
the control task
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controller+

�
[x, y, z position,  
x, y, z velocity, 

roll, pitch, yaw angles,  
roll, pitch, yaw rates] 

qd  (desired state)

eq (error)
system  

dynamics
q (system state)

u  (system input) 
[thrust force,  
roll torque,  

pitch torque]

sensors

y  (system output) 
“measurement” 

[roll, pitch, yaw rates (gyro),  
 x-optic flow, y-optic flow (optic flow camera),  

z-distance measurement (time of flight)]

estimatorq̂
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(estimated state)

• estimator must reconstruct state vector from limited sensor 
information (number of sensors is typically < number of states)

• separation principle states that controller and estimator can be 
designed independently



State estimation for control
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sensor noise ndisturbances d

ẋ = Ax+Bu+Gd

y = Cx+ n
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Observability
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State estimation: observer
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How to choose gain L?
• “Kalman Filter” formulation: given system   
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q̇ = Aq +Bu+Gd

y = Cq + n
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q̂ = Aq̂ +Bu+ L(y � Cq̂)
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where d is process noise (“disturbance”), n is sensor noise. 
d and n are zero-mean white Gaussian noise (eg for scalar d,                                      )
and

• if noise is “stationary” (not changing with time) then the Kalman 
gain L minimizes expected squared error of the state estimate

Remarks
• L is also the solution to an algebraic Riccati equation

• use lqe(A,B,G,QN,RN) or MATLAB lqe(A,B,Q,R) 
• Can choose other L’s, but Kalman L minimizes error noise

E{nnT } = RN = RT
N > 0
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E{ddT } = QN = QT
N � 0

<latexit sha1_base64="8gSurrNiAiIQ49b535CHlewqShw=">AAACFnicbVDLSsNAFJ3UV1tfUTeCm2AR3FgSKdiNUBTBlbTQFzQxTCbTdujkwcxEqCHgP7jxO9y5caGIW3En+DFO0i609cDMHM65l7n3OCElXOj6l5JbWFxaXskXiqtr6xub6tZ2mwcRQ7iFAhqwrgM5psTHLUEExd2QYeg5FHec0Xnqd24w4yTwm2IcYsuDA5/0CYJCSrZ6dGHGphNQl489+cSum1zHzcRMTht2fDW9M2WA9aKtlvSynkGbJ8aUlGq7t9+Fu8ezuq1+mm6AIg/7AlHIec/QQ2HFkAmCKE6KZsRxCNEIDnBPUh96mFtxtlaiHUjF1foBk8cXWqb+7oihx9OxZaUHxZDPeqn4n9eLRL9qxcQPI4F9NPmoH1FNBFqakeYShpGgY0kgYkTOqqEhZBAJmWQagjG78jxpH5eNSrnSkGlUwQR5sAf2wSEwwAmogUtQBy2AwD14Ai/gVXlQnpU35X1SmlOmPTvgD5SPHzWGovU=</latexit>

p(d) =
1p
2⇡�2

d

e
� 1

2

⇣
d
�d

⌘2

<latexit sha1_base64="LwvkyLLbl/Ws7P3kg8uol95U06w="></latexit>



intuition
• Kalman Filter combines information from dynamics prediction 

with information sensor measurements using a “bayesian update” 
• multiply the probability density function (PDF) of the state 

estimate by the PDF of the new measurement
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prediction from  
dynamics model (“prior”)

new measurement

Bayesian inference:  
new PDF = prior PDF * measurement PDF

new estimate
(KF does this for n dimensions)

1D case



remarks
• matrices QN and RN are usually diagonal, meaning noise is not correlated
• sensor noise matrix RN can come from datasheet or can be estimated:
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• disturbance noise QN  is harder to measure. Perspective: is tuning knob 
• large disturbance QN ⇒ trust sensors more than prediction ⇒ large L
• small disturbance QN ⇒ trust prediction more than sensors ⇒ small L

• linear KF requires very little computation, just a few matrix multiply 
operations 

• rose to prominence on the Moon Lander in the 1960’s (!)
• important variants: 

• sensors that do not update at equal intervals: use “information form” that 
separates prediction from correction step, using different L for each sensor

• for nonlinear system, use extended KF (“EKF”) (see Murray, Optimization-
Based Control) or unscented KF (“UKF” ) (more computation needed)

• crazyflie uses an extended KF to enable more aggressive maneuvers 
(Greif2017 on course website)

�n =

r
1

N � 1
⌃i(yi � yi,m)2
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yi,m  is sensor’s measurement 
yi    is ground truth measurement 

= numpy.linalg.std(ym—y) if y’s are arrays of data

RN =

2

64
�2
n1 0 ...
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n2
...

. . .
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Example: me586_example_kalman_estimator.ipynb
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vm=v+n (vel measurement = true value + noise)

m drag = -bv

A) Kalman Filter to estimate velocity from this dynamical system: 

B) Vary tuning knob QN (magnitude of disturbance noise)

C) helicopter-based optic flow (must linearize at desired height z=zd)

vm=Ωmz+n

m
drag

z



compared to a low-pass filter, the Kalman Filter:

• can estimate “hidden” but observable states
• can perform sensor fusion between different sensors at 

different update rates
• can accommodate effect of known inputs
• reduces estimate lag time, if the quantity you are interested in 

behaves as a dynamical system
• minimizes expected squared estimate error
• but needs a model of dynamics

9

well-suited to a dynamical system such as an aircraft 
with a good model (eg N-E equations) and states that 
are not directly measured by sensors (e.g. orientation) 



The separation principle
driving the output y 

to the value r is another way  
to do trajectory tracking

• If K is an LQR controller and L is a Kalman Filter, then is a “Linear 
Quadratic Gaussian” (LQG) controller



sensors
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MEMS gyroscope

principle: measure time
taken for laser light to reflect

principle: sense coriolis 
forces using a rotating, vibrating 
proof mass

Gyroscope: Bosch BMI088

Time-of-flight laser rangefinder: 
ST VL53L1

noisemodel for sensor:

Optic flow sensor: Pixart PMW3901

principle: measure speed
of motion of visual scenery
directly below to estimate 
lateral velocity 

(derive on board)


