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Generating Functions

With every sequence a, we can associate a power
series:

f(x) =) anx"
=0

and vice versa, every power series expansion of a
function f(x) gives rise to a sequence a,.
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Generating Functions

With every sequence a, we can associate a power
series:

f(x) =) anx"
=0

and vice versa, every power series expansion of a
function f(x) gives rise to a sequence a,.

Are there any uses of this relationship in counting?

In this section we shall explore the interaction among
polynomials, power series and counting.
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Definition
The function f(x) = >",-, a,x" is the genrating function of the
sequence a,.

o0

The funciton f(x) = 33 , 2 s the exponential generating
function of the sequence a.

Examples:

The generating function of the sequence 1,1,1, ...
ist > ox"= 1.
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Definition

The function f(x) = >",-, a,x" is the genrating function of the
sequence a.

The funciton f(x) = 33 , 2 s the exponential generating
function of the sequence a.

Examples:
The generating function of the sequence 1,1,1, ...
ist > ox"= 1.

The generating function of 1, —1,1,—1 ...
is: > omo(—1)"x" = 5.
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Definition
The function f(x) = >",-, a,x" is the genrating function of the
sequence a,.

The funciton f(x) = 33 , 2 s the exponential generating
function of the sequence a.

Examples:

The generating function of the sequence 1,1,1, ...

. 00 n_ _1
is: Do X" = -

The generating function of 1, —1,1,—1 ...
is: > omo(—1)"x" = 5.

If f(x) =>" " ganXx”, g(x)=>,_bnx"then:
f(X)g(x) = Y02y CoX™ Where ¢, = > p_, akbn—k
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Examples

@ Let us start with an example we visited before: how many different
solutions in non-negative integers does the equation
X+y+z+t=27have?
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Examples
@ Let us start with an example we visited before: how many different

solutions in hon-negative integers does the equation
X+y+z+t=27have?

@ Consider the function f(x) = (1 + x + x2 + ... x?7)*.
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Examples

@ Let us start with an example we visited before: how many different
solutions in hon-negative integers does the equation
X+y+z+t=27have?

@ Consider the function f(x) = (1 + x + x% + ... x?7)4,

@ It is not difficult to see that the coefficient of x27 is the answer, but
how easy is it to calculate it?
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Examples

@ Let us start with an example we visited before: how many different
solutions in hon-negative integers does the equation
X+y+z+t=27have?

@ Consider the function f(x) = (1 + x + x% + ... x?7)4,

@ It is not difficult to see that the coefficient of x2 is the answer, but
how easy is it to calculate it?

© Well, if you have a nice math program, it will be very easy.
@ But we can do better, Consider the function g(x) = (3272, x)*.

Q Again, the coefficient of x27 in the Taylor expansion of this function
is the answer.
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Examples

@ Let us start with an example we visited before: how many different
solutions in hon-negative integers does the equation
X+y+z+t=27have?

@ Consider the function f(x) = (1 + x + x% + ... x?7)4,

© ltis not difficult to see that the coefficient of x37 is the answer, but
how easy is it to calculate it?

© Well, if you have a nice math program, it will be very easy.

@ But we can do better, Consider the function g(x) = (3272, x)*.

Q Again, the coefficient of x27 in the Taylor expansion of this function
is the answer.

. s i 1
@ We noticed that > X' =

i=0
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|
Examples

@ Let us start with an example we visited before: how many different
solutions in hon-negative integers does the equation
X+y+z+t=27have?

@ Consider the function f(x) = (1 + x + x% + ... x?7)4,

@ It is not difficult to see that the coefficient of x2 is the answer, but
how easy is it to calculate it?

© Well, if you have a nice math program, it will be very easy.

@ But we can do better, Consider the function g(x) = (3272, x)*.

Q Again, the coefficient of x27 in the Taylor expansion of this function
is the answer.

@ We noticed that ,Z%Xi = 1.
=

Q So the answer will be the coefficient of x2” in the expansion of:
(1-x)*
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The generalized binomial coefficients

Recall: (1 + x)" = kg (3)xk.
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The generalized binomial coefficients

Recall: (1 + x)" = kg (3)xk.

Does this formula hold for all numbers n, like negative numbers,
fractions, irrationals?
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The generalized binomial coefficients

Recall: (1 + x)" = /;1 (3)xk.

Does this formula hold for all numbers n, like negative numbers,
fractions, irrationals?

Would it be nice if we could use an extended Binomial Coefficient and

write the answer:
—4 ) ) -m
57 or in genera K
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The generalized binomial coefficients

Recall: (1 + x)" = /;1 (3)xk.

Does this formula hold for all numbers n, like negative numbers,
fractions, irrationals?

