1

Agreement over Random Networks
Yuko Hatano and Mehran Mesbahi

Abstract— We consider the agreement problem over
random information networks. In a random network, the
existence of an information channel between a pair of units
at each time instance is probabilistic and independent
of other channels; hence, the topology of the network
varies over time. In such a framework, we address the
asymptotic agreement for the networked units via notions
from stochastic stability. Furthermore, we delineate on
the rate of convergence as it relates to the algebraic
connectivity of random graphs.
Index Terms— Agreement problem, networked systems,
random graphs, supermartingales, stochastic stability.

I. I NTRODUCTION
We consider coordination of distributed dynamic systems operating over relative sensing/communication networks. In recent years, this area has attracted the
attention of researchers in system theory, biology,
and statistical physics; system theoretic references include [6], [10], [16], [17], [20], and [24]. The present paper is particularly motivated by studying control architectures for distributed space systems, as for example those
being considered for the Terrestrial Planet Finder (TPF)
mission [26]. In the TPF case and other similar mission
scenarios, it is often the case that due to the dynamic
nature of each spacecraft’s states, the sensing and interspacecraft communication topology also changes over
time (e.g., range limitations on relative sensing, shadowing scenario, etc.). When these information networks are
static, it has been shown that graph theory [4], and in
particular algebraic graph theory [9], provide a natural
framework to examine the stability and performance of
the resulting networked-enabled dynamic system; see for
example [6], [10] and [20]. In [16] and [17], the notion of
dynamic graphs has been introduced to facilitate studying information structures that depend on the dynamic
state of the underlying system. In this paper, we take a
complementary probabilistic approach for studying the
convergence properties of the basic- yet fundamentalagreement protocol over random dynamic networks. The
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randomness assumption on the existence of an information channel between two dynamic units, although in
general conservative, offers a natural modeling framework for situations of practical interest. For example,
during the separation phase of a distributed space system
from the launch vehicle, orientations and positions of the
spacecraft are neither controlled nor known. These states
can nevertheless be modeled probabilistically. Given that
the ability of a pair of spacecraft to pass relative state
information among themselves depend on their relative
positions/orientations, one can then justify a random
model for the existence of the information channel
between the two. Of course in such an approach, the
available bandwidth, power, and sensor geometry, determine the parameters that arise in the probabilistic model.
We note that in some situations the basic assumption
hidden in the random graph model should be relaxed
with more appropriate probabilistic models such as those
offered by random geometric graphs [22], [25]. Smallworld networks [21], [23], capturing some of the central
features of social networks by exhibiting a mixed of
regular and random features, may also prove to be the
appropriate model for certain applications. In this work,
we will not consider these more general models and
instead, enjoy the elegance offered by the random graph
model as proposed by Erdős and Rényi [5].
The theory of random graphs has developed at the
intersection of graph theory and probability theory- with
a wide range of applications in computer sciences, reliability of transportation and communication networks,
and natural and social sciences [11]. A random graph
is constructed by randomly placing an edge between
two vertices based on an edge probability. In the context of agreement over random information networks,
edges correspond to the information channels among the
agents. An agreement protocol provides means by which
all network elements are eventually coordinated- in the
sense that- they all agree on some particular parameter
of interest [20]. This parameter can be given different
interpretations depending on applications: attitude alignment in multiple spacecraft setting, heading direction
in flocking, group average in distributed computation,
steady state in Markov chains, etc. As we will see,
despite the uncertainty embedded in the topology of
our random network at each time instance, one can still
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prove a number of results that resemble those for the
static case. In fact, highlighting the ease through which
one can prove convergence results for the agreement
protocol over a random, yet inherently dynamic network,
is one of the main contributions of the present paper.
The mathematical machinery that allows us to extend
the analysis for these protocols over static networks to
random ones, turns out to be stochastic stability on one
hand, and random and algebraic graph theory, on the
other. Using these techniques, we will be able to make
a number of observations that pertain to the mechanism
by which agreement is reached over random networks.
The outline of the paper is as follows. In §I.A and
§I.B introductory notions and terminologies from random
graphs and algebraic graph theory are introduced. The
basic setup for the problem considered is presented in
§II. Our main results are stated in §III, where we provide a framework for studying agreement over random
networks employing notions from stochastic stability. In
§IV, we further expand on the convergence rate analysis,
followed by a representative set of simulation results in
§V.
A. Random graphs
Graph theory is the study of objects, naturally called
graphs, consisting of a set of vertices, each pair of which
is endowed with an incidence relation represented by
an edge. The set of vertices and edges of the graph G
are denoted by V and E , respectively; in this case, we
write G = (V, E). In a random graph on n vertices, the
existence of an edge between a pair of vertices in the set
V = {1, · · · , n} is determined randomly and independent of other edges with probability p ∈ (0, 1]. The case
of p = 0 corresponding to the static empty graph can
be treated separately if needed. The sample space of all
such random graphs will be denoted by G(n, p) [2], [11].
Note that the value of edge probability p is assumed to
be same for all potential edges of G ∈ G(n, p). The edge
probability can be fixed, or in more interesting scenarios,
a function of the order of the graph- hence the notation
p(n). In the random graph model, all graph parameters
are interpreted probabilistically. Thus one considers the
expected size of a random graph G ∈ G(n, p), as the
number of edges of G ∈ G(n, p) is a random variable.
To further clarify this point, consider the probability that
! "
G ∈ G(n, p) has exactly m edges. Since there are n2
potential edges among n vertices, this probability turns
!n" m
n
out to be m
p (1 − p)( 2 )−m ; moreover,
expected
!n"the
1
value of the size of G ∈ G(n, p) is also p 2 . The above
1

