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Chis follows from the use
>

of the RHR in defining Txt)

Intuitive picture : curl in small patch
*

dy ④fov, Ext - (8¥ - off) E
-

8YT_ooVyxoaEoxoyEtakeVylos-qvxcotoesf@xvJ.da= (8¥ - 8¥
, )E .@xoy E) = ovyoy -*ox

§ Jodi = Wo)ox t dy cos tovyoytvxlostovx) tox) t Vyco) toy)
= Dvyoy - ok, DX

Two rectangular patches :

area : A = A
,
t Az

Integral aroiitnd perimeter : fgdt-f.de tfode ← Part along the
shared border
cancels

.



We can take any
area and chop it 0000

itiiietointtriniahiiantcshes .
"

are shared by two
y

patches and cancel
,
so

we are left with the perimeter .

Example :JcxihzS-4yitxjt2zIComputef@xvj.da
over the hemisphere

x'ty'tE=R ,
2-30 . We'll do this 3 ways .

←

R 1) Direct evaluation :

i
.
.
- E - - -

-
-

f.
. oxo - at EI

L
x

Ivy r OV dvz d
= CofE o.de#-HtlooYT-o*Ik
= Oi t o J t ( t - 4) IT = -3K

DE - R' sinododor ⇒ Iof = cos02K% I

fdtxvda = Id# 3) R'sin -0 cosOdf = - 6IR2fudu= -3# R2 .
O O

U- Sino
°



2) Stokes' theorem ¥83 .de - pft.de
The boundary is a circle X2ty2=R ,

-2=0 .

Which way around ? Right hand rule → counterclockwise
.

DI - Rd On = Rdx ( cosOf - Sindi )

T.de?=Rd0(Xcoso/-4ysin0) X - Rosol , y -- Rs.no/--Rd0(Rcos20-4Rsin20)

§ t.de = 1424050 - 45in'd)d¢
= R2 . ft - 4ft) = - 3*122

3) Use Stokes ' theorem to relate integral over the
hemisphere to an integral in the plane with

the same boundary .
Now d£=d×dYk ( sign from par)

8×8=-31 ⇒@xtJoda-t-3dxdyf8xvD.da= - 3§dxdy = -3*122
Treat
circle with
radius R



Diracsfunetion

Suppose This = rtzr = Is TV
← •→

What is the divergence of f ?
" ↳

Using the formula for 8.8 in spherical coordinates :

8.8= trzoorlrvr) trstinooolvosinf) trsino Toivo

= tz8r(1) to to = 0

This is strange , because Tir) definitely looks
"

divergency
"

.

Whats going on ?

Let's try with the divergence theorem over some

sphere of radius R centered on r- o
.

218.8)d3r = § vida dei - Rsinododor

=D # pisinfdtdo
= 41T independent of R C! ? !)

The source of the trouble is that all of the

divergence in This is located at r- o. The
formula for 8.8 in spherical coordinates involves

tree and Tino
,
so it cannot
-

be valid at f-O .



We also notice that Kirst → x as r→o

To summarize
,
8.8 is Zero everywhere except for

at r-0
,

where it is no . But it is no in such

a way that integrating over it gives a finite

value
, namely 41T

.

This is a strange situation
,
but it is very important

in Elem when dealing with point charges , so we

should figure out how to deal with it
.

These properties are described by the Dirac delta

function
.

Dirac 8 in ID :

Sfx) - {I iiffxyoo , £%Ddx= { 1 if aaoab
0 otherwise

As a limit : fix)= lim Ta - acxca
a→o

µ
{ 0 otherwise

ka"

#/,
#

-a 0 a X



We could also take the limit of e.g . a Gaussian :

Stx) = feign a¥ e-Yaz

or a triangle
,

**

eiamosiao-iaohieraiisea.ie#*..
Really, a 8 function can be constructed by starting with

any function Mix) which has a finite integral over

all x (which we can normalize to 1)

£%xsdx =L
and then we rescale by a factor a>o so that

Mak) = tanka) , Scx) = laino Mak) .

←MadEthan.



"

Sifting
"

property : Consider some
"

normal
"

i.e .
finite) function f-(x)

fftd×
of a g function .This is the most important feature

Note that the integral need not run from - no to no .

It just needs to include 0
.

£¥#:
To understand this property , let's use the limit of the

rectangle step function , which allows us to limit the integral 1a
"

fokxsfcxidx-laigno.la#afCx)dx
and expand fu) as a Taylor series about X- o :

f-Cx) = f- (o) t f-
'

6) X t If "cogx't 34
.
f-
"to) X' t . . .