Would it be nice if we could use an extended Binomial Coefficient and

write the answer:
—4 ) ) -m
57 or in genera K

(1+x)* = i (i)x”

n=0

. Can we write:
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|
The generalized binomial coefficients

Recall: (1 + x)" = /;1 (3)xk.

Does this formula hold for all numbers n, like negative numbers,
fractions, irrationals?

Would it be nice if we could use an extended Binomial Coefficient and

write the answer:
—4 ) ) -m
57 or in genera K

(1+x)* = i (i)x”

n=0

How can we use it for solving counting problems?

. Can we write:
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Example

@ A box contains 30 red, 40 blue and 50 white balls. In how
many ways can you select 70 balls?
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Example
@ A box contains 30 red, 40 blue and 50 white balls. In how
many ways can you select 70 balls?

@ The coefficient of x’° in the product
(T+x+... X1 +x+... + x99 +x+...+x%)

is the answer.

Generating Functions Ngay 17 thang 11 ndm 2012 5/16



Example

@ A box contains 30 red, 40 blue and 50 white balls. In how
many ways can you select 70 balls?

@ The coefficient of x’° in the product
A4+x+. +x) +x+.. +xO) 1 +x+ ...+ x%)
is the answer.

Q Note that:

(THx+. XA+ x+ . XA+ x+. .+ x50 =

1T—x311 — x4 1 — X°
1—-x 1—-x 1—x

=(1-x)3(1=x*H)(1 —x*"H(1 = x°")

v
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Examples

All we need is to find the coefficient of x’° in:

(i (_/3>Xi>(1 3 M xSy

i=0

which turns out to be 1061 once we understand the meaning of
-3
i
Drill

Use this technique to find the number of distinct solution to:

Xy + Xo + X3 + X4 = 85

10 < x; < 25, 15 < % < 30, 10 < x3 < 40, 15 < x4 < 25.
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N
The Generalized Binomial Theorem

Theorem (The generalized binomial theorem)

R +x)r:§:<§>x" <C> _ r(r1)..l.'!(ri+1)

i=0
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The Generalized Binomial Theorem

Theorem (The generalized binomial theorem)

R +x)r:§:<§>x" <C> _ r(r1)..l.'!(ri+1)

i=0

Chuang minh.
Follows directly from Taylor’s expansion of (1 + x)".

OJ
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N
The Generalized Binomial Theorem

Theorem (The generalized binomial theorem)

R +x)r:§:<§>x" <C> _ r(r1)..l.'!(ri+1)

i=0

Chuang minh.
Follows directly from Taylor’s expansion of (1 + x)".

OJ

For negative integers we get:

(:) _r(r- 1)"1'_!(r_i+1) = (—1)i<_r_Jrri_1 1)
Drill

Show that:
() -4 (%)
k) 4k k
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Derangements

Recall: an n-derangement is an n-permutation = = aja. . .. a, in which
Vi: aj # i. If we denote the number of n-derangments by D, then:

Dy =0, Do =1 and Dn+1 = n(Dn + Dn—1)-

o0 n
X
Let: D(x) = E Dnﬁ (the exponential generating function for Dp).
n=0 '
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-
Derangements

Recall: an n-derangement is an n-permutation = = aja. . .. a, in which
Vi: a; # i. If we denote the number of n-derangments by D, then:

Dy =0, Do =1 and Dn+1 = n(Dn + Dn—1)-

o0 n
X
Let: D(x) = Z Dnﬁ (the exponential generating function for Dp).

n=0

An easy calculation using the recurrence relation yields:
D(x)  x ;X
D(x) 1-—x — (InDO)) = 1—x
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Derangements

Recall: an n-derangement is an n-permutation = = aja. . .. a, in which
Vi: aj # i. If we denote the number of n-derangments by D, then:

Dy =0, Do =1 and Dn+1 = n(Dn + Dn—1)-

0 n
X
Let: D(x) = Z Dnﬁ (the exponential generating function for Dj).
n=0 '
An easy calculation using the recurrence relation yields:

00”5 -
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-
Derangements

Recall: an n-derangement is an n-permutation = = aja. . .. a, in which
Vi: aj # i. If we denote the number of n-derangments by D, then:

Dy =0, Do =1 and Dn+1 = n(Dn + Dn—1)-

o0 n
X
Let: D(x) = Z Dnﬁ (the exponential generating function for Dp).

n=0
An easy calculation using the recurrence relation yields:
D(x)  x ;X
D(x) 1-—x — (InDO)) = 1—x
D(x) = 57— = (-1 ) (D%
k=0 k=0
Dn R (=) = (1)
k=0 k=0
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Catalan Numbers

Question

You need to calculate the product of n matrices Ay x Ao X ... X Ap.