Refer to §I.B. for notation.

observation in fact implies that the size of a random
graph in G(n, p) has a binomial distribution: it is the sum
of Bernoulli random variables, each taking on values 0
and 1 with probabilities q := 1 − p and p, respectively.
This simple observation proves to be useful in showing
other results for a number of graph parameters as the
next proposition states.
Proposition I.1. The expected
number
of vertices of
!n−1
" k n−1−k
.
degree k for G ∈ G(n, p) is n k p q

Proof: The probability that a vertex
! "G ∈ G(n, p)
has degree k is pk q n−1−k . There are n−1
choices for
k
edges to be incident on this vertex; the statement of the
proposition now follows by linearity of the expectation
operator.
B. On graphs and matrices
It is often convenient to represent graphs, and in
particular random graphs, algebraically via (random)
matrices. There are a number of choices for such a
representation. For example, the adjacency matrix of an
undirected graph G, A(G) = [aij ], is defined entrywise by having aij = 1 if i and j are adjacent and
aij = 0 otherwise, including the case when i = j . Thus
A(G) is a symmetric matrix for an undirected graph.
In the random graph model, since the incidence relation
depends on the edge probability p, the entries of the
adjacency matrix also depend on p. Hence, the adjacency
matrix for G ∈ G(n, p), A(p) = [aij (p)], can be defined
as,
#
1
with probability p
aij (p) :=
(1)
with probability q := 1 − p,
0

when i #= j , and aii (p) = 0 for all i. Analogously, we
can proceed to consider the probabilistic degree matrix of
a random graph, D(G) = [dij ], a diagonal matrix, each
diagonal entry denoting the random variable of vertex
degrees. Furthermore, we can consider the Laplacian
matrix of a random graph, defined for a static graph
G, as the difference L(G) := D(G) − A(G). It is
known that for a graph on n vertices, the Laplacian is
a positive semi-definite matrix with rank at most n − 1.
Moreover, the rank of L(G) is n − 1 if and only if G is
connected [9]; thus the spectrum of a graph Laplacian is
of the form2
0 = λ1 (L) ≤ λ2 (L) ≤ . . . ≤ λn−1 (L) ≤ λn (L),

(2)

with λ2 (L) > 0 if and only if the graph that corresponds
to L is connected. Again, considering the Laplacian for
2

