~%*; moreover, whenever M™€ G and M™% 4k cQf e 24-* arein
this relation then x(M™, C¥)) =x(M™ % ¢, (*%). By the invariance of the measures involved
it follows that

Mm+k—d,0k.j Ay = ™ He—d.k(ork.g ,
o x( Ydp=y (¢*7)

ym.d(clc,}) = f . %(Mm, C"")d,u — f@

m+k—d, k
0

and the proof of (2.5) is completed.
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To formulate the next step in the reduction procedure, let (L?)* denote the (d —p)-flat
through O orthogonal to the p-flat L? in K% For a d-cone C¢=C%’ with face of apices
O let C4/=0"n (C); then 0%/ is a pointed (d —j)-cone, and we have

(2.6) Let 1<m<d—j—1; then y™¢(C% 1) =p™d=I(C47),

We could establish (2.6) by a proof similar to that of (2.5). Instead, we shall prove
the more interesting result (2.7), from which (2.6) may be deduced by applying (2.7) to
C%7 and then once more to the polar cone of 07, considered as a subset of E?~/.

Let C%! be a d-cone in E°, and let (C/)*=C%"70 be the pointed (d—j)-cone polar
to €% in E% that is, C?~7 is the set of all points of E* lying on outward normals to hyper-
planes supporting C%/ at 0. With this notation we have

(2.7) Let 1<m<d—j—1; then ym (%) +yt-md(0d=10) 1,

Proof. The correspondence between M™€G™ 9% and M4 ™ =(M™)*+€G* ™ ?ig well known
to be an isometry between G™ ¢ and G¢ ™9, Also, it is easily verified that for M™€ G %(C%)
and (M™)t=M4me@i-m-4(C479) ope and only one of the relations M™N ¢+ ={0} and
Mo in Geio {0} holds. Therefore, for each such M™ we have

n(M"‘, Cd.l)_'_z((Mm).L, éd—1.0)=1_

The proof is completed by integrating this relation over Gg*¢, using the isometry between
@™ % and @Q*~™ < mentioned above.

For the formulation of the subsequent results it is convenient to introduce the follow-
ing notation. Let C%/ be a d-cone in B¢, and let j<k<d and 1 <m <d—j—1; we define
BRC) = 3 BrHCR),
ciei

the summation being over all k-faces C%-/ of C%1.
We shall next establish

THEOREM 2.8. For 1<m<d—j—1,
[}
(= 1) +-9(C% 1) = (= 1)+ 4163 (%),
i=d-m+1
Proof. Let M™€G5-? satisfy y(M™, C*)=1; then D™=M™N (C? is a pointed m-cone
in M™. For 1<i<m, each i-face of D™ is the intersection of M™ with a (d —m +¢)-face

¢4 m+iof 027, such that y(M™, C¢ ™"%) =1; moreover, M™ meets (in points different from 0)
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only those (d —m +1)-faces of €%/ for which this relation holds. Therefore, for each such

M™ and for 1 <i<m, we have

~m+

DM = MmN O = S, 0,

the summation being over all the (d —m +1)-faces 0% ™" of %/, Since the numbers f,(D™)

of ¢-faces of D™ satisfy Euler’s equation

S (- -1,

i
we have for all such M™
m m
1= Z (_ l)H-l](i(Dm) — z (_ 1)i+1 Z x(Mm’ Cd—mH).
i=1 i=1 cd—-m+i

On the other hand, if M™€GF"¢ satisfies y(M™, C%7)=0, then y(M™, C*) =0 for each k-face
C* of C%1, j<k<d. Hence, for each M™E€QF'* we have

X(Mm, Cd,j) — Z (_ 1)i+1 Z Z(Mm, Cd—m +1).
i=1 cd-m+i
An integration over Gg? and an application of (2.5) complete the proof of Theorem 2.8.
In case m =1 Theorem 2.8 is obviously trivial. However, in case m =2 Theorem 2.8

reduces to the non-trivial assertion g5_,(0%#) =2 %(C%) which is equivalent to
P20 ) =0(CY, C%;

the last expression denotes the deficiency of the cone (¢ at its face of apices C’ (see Shep-
hard [9]).