"

fiscxsfcxsdx = laismoztaffafcosdxtfafiosxdxtfaatzf "cosx2dx t . . . ]
Now faadx - 2A , faaxdx -

- Ela' -a) =o
, fa%dx= Islas- tap)=Za3



SO fo%Dfcxjdx-laifoztaffcos.2atf.co> oo t ftp.Eat . . . ]
= lainfoffco) t Flo> of . I t . . . ]

In general, each term in the series has the
form ffmosahocfinite number], and all terms aside

from fco) disappear in the limit a→o
,
and

fo%x)fcx)dx = fco)
.

(Nagle thf.in#ethisa+only*oho.lyds if the derivatives of f

In practice , we don't need a to literally be zero
.

We just need it so small that fin's a" is

negligible compared to
, say , the precision of a measurement

we can make. This means that the function fix) should

not change appreciably over a length scale a .

Coming back to electrodynamics , if we have some

charge distribution pcx) which is localized within some

length scale a
,
and we place it in an

electric field Ecx) which varies on a length
scale Lba

,
then we will not make much error

by assuming that all of the charge is located
at a single point

→ qscx) , g- ftp.sdx .



Now
,
back to the properties of the f function

.

We can shift the origin i Slx-Xo) then

fy%x⇒fCx)dx = fcxo)

Units : since f! Six)dx = I
,
dx has units of meters

,

so 84) has units of density , i.e . Im
.

Scaling : Ickx) = ¥186) see Griffiths Ex
.
1. is

.

3D S function :

8%7=84784)SL⇒ ⇐ units are mt

Idk 8%3=1

fd3rjyr.ro, fir)= fir)

Notation : Griffiths uses SMEs for a 3D 8 . Other

authors use Sir) . Either way is fine
,
and

ambiguity should not arise because if the argument
is a vector

,
each element of the vector must

be Zero.



Finally , back to 8.8
.

We found that

8. f = { no f - o and fair 8. J = 4T
0 otherwise

So this can be explained by setting
8.(E) = 4*8%7

.

Also
,
since Elt) = - Ira

,
we have

%8Kr)=EHr)=-4tS"T
•

[Bonus material
,
time permitting]

When setting phaser) works : gravity at Earths surface

Force on a spherical cow : E- fojcrspmassrldr
Igravitational

Take Pma → Meows"l%w) field ate

F- = Moowgtcrcow) g%s=
-GM rn

What error have we made ? Cow size is a- Im
. Leading

correction
- Era - GM/a - glRH¥

.

.

Correction is - ¥Tom (small )
.

r=Ro+

⑤ nee G is only known to 5 sig figs , this is fine.]



When paisas doesnt work :

Self - energy of a point charge . this will be covered

later
,
but hopefully you can believe for now) the

energy to construct a charge distribution per)
is

W = tzfpcrsvlrdr
all space

here Vcrs is the electrostatic potential . For a point
charge , put)→q8"'CE) , Krs - after
so

W → I g. offers =D.
Uh oh

.

Ite :w%£. take tier;
"

stay:* tf
expand Vcr) about to :

✓(o) = Lingo ¥Te
. ( tr - trz + Is - tr" t . . . )

Every term blows up at r→o
,

so the requirement
that finna go to zero doesn't hold

.
Vcr) is not

approximately constant over any length scale around f-o

and so the replacement put)→qs%s doesn't work .

Another way to look at it is that Vlad depends on

the details of pir) in a way that doesnt vanish

when the size of Ptr) shrinks to zero .
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Electrostatics

Coulomb's Law
force on

"test
"

charge Q
q
• I at F due to a

"

source
"

-
F
' t. Q charge q at F '

•
E- ¥÷*, = fifer

O

where EE F-F ' points from source to observer
.

E. = 8.85×10
- "Nim "

permittivity of free space
"

electron charge : e= - 1.6×10
" C

→ Force between 2 electrons @ Im in 2×10-28N .

Superposition : Force on test charge Q due to

q,
all source charges q, qe Es - - .

• • is just the sum of the

q, .jp/hooQ individual forces
ri
.
#
ORT Ee t tf tf t . .

.

•
.

9,3

=f¥⇐[ff÷sE -⇒ + ftp.plr-rdt . . .]
= QEW)



Electric field : Etr)=¥eo§: hits LEE.)
-

Force per unit charge
what is a field ?

Without bothering too much about philosophy , a field
is a quantity ( like a number

,
or a vector - i.e .

3 numbers)
assigned to every point in space .

1-
What is E ? Ask students .Example :

qqL
(in x - y plane) go.

. . .
. .•)

120 Need the vector sum of the

zqkts.az field from each charge .