When G is arbitrary, we will write L instead of L(G).
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a random graph model with edge probability p, L(p) =
[lij (p)], we have
# $
if i = j
j aij (p)
lij (p) :=
(3)
otherwise,
−aij (p)
where aij ’s are defined as in (1). In the context of
information channels for distributed dynamic systems,
one can make a correspondence between random graphs
G(n, p) and the associated set of Laplacian matrices
denoted by L(n, p).
Before delving into the main results of the paper, let
us conclude this section by a few words on the notation.
The space of p × p positive semidefinite matrices will
be denoted by Sp+ ; A ≥ 0 denotes a square matrix with
nonnegative entries; similarly, A > 0 indicates that A
has all positive entries. The vector of all ones will be
the
denoted by 1; span {z} for a vector z!, designates
"
n
subspace {α z | α ∈ R}. The notation m denotes the
number n!/(m!(n − m)!); g(n) denotes the number of
n
labeled graphs on n vertices, 2( 2 ) .
II. P ROBLEM S ETUP
Our distributed dynamic system consists of n dynamic
elements labeled as 1, 2, · · · , n, interconnected pairwise
via an information network. Each element is assumed
to linearly employ the relative state information with
respect to a subset of other elements to update its state
according to
%
żi (t) =
(zj (t) − zi (t)), i = 1, · · · , n,
(4)
j∈N (i,t)

where N (i, t) denotes the set of elements adjacent to
element i in the information network at time t. This
system can concisely be represented by
ż(t) = −Lz(t),

(5)

where L ∈ Sn+ is the graph Laplacian. We refer to (5)
as a first order Laplacian dynamics, as the evolution
equation is linear in L.3 As it was mentioned in §I, the
abstraction used to represent the information network
will that of a random graph [2], [11]. Specifically, we
assume that during a given time interval, there is a
probability p ∈ (0, 1] of having an information link
between each pair of elements; hence, the information
network is an element of G(n, p). To simplify the presentation we also assume that the value of p is identical
for all edges- however, extension of our results to more
general scenarios is possible. Having embed a random
3

We need to distinguish whether the dynamics is linear in the state
or linear in the Laplacian- thereby we had to use a terminology other
than “linear Laplacian dynamics.”

network in the dynamic system (5), it is convenient to
consider its evolution in a sampled-data system setting.
Thus, we consider an arbitrary sampling of the time
axis at intervals ∆ > 0, and monitor the trajectory of
x(k) := z(k∆) expressed by
x(k + 1) = e−∆Lk x(k),

k = 0, 1, · · · ,

(6)

where Lk is the Laplacian matrix of the random graph as
realized at time k∆. Thereby, for each k one has Lk ∈
L(n, p). We will assume that during the time interval
[ k∆, (k +1)∆ ), the dynamics of the system is governed
by Lk .
A. Agreement over fixed networks
By agreement we mean a scenario where all elements
in the network agree on a particular value, i.e., xi = xj ,
for all i, j . Agreement is probably among the most basicyet fundamental- problems in multiple agent coordination: it is of interest in studying flocking, swarming,
attitude alignment, and mixing in Markov chains.
Definition II.1. The agreement set A ⊆ Rn is the
subspace span {1}.
In this section, we briefly consider an agreement
protocol specified by (6) when Lk := L, for all k . This
problem and its extensions to directed graphs have been
considered in [10], [20]. In this venue, it is natural to
assume that L corresponds to a connected graph, as it
would be hard to imagine reaching agreement among
disconnected components when arbitrary initialized. The
spectrum of a Laplacian matrix associated with a connected graph assumes the form of (2), with 1 as the
eigenvector corresponding to λ1 = 0; one has L1 = 0
by definition of L. Initializing the system (4) with z(0) =
z0 , we notice that
d T
(1 z(t)) = 1T (−Lz(t)) = −z(t)T (L1) = 0,
dt
$
and as such, the quantity 1T z = i zi remains invariant
under the first order Laplacian dynamics. Moreover, it is
known that with the underlying G being connected, for
all z0 ∈ Rn , one has
z(t) → A

as t → ∞.