How do we parenthesize the expression to do it in the most economical
way?
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N
Catalan Numbers

Question

You need to calculate the product of n matrices Ay x Ao X ... X Ap.
How do we parenthesize the expression to do it in the most economical
way?

Why does it matter?

Drill

Let A[m, n] denote an m x n matrix (m rows and n columns). For each
possible multiplication of the following product calculate the number of
multiplications of real numbers needed to calculate the product.

A[10,20]A[20, 40] A[40, 50] A[50, 10]
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Catalan Numbers

Example
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Catalan Numbers

Example
a. A x B x C can be parethesized in two different ways.

v
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Catalan Numbers

Example
a. Ax B x C can be parethesized in two different ways.
b. Ax B x C x D can be parethesized in 5 different ways.

v
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Catalan Numbers

Example
a. Ax B x C can be parethesized in two different ways.
b. Ax B x C x D can be parethesized in 5 different ways.

c. Let m, be the number of ways to properly parenthesize the product
of n+ 1 matrices.

v
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Catalan Numbers

Example
a. A x B x C can be parethesized in two different ways.
b. Ax B x C x D can be parethesized in 5 different ways.

c. Let m, be the number of ways to properly parenthesize the product
of n+ 1 matrices.

d. my=1,m =2 mg=5 my=7?(wesetmy=1)
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Catalan Numbers

Example
a. Ax B x C can be parethesized in two different ways.
b. Ax B x C x D can be parethesized in 5 different ways.

c. Let m, be the number of ways to properly parenthesize the product
of n+ 1 matrices.

d m=1 m=2 my3=5 m,=7 (wesetmy=1).

e. Fork >0, AiAz... A, 1 can be parenthesized as:

[A1 ... AK][Ak+1 - - - Ant1] So the number of ways to further
parenthesize this product is my_{mp_g.

v
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N
Catalan Numbers

Example
a. A x B x C can be parethesized in two different ways.
b. Ax B x C x D can be parethesized in 5 different ways.

c. Let m, be the number of ways to properly parenthesize the product
of n+ 1 matrices.

d m=1 m=2 my3=5 m,=7 (wesetmy=1).
e. Fork >0, AiAz... A, 1 can be parenthesized as:

[A1 ... AK][Ak+1 - - - Ant1] So the number of ways to further
parenthesize this product is my_1mp_g.

n
Hence:  Mp.q =Y _ mi-mp_
i—0
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Catalan Numbers

1. The generating function of the sequence my is: A(x) = >"2q mix’
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Catalan Numbers

1. The generating function of the sequence mp, is: A(x) = 372, mix’
n 1 n
2. Mpp1 =0 oMi- Mp_j = My X" = x(>1Lgmj- mp_;)x".
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Catalan Numbers

1. The generating function of the sequence mp, is: A(x) = 372, mix’
n n
3. S0 Mppax™ =14+ 3"0 o my - x¥
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Catalan Numbers

1. The generating function of the sequence mp, is: A(x) = 372, mix’
k
4. A(x) = Yo bix* by = D=0 My - Mk
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N
Catalan Numbers

The generating function of the sequence mj is: A(x) = Y72, mx’
Mpst = D1 M- Mp_j = Mp X" = x( Y7Ly mj- mp_)x".
S0 Mg XM =14 5750 o myc - XK
o0 k
A2(x) = SRZo bix" b= 31 My My
Combining 2, 3 and 4 we get:
14+ A(x) = xA?(x).

Al R A
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N
Catalan Numbers

The generating function of the sequence mj is: A(x) = Y72, mx’
Mpi1 = Z?:O mj-Mmp_j = mn—i—1xn+1 = X(Z,n:o m; - mn—i)Xn-
S0 Mgt XM =14 5732 my - xK
AZ(X) = ZZO:O b,'Xk bk = Zjl'(:o mj : mk_/-
Combining 2, 3 and 4 we get:

1+ A(x) = xA%(x).
6. This is a quadratic equation in the unknown A(x) yielding:

2xA(x) =1+ /1 —4x

Al R A
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N
Catalan Numbers

The generating function of the sequence mj is: A(x) = Y72, mx’
Mpi1 = Z?:O mj-Mmp_j = mn—i—1xn+1 = X(Z,n:o m; - mn—i)Xn-
o720 Mg X =1 4 3258 o my - XK
AZ(X) = ZZO:O b,'Xk bk = Zjl'(:o mj : mk_/-
Combining 2, 3 and 4 we get:
1+ A(x) = xA%(x).
6. This is a quadratic equation in the unknown A(x) yielding:
2xA(x) =1+ /1 —4x

7. Since 2xA(x) = 0 when x = 0 we have:

Ax) = (1 — V1 - 4x).

