Isogonal decagons.
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The pattern illustrates the variability of shape among isogonal poly​gons, that is, polygons whose ver​tices are all equivalent under symmetries of the polygon.  Shown is the case of decagons, which is representative of the great wealth of forms, but still fits in a reasonable way on a single page.

A (planar) polygon is called regular if all its vertices, as well as all its edges, are equivalent un​der symmetries of the polygon.  (Other definitions are possible, but all reasonable ones are equivalent to this.)  It is easy to show that if  n  is odd, each isogonal  n-gon is necessarily regular.  The situation for even  n  is more interesting.  If  n = 4m + 2  for a positive integer  m, then each 2‑dimensional isogonal  n-gon can be determined by two parameters  b  and  c, where  b  is a positive integer,  b ≤ m, and  c  is real-valued with  0 ≤ c ≤ n/4.  The vertices can be specified by

Vk = (cos  EQ \F(2π(bk + (-1)kc),n)  , sin  EQ \F(2π(bk + (-1)kc),n)  ),

where  k = 1,2,...,n, and edges are the segments  [Vj,Vj+1]  for  j = 1,2,..., n‑1, and  [Vn,V1].  In the illustration  n = 10, and to avoid clutter the vertex  Vk  is denoted simply by  k.  Shown are two sequences of isogonal decagons, corresponding to  b = 1  and  b = 2, re​spectively; each sequence starts and ends with a regular polygon, which is indicated by a vari​ant of the usual symbol.  If  n  is a multiple of  4  the situation is quite similar but somewhat more complicated.  The reader may enjoy in​vestigating the cases  n = 12  and  n = 14.
Besides the attractiveness of their shapes, these sequences bring up several aspects of elemen​tary ge​ometry.  First, they illustrate the difficulty of devising meaningful classification schemes for polygons.  Second, although most texts shy away from admitting polygons which exhibit various coinci​dences between vertices, it is clear from the examples shown that exclusion of such coincidences would make it very cumbersome to describe the different possibilities.  The labels in the diagram are meant to indicate that each of the polygons shown is a decagon -- even though some seem to have fewer vertices.  Edmund Hess is the only author who in​vesti​gated isogonal polygons in any detail (in a very long paper published in 1876); he failed to reach any meaningful conclusions, in part due to his inconsistent treatment of coincidences.  An exposition of Hess's paper is given in Max Brückner's well-known book "Vielecke und Vielflache" (Teubner, Leipzig 1900), but this is even less helpful than the original. There seems to have been no more recent work on this topic.

Third, the possibility of coincident vertices leads to regular polygons that are omitted from the enumerations given by various authors.  This error started with the Poinsot's famous paper of 1810.  Although he never forbids coincident vertices, Poinsot ignores this possibility; in​stead, he calls attention to "disconnected" polygons which, however, he correctly excludes from consideration.  The problem is that he should not have brought them up at all, since they do not satisfy his own definition of regular polygons.  All later authors (the present one included) blindly followed Poinsot down the garden path.  It is ironic that in the only serious treatment of polygons which preceded Poinsot's, in a 1769 paper by A. L. F. Meister, the definitions of polygons and regular polygons are given correctly and applied con​sistently.  However, Meister's work seems not to have been read by anybody except the mathematical historian Siegmund Günther -- and in his 1876 book Günther misquoted Meister at the crucial place, mak​ing it appear that Meister is saying the same thing as Poinsot.  As already mentioned, all later authors accepted the inconsistency without protest.

The enrichment of the family of regular polygons leads naturally to additional regular polyhe​dra; hence Cauchy's famous theorem to the effect that the five Platonic and four Kepler-Poinsot polyhedra are the only regular ones loses its validity.  An account of all these developments is in preparation.