Using the earlier invariance observation, we conclude
that
1%
1T z 0
z(t) → T 1 = (
zi ) 1.
1 1
n
i

Figure 1 depicts the agreement set and the trajectories
of z(t) converging to it. For the sampled-data system
(6), the convergence behavior to A is analogous. First,
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of the corollary is now a direct consequence of PerronFrobenius theorem [1], as one can choose L ∈ L(n, p)
such that the corresponding e−∆L is irreducible. In this
case, the vector x in (8) has to be in span of the
eigenvector of e−∆L corresponding to the unit eigenvalue
and, thus in A (Def. II.1).
For the proof of convergence to the agreement set
A for the trajectories governed by (5) or (6), one can
invoke a variety of techniques- ranging from the ergodic
behavior of positive matrices [10] and those based on
Lyapunov techniques. We will shortly see the extension
of the latter approach in a random graph setting.

z0

1

T

1 (z!z0 ) = 0

Fig. 1.

Laplacian trajectories

we observe that the spectrum of e−∆L corresponding to
a connected graph has the form
1 = e−∆λ1 > e−∆λ2 ≥ · · · ≥ e−∆λn > 0,

(7)

since if λ is an eigenvalue of L with the corresponding
eigenvector x, then
∞
%

e−∆L x = (

(−∆)j
j!

j=0

∞
%

Lj )x = (

(−∆)j

j=0

j!

Proposition II.1. For all graph Laplacians L and ∆ >
0, one has

j=0

as N → ∞.

Similarly, for A ⊆ Rn we write
{x(k)} →A

w.p.1.

as N → ∞,

where dist (x, A) := inf z∈A *x − z*.
In view of our previous observation in (??),

Moreover, since −L has the property that all of its off
diagonal elements are nonnegative, it is an “essentially
nonnegative” matrix [1], i.e., −L + sI is a nonnegative
matrix for a sufficiently large s (in this case, any s ≥
n − 1 would suffice). Theorem 3.12 in [1] now states
that for any essentially nonnegative matrix C , and all
t ≥ 0, one has etC ≥ 0. Yet another venue for observing
the nonnegativity of e−∆ L follows from its definition in
terms of limn→∞ { I + [ (−∆ L)/n ] }1/n .
Corollary II.2. Suppose that for any realization L ∈
L(n, p) one has
then x ∈ A.

k≥N

k≥N

(−∆)j j
(−∆)0 0
L )1 =
L 1 = 1.
j!
0!

xT (I − e−∆L ) x = 0;

Pr { sup *x(k) − x∗ * ≥ # } → 0,

Pr { sup dist (x(k), A) ≥ # } → 0,

Proof: Observe that
e−∆L 1 = (

We now consider the behavior of the agreement protocol (6) over random graphs in G(n, p). First, we need to
recall some definitions for convergence in a probabilistic
setting.

if for every # > 0,

and e−∆L ≥ 0,

thus e−∆L is a stochastic matrix.
∞
%

OVER RANDOM NETWORKS

Definition III.1. A random sequence {x(k)} in Rn
converges to x∗ with probability 1 (w.p.1.) if for every
λj )x = e−∆λ x.
# > 0,

The matrix exponentials appearing in (6) turn out to be
stochastic matrices [8]; see also [12] and [10].

e−∆L 1 = 1

III. AGREEMENT

(8)

dist (x(k), A) = *x(k) −

= { x(k)T x(k) −

1T x(0)
1*
1T 1

(1T x0 )2 1/2
1
&
}1/2 ,
} = { x(k)T Lx(k)
T
n
1 1

& is the graph Laplacian for the complete graph
where L
& = nI − J with J := 11T .
Kn . Note that L
The main result of this section is as follows.

Proposition III.1. The trajectory of the random dynamical system (6) with matrix L ∈ L(n, p) converges to the
agreement set A w.p.1.