Al R A
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Catalan Numbers

Or:
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Catalan Numbers

Or: Substituting the initial condition my = A(0) = 0 we get:

A(x) = 217(1 — V1~ 4x)
oo ()5 G
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N
Catalan Numbers

Or: Substituting the initial condition my = A(0) = 0 we get:

A(x) = 217(1 — V1 —4x)
(1-4x)z = kzo<//<> i)<2k> ok

(Using : (2) = (=1/4Y(F))-
my, is the coefficient of x” in the expansion of: (1 — /1 — 4x)/(1/2x)
A simple calculation yields:
1 <2n>
n+1\n
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Lattice walks

Question

Given a lattice. In how many ways can you walk from (0, 0) to (n, n) if
you can only move to the right or up?
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Lattice walks

Question

Given a lattice. In how many ways can you walk from (0, 0) to (n, n) if
you can only move to the right or up?

Answer

The ansewr to this question is easy: you have to make 2n moves. n

horizontal moves and n vertical. Any combination of such moves will be
a walk from (0,0) — (n, n)
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Answer

The ansewr to this question is easy: you have to make 2n moves. n

horizontal moves and n vertical. Any combination of such moves will be
a walk from (0,0) — (n, n)
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|
Lattice walks

Question

Given a lattice. In how many ways can you walk from (0, 0) to (n, n) if
you can only move to the right or up?

Answer

The ansewr to this question is easy: you have to make 2n moves. n
horizontal moves and n vertical. Any combination of such moves will be

a walk from (0,0) — (n, n)
2n
n
Question

The same question but this time your walk is restricted to stay below
the diagonal.
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(0,0)
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Question

A minor change: We want to count the number of moves that stay
below the diagonal.
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Answer
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Question

A minor change: We want to count the number of moves that stay
below the diagonal.

Answer

@ [t may not look clear how to construct a solution, a recurrence
relation, or just solve it.
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Question
A minor change: We want to count the number of moves that stay
below the diagonal.

Answer
@ [/t may not look clear how to construct a solution, a recurrence
relation, or just solve it.

@ Every walk is a sequence x1, X», . .. Xon Of moves where X; is either
or move up.
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Question

A minor change: We want to count the number of moves that stay
below the diagonal.

Answer

@ [/t may not look clear how to construct a solution, a recurrence
relation, or just solve it.

@ Every walk is a sequence x1, x», . . . Xon Of moves where X; is either

or move up.
@ To stay below the diagonal, for each k the subsequence
X1, Xo, . .. Xk must have at least as many as up-moves.
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Question

A minor change: We want to count the number of moves that stay
below the diagonal.

Answer

@ [/t may not look clear how to construct a solution, a recurrence
relation, or just solve it.

@ Every walk is a sequence x1, x», . . . Xon Of moves where X; is either

or move up.
@ To stay below the diagonal, for each k the subsequence
X1, X2, ... Xx must have at least as many as up-moves.

@ But we already counted such sequences!
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Question

A minor change: We want to count the number of moves that stay
below the diagonal.

Answer

@ [/t may not look clear how to construct a solution, a recurrence
relation, or just solve it.

@ Every walk is a sequence x1, x», . . . Xon Of moves where X; is either

or move up.
@ To stay below the diagonal, for each k the subsequence

X1, X2, ... Xx must have at least as many as up-moves.

@ But we already counted such sequences!
@ Balanced parenthesis (()(()())), (: =) : 1.
So the number of walks is the Catalan number mo,,.
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Other counting problems can be solved by “mapping” them to solved
problems.

@ How many binary sequences bibobs . .. bo, consisting of n 1’s and
n O’s are there in which %, b; > [5] vk > 12
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Other counting problems can be solved by “mapping” them to solved
problems.
@ How many binary sequences bibobs . .. bo, consisting of n 1’s and
n O’s are there in which %, b; > [5] vk > 12
@ n Persons line up to buy tickets to the theater. The cost of a ticket
is 50,000 VND. Each person has a 50,000 VND or a 100,000
VND. The cashier opens the box office with no money. So if the
first person has a 100,000 VND the line will get stuck as the
cashier will not be able to give him change. In how many ways can
n persons arrange the line so all of them will be able to buy tickets
with no delays?
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Other counting problems can be solved by “mapping” them to solved
problems.
@ How many binary sequences bibobs . .. bo, consisting of n 1’s and
n O’s are there in which %, b; > [5] vk > 12
@ n Persons line up to buy tickets to the theater. The cost of a ticket
is 50,000 VND. Each person has a 50,000 VND or a 100,000
VND. The cashier opens the box office with no money. So if the
first person has a 100,000 VND the line will get stuck as the
cashier will not be able to give him change. In how many ways can
n persons arrange the line so all of them will be able to buy tickets
with no delays?

@ We need to assume that at least [ 7] have a 50,000 VND note.
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