A pointed d-cone C*? is called simple provided it is the cone spanned from the origin
O by a simple (d—1)-polytope P! such that O¢aff P¢!. More generally, a d-cone C*’
with face of apices C7 is called simple provided C%/n (C%)* is a (pointed) simple (d —j)-
cone. Using the same method as in the proof of Theorem 2.8, but applying the Dehn-
Sommerville equations instead of Euler’s to the simple cones D™, we obtain

THEOREM 2.9. For 1<k<m<d-—j-—1 and for each stmple d-cone C*’ we have

. .
Bo-m+1(CH) = iZ (— 1t (Z—;c) B m+i(C%).

=1

Additional results on the Grassmann angles of cones are discussed on pp. 301 and 302.
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3. Grassmann angles of polytopes

Let K¢ be a d-dimensional polyhedral set in E¢, let K’ be a j-face of K¢, 0<j<d,
and let z€relint K. We define the d-cone €7 by

(47 =cone, (—2z + K%);

it clearly has a j-dimensional face of apices O’ =aff (—z+ K’). We shall extend to the pair
(K¢, K’) the functions x, y, y™¢, etc. by setting, for M™€G™*,

w(M™, K¢ K')=n(M™, C*),
ete.

The subset GF*=G7 (K% of @™ is defined as the intersection of all the (finitely
many) sets G5+ %4(C%7), for K’ ranging over all the proper faces of K¢ note that u(Gg" ) =1.

We find it convenient to define »(M™, K*, K’) and y™ % K", K’) even if K’ is not a
face of K*; in this case we define both expressions to be 0.

Let K¢ be a d-polyhedral set in B¢, and let K* be any face of K. For each M™€G§"?,
we denote by K*(M™) the polyhedral set obtained by projecting K* orthogonally into the
(d —m)-flat (M™)*. Tf k<d—m then K*(M™) is k-dimensional because M™€Gg"* implies
that the mapping of K* onto K*(M™) is one-to-one.

An easy application of the separation theorem for convex sets shows that (for
0<k<d-m—1) K“(M™) is a proper face (hence a proper k-face) of KYM™) if and only
if %(M™, K% K*)=1. Therefore we have

(3.1) ForO0<k<d-m-—1
f(KHM™) =3 (M™, K%, KY),

i
the summation being over all the k-faces K of KA.
In order to simplify the notation, we define

yE(K? = 3 y™ 4K, KY),

the summation being extended over all the k-faces K} of K% (Note that this definition is
essentially different from the definition of 87 in Section 2.)

The main lemma may now be stated as follows:

(3.2) If the f-vector of K*(M™) satisfies an equation

d—m—-1
k§=:0 }'kszﬂ' *)
for each M™€ Gy-°, then

d-m

-1
2 MyR (K% =2

k=0
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Proof. Multiplying the equation (*) by 4, adding for k=0, ...,d —m—1, and inte-

grating over G§" %, we have

1

i d-m-1 a-m-1
l:fmd"d”ZJ . lkf“Kd(M"'))demd S S A M", K KE)du
Gy 65 k=1 ; e %o

d-m-1 d-m~1
= 2 SAymUKLEN= 3 AyE(KY).

k

3

In particular, if K¢ is a d-polytope, we may use Euler’s equation for the (d— m)-
polytope K4M™) to obtain

THEOREM 3.3. For each d-polytope K* and for 1 <m<d-—1,
d-m~—1

(— DR =1—(— 1 ™.

j=0

Using the Dehn-Sommerville equations we similarly have

TrroREM 3.4. For each (d —m —1)-simplicial d-polytope K? and for 0<k<d-m—1,
d-m-1 4

— 1y 7+1 meyprdy . ( _ 1yé-1,,m( e

> () )orma - - ue e,

j

Analogous results hold for (d —m —1)-cubical polytopes.