Proof: Consider the function
1
1%
&
V (x(k)) := x(k)T Lx(k)
*xi (k) − xj (k)*2 ;
=
n
n
i'=j

then one has
I − e−∆L

is positive semidefinite;
Proof: Note that
hence (8) is equivalent to (I − e−∆L )x = 0. The proof

V (x(k)) = x(k)T x(k) −

c2
n

when 1T x(k) = c.

5

Consider the evolution of the quantity E [ V (x(k + 1)) −
V (x(k)) | x(k) ], that when restricted to the trajectories
of the random dynamical system (6), assumes the form

Define E [ e−2∆L − I] = −C . Since for all L ∈ L(n, p)
the spectrum of e−∆L is as in (7), one has C ∈ Sn+ .
Hence V (x(k)) is a supermartingale [14]. Invoking
the stochastic version of LaSalle’s Theorem [14], [15]
(specifically, see Theorem 8 on page of 217 of [15]),
we conclude that
as k → ∞,

and x(k)T (E [ e−2∆L − I] ) x(k) → 0 w.p.1. The set
I := {x | xT ( E [ I − e−2∆L ] )x = 0},

(9)

is of course an invariant set for the dynamical system
(6). Moreover, we note that
g(n)
−2∆L

E[I − e

]=

%
i=1

pi (I − e−2∆Li ).

Since for all i = 1, . . . , g(n), the matrix I − e−2∆Li is
positive semidefinite and pi > 0, one must have that for
all x ∈ I and realizations L ∈ L(n, p),
xT (I − e−2∆L ) x = 0.

Consequently, in view of Corollary II.2, the largest
invariant set contained in I (9) is nothing but the
agreement hyperplane A.
A. Asymptotic connectedness of random graphs
The surprising ease by which one can prove convergence results for the agreement protocol operating over a
random, yet essentially switching network, is in contrast
with recent approaches for the more general switching
network topologies [10], [19]. In particular, we note that
in the random network setting one does not need to make
an explicit assumption about the “weak connectivity” of
the network, a notion related to requiring connectivity
for the union of network graphs. However, the random
graph model does implicitly posses a probabilistic weak
connectivity property. To see this, let us recall that the
union of two graphs on the same vertex set V is the
graph G = G1 ∪ G2 = (V, E1 ∪ E2 ).
Lemma III.2. Consider the sequence of the random
graphs Gk ∈ G(n, p). Then
lim Pr { ∪k Gk is connected } = 1.

k→∞

lim Pr { vi is not adjacent to vj in ∪k Gk for all k }

k→∞

E [ x(k)T (e−2∆L − I)x(k) | x(k) ].

E [ x(k)T (e−2∆L − I)x(k)] → 0,

Proof: Let vi and vj be two arbitrary distinct
vertices of Gk ∈ G(n, p). Then

(10)

= lim (1 − p)k = 0.
k→∞

Lemma III.2 in fact indicates that ∪k Gk is essentially
the complete graph Kn for large values of k .
In retrospect, the combination of the random graph
model and the embedded notion of long term behavior in the expectation operator and stochastic stability,
“smooth out” the required convergence proofs for the
corresponding agreement protocols. In this direction, one
can proceed even further and shed light on the rate
of convergence of the agreement protocol on random
graphs.
IV. R ATE

OF

C ONVERGENCE

Let {&
x(k)}k≥1 be the projection of {x(k)}k≥1 onto
the subspace orthogonal to the agreement subspace A.
&(k)T 1 = 0. Now
Thus for all x(k) ∈ Rn one has x
we monitor the behavior of the Lyapunov function V
in Proposition III.1 along the projected trajectories onto
this subspace, A⊥ . Of course, as before,

E [ V (&
x(k+1))−V (&
x(k)) | x
&(k) ] = x
&(k)T E [e−2∆L −I] x
&(k).