E. = c¥e.e⇐) Ez=¥,⇐e( costs itsintsoj)
Ez = FEEL- ( - costs it since)j)

E- = E. tFztE3=4¥⇒[ (otcostsoo)-costs i tf- I tsinfsodtsintso.DE]
= 0

As we could have guessed from
symmetry arguments .



Continuous charge distribution : z

Egri → 1dg t.fr#oIagO
"

dq
"

means
"

tiny bit of charge
"

Ece) =4r¥dqFIs = ¥eofdqIz
This is 3 integrals :

Ext) = ¥eofdqhr and similar Eir) Ezo) .

Forms for dq

Volume charge density : dq - per)d3r - plied
{Griffiths'
notation

Brief aside :
What happens at Fir '

,
i.e

.

E- o ? Does it blow up ?

To simplify , choose origin so that E-o
,
Je - F'

.

ETE-ot-I.co/pCrgTrIrRsinEdr'do-'d0 '
footers of r cancel

,
no disaster



surfacechargedistributio-2Ddq-o.dea surface charge density

→
units : Ema

infinite.ci?:Yhothinpcrs=ocxipSczI
cylindrical smell

%. in Griffiths' notation
- - - - Min!!.IE?!au9T!!!" sis radius in

'
v
'
'

2-→
(
in s direction) cylindrical coordinates .

spherical
area E÷¥Essi÷÷¥¥

,

""

Linearchargedistribution ID
length along

← dq=Xdlf the line

- PCE) = Xx) fly)8Cz)
x→

Pointchargedistribution_ OD

q••
dq→q

PCE) = q Str) = QSCXSSGDSCZ)



Exampleiuniformkpcharareo-Q.fr
,

Before we start
,
should E have

4¥, ri
.

-
A horizontal component ?

L
_ If it did

,
which way would

i it point ?

L f= @o.h) dq= odxdy

RE x'tyth ,
te - xi

-yjthk

Do the integral for Ez
,

since Ex - Ey - O .

42 42

Eztr)=¥eofdqhz=¥eo ) f 0dxdyµ¥g%
- Lk -42

Not a particularly pleasant integral . Before pushing on
,

let's look at some limiting cases
.

Limit Zs>L ⇒ xhtytzez ⇒ Ez - IIe
.

¥2 ' OL
'
= 4i¥E

Limit Zal ⇒ x7yztExx7y2-TEznFEToffcxdzIydIysk6lowsup@x-y-o.Uhoh
. . .

What went wrong? In the neighborhood of x- yo , we

can't make the approximation x7y7E=x7y' .



Let's just calculate it
.
To do this

,
we'll actually

solve two easier problems and build from there
.

Step 1

First
,
find the field at height Z above the

center of a line of charge of length 2W.

•

¥, 2-µ dq=Xdx E - -xitzk

1¥ By symmetry , we only need
-w o x tw to worry about the I

component of E .
Eline - Eiinek

f. Is cos -0
,
h=¥

* ztano , dx - Z# do

Ow

En.neH=¥e.fr#ii.k=HFeofEos*ecozIIcosoO--w
Ow

= IIe

.IE/cosO-dOQwO-w=-O-whenx=w=¥eo¥&inQw -sinew)
Sino -- Fe Eine - E¥zwt¥Fk .



Step 2.

Next
,
we'll compute the field due to a square

loop of uniformly charged wire
,
with side 2W

.g÷w this isthealmosinte.iusnte4onq.ie
difference is that they

9

just anoop,
each generate a field pointing(

noitnhiinae : ) a different way .
We only

want the ki component, which

introduces a new angle Eiineok = Eline cos -0!
The distance is also now h7wF

,
rather than

just Z .

so we sub zeefhtwi
, multiply by cost

'

- Iwf
and multiply by 4 for the four segments :

Eiooplh,w) = 47¥ ht¥w°¥Tw
.

Finally , we return to the square . We build it up
by a bunch of loops of side 2W

,
with

charge density X= Oodw
,

and integrate
w from 0 to E

.

dw

Esma.ee/%adw.w-h
← vaiewufrom

TEO (h2tW7Vht2wT
O



This is an integral you can just ask
Mathematica to do for you . But we can

also make a clever substitution by drawing
another triangle (Iim not sure of its physical significance,
but it helps make a good change of variables) .

h µtwhh tan0=h¥wx

↳
¥¢d0 =

-I 3h

h't2wF cos'd = zKt¥÷

so do - tiffins . -E¥I%d - £+141777

Es
.ua.
- IIE.IT#wYth...w=-EE.f.oio-- ¥.co/o.a..ytano/o--hTn--
I ⇒ 0o=

,
tank.in#c4zFEsquare=Eeo(I-4Tttan-'TfvT)kT

Now taking the limit heel is easy tan
- '

0=0

So E-
square

→ EEK .