A very similar approach is applicable in the case of d-cones. For reasons of simplicity
we shall illustrate the modification needed to derive the analogue of Theorem (3.3) for a
pointed d-cone K¢ with apex K°. For a given m, 1<m<d—1, and for each M™€Gy"*
such that x(M™, K% K°® =1 we have, as in (3.1),

and the Euler equation

" D) = 1 (— 1

for the pointed (d —m)-cone K% M™). However, if x(M™, K% K% =0 then K*(M™) =E*",
and f(K%M™))=0 for each k. Combining the two cases we see that for each M™€Gg"*

d;éﬂ:l’ (ﬁ 1)k+1fk(Kd(Mm)) - (1 + ( _ l)d—m)H(Mm’ Kd, KO).

An integration over G§*? yields therefore
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TarorEM 3.5. For each pointed d-cone K* and for 1 <m<d-1,
a-m-1
121 (= DF (K = (1+ (= D) ") y5(K9).

Similar results may be derived for d-cones K¢ with a j-dimensional face of apices,
j>0; relations analogous to Theorem 3.4 hold for appropriately defined simplicial or
cubical cones. Relations of these types may also be obtained for arbitrary polyhedral sets,
at the expense of involving their lineality and characteristic cone ([4, Sections 2.5 and 8.5]).

For m =1 Theorem 3.5 specializes to a result equivalent to Sommerville’s theorem
on angle-sums of spherical polytopes (Sommerville [10], [11, p. 159], Perles—Shephard [6]),
which is a generalization of the fact that the area of a spherical polygon is proportional
to its “excess”. Similarly, for m =2 Theorem 3.5 specializes to Theorem 3.7 of Shephard [9].

Let now K¢ be again a d-polytope, let K¢ ™, ..., K™ be representatives of all the
combinatorial types occurring among the (d —m)-polytopes K% M™) for M™€Gy %, and let
B;=G§? be the set of all those M™€ Gy - for which K4 M™) is combinatorially equivalent
to K ™. Then each B, is an open set in GJ'%, hence u(B;)>0; obviously we also have
>i-ip(B;) =1. Therefore, integrating over G5+¢ the equation of Lemma (3.1), and denoting
by »™(K?) the (d —m)-vector

YK =5 (K?), yT(KY), ..., Vi-m-1(K?),
we have

TarorEM 3.6. For each d-polytope K* and for 1 <m<d—1,

y™(K% €relint conv {f(K} ™)|i=1, ..., n}.

4. Remarks

(a) The two approaches (section and projection) used above being dual to each other,
it is not surprising that the results obtained by them (such as (2.8) and (3.5)) are also duals
of each other; the link between them is Lemma (2.7).

(b) For m=1 and m =2, our results essentially coincide with those of Perles-Shephard
[6] and Shephard [9]. The same papers contain also various consequences of these results.
For very ingenious applications of their results to some combinatorial problems concerning
higher-dimensional polytopes see Perles—Shephard [7].

(c) Lemma (2.5) may be seen to imply (in case d=3, m =2, k=2, j=0) the result of
Lemma 1 of Fary [2]. For applications of Fary’s lemma to polyhedral cones in E3 see
Frostman [3].
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(d) For a d-polytope K% let X* denote the set of all polytopes affinely equivalent to
K9, and let

yHH) ={y"(K)| K e X}
For m=1, Theorem 3.6 may be strengthened (Perles-Shephard [6]) to the assertion
conv yY(H?) =relint conv {f(K{ )|i=1, ..., n}.