As 1 is the eigenvector corresponding to the largest
eigenvalue of all matrix exponentials e−2∆L with L ∈
L(n, p), one has

x
&(k)T E [ e−2∆L −I ] x
&(k) ≤ {λn−1 ( E [ e−2∆L ] )−1} x
&(k)T x
&(k),

where λn−1 ( E [ e−2∆L ] ) denotes the second largest
eigenvalue of the matrix E [ e−2∆L ]. Furthermore, one
has
g(n)
−2∆L

λn−1 ( E [ e

]) =

max

)x)=1,x⊥1

%

i=1
−2∆λ2 (L)

≤ E[e

pi xT e−2∆Li x

].

Define the quantity α(n, p, ∆) := E [ e−2∆λ2 (L) ]. Since
for a subset of indices i,
0 < e−2∆λ2 (Li ) < 1

(when G is connected)

and for the complement subset
e−2∆λ2 (Li ) = 1

(when G is disconnected),

one has
0 < α(n, p, ∆) < 1.

Thus
E [ V (&
x(k+1))−V (&
x(k)) | x
&(k) ] ≤ {α(n, p, ∆)−1} *&
x(k)*2 ,

6

and for all γ > 0,
Pr { sup x
&(k)T x
&(k) ≥ γ } ≤{ x
&(0)T x
&(0)} α(n, p, ∆)N /γ.

The number of times lambda2 >= 8

k≥N

The rate of convergence of the agreement protocol on
a random network is hence dictated by the quantity
α(n, p, ∆).
A. On α(n, p, ∆) for large networks

100
80
60
40
20
0.8

0
50
0.6

40

In this section, we like to make a few remarks on
the rate of convergence of the agreement protocol over
“large” random networks. As evident from the previous
section, this rate of convergence is primary dictated by
distribution of α(n, p, ∆) as n → ∞. In this venue, let
us first recall a bound for λ2 (n, p) for large values of
n as reported in [13]. For a random graph G ∈ G(n, p)
with a fixed p ∈ (0, 1] and any # ∈ (0, 2), one has

0.4

30
20

0.2
10
Edge probability p

0

n elements

Fig. 2. The number of times λ2 (n, p) ≥ 8 out of 100 times for
each n and p; 2 ≤ n ≤ 50 and 0.1 ≤ p ≤ 0.8.

lim Pr {pn − f"+ (n) < λ2 (n, p) < pn − f"− (n)} = 1, (11)

n→∞

where
f"+ (n) =

and

f"− (n) =

'
'

time: 0 to 1 (sec)

1 to 2

2 to 3

3 to 4

4 to 5

5 to 6

6 to 7

7 to 8

8 to 9

9 to 10

10 to 11

(2 + #) p (1 − p) n log n,
(2 − #) p (1 − p) n log n.

We note that inequalities in (11) indicate that for fixed p
and large values of n, λ2 (n, p) is an increasing function
of n. Moreover, one has
−

Pr {e−λ2 (L) > e−pn+f!

(n)

}→1

as n → ∞.

As a direct consequence of this observation, one can state
that for the agreement protocol (6), the rate of convergence is improved for random networks of larger order
when link probabilities are fixed. This observation can
also be interpreted in terms of the improved robustness
properties of large random networks as they pertain to
the agreement protocol; see Figure 2.
V. S IMULATION R ESULTS
Consider a group of ten elements, coordinating their
orientations to achieve a particular alignment over a
random information network. Figure 3 shows the evolution of the information graph with the edge probability
p = 0.1 and ∆ =1 second. Figure 4 depicts the
corresponding convergence of the attitude angles to the
average value. The average angle and values of λ2 (n, p)
are also indicated in Figure 4. Note that for all time
instances depicted in Figure 3, the random graph Gk ∈
G(n, p) is disconnected. Figures 5 and 6 show the
analogous set of simulation results when p = 0.2. In
this case, the information graph is connected during
some intervals; convergence to the agreement set is also

Fig. 3.

Dynamics of random graphs; n = 10, p = 0.1, ∆ =1 .

achieved at a faster rate compared with the previous
example, re-affirming that the rate of convergence is
improved for larger values of p with fixed values for
n and ∆.
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