It may be conjectured that
(i) For m=1 and each d-polytope K¢,

y(K?) =relint conv {f(Ki ")|i=1, ..., n};
(ii) For each m with 2<m<d—2 and for each d-polytope K¢,
polytop
dim aff y™(X%) =dim aff {{(K} ")|i=1, ..., n};

(iii) For each m with 2 <m <d —2 there exists a d-polytope K° such that
conv y™( K% #relint conv {f(K{ Y)|i=1, ..., n}.

(e) Let P%™ denote the family of all d-polytopes K¢ with the property that all K4(M™),
for M™€ Gy %(K?), are of the same combinatorial type. As easily seen (Perles-Shephard [6],
Shephard [8] for m =1, 2) Theorem 3.6 implies that for polytopes K€ PD%™ the vectors
y™(K) are affine invariants of K. It is not hard to see that zonotopes (i.e., vector-sums
of segments), as well as direct sums of (segments and) regular polygons belong to P
for each m. However, D% ™ has not been characterized even in the simplest non-trivial case
(d=3, m=1).

(f) In connection with applications of Theorem 3.6 (Perles—-Shephard [7]) the following
conjecture is of some interest. For each d-polytope K there exists a K’ combinatorially
equivalent to K and having the property: For every K” combinatorially equivalent to K,
and for every M"€Gg"4(K"), there exists an M'€GT*(K') such that K"(M") is combina-
torially equivalent to K'(M’). This conjecture is also open even in the seemingly trivial
case d=3, m=1.

(g) It would be interesting to investigate whether the various Grassmann angles
(and their sums) satisfy (non-linear?) inequalities which are not trivial consequences of

(2.4), (3.6), and the various equations found above.



302

(1]}
(21
[3].

{41
[5].

(6).

{71.
[8].

[9].
[10].

[11].

BRANKO GRUNBAUM

References

BourBaxi, N., Intégration, Ch. 7 (Mesure de Haar). Actualités Seci. et Ind., No. 1306.
Hermann, Paris 1963.

FAry, 1., Sur la courbure totale d’'une courbe gauche faisant un noeud. Bull. Soc. Math.
France, 77 (1949), 128-138.

FrostMAN, O., En sats av Fary med elementéra tillimpningar. Nordisk Mat. Tidskr.,
1 (1953), 25-32.

GrUNBAUM, B., Convex polytopes. Wiley, New York 1967.

Hapwicer, H., Vorlesungen iiber Inhalt, Oberfliche und Isoperimetrie. Springer, Berlin
1957.

PerLEs, M. A. & SuePHArRD, G. C., Angle sums of convex polytopes. To appear in
Math. Scand.

Facets and nonfacets of convex polytopes. Acta Math., 119 (1967), 113-145.

PETRANTSCHIN, B., Zusammenhiinge zwischen den Dichten der linearen Unterrdume im
n-dimensionalen Raum. Abh. Math. Sem. Hamburg, 11 (1936), 249-310.

SHEPHARD, G. C., Angle deficiencies of convex polytopes. J. London Math. Soc. 43 (1968),
325-336.

SoMMERVILLE, D. M. Y., The relations connecting the anglesurms and volume of a poly-
tope in space of n dimensions. Proc. Roy. Soc. London, Ser. 4, 115 (1927), 103-119.

—— An introduction to the geometry of n dimensions. Methuen, London 1929.

Added in proof {October 13, 1968): The following recent papers deal with topies related

to Grassmann angles:

BancHoFF, T., Critical points and curvature for embedded polyhedra. J. Diff. Geometry, 1
1 (1967), 245-256.

HapwiGER, H., Eckenkriimmung beliebiger kompakter euklidischer Polyeder und Charak-
teristik von Euler—Poincaré. To appear.

Maxnt, P., On angle sums and Steiner points of polyhedra. To appear in Israel J. Math.

SHEPHARD, G. C., An elementary proof of Gram’s theorem for convex polytopes. Canad J.
J. Math., 19 (1967), 1214-1217.

Received May 6, 1968



