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This	year’s	Laureates	opened	the	door	on	an	unknown	
world	where	ma5er	can	assume	strange	states.	They	have	
used	advanced	mathema)cal	methods	to	study	unusual	
phases,	or	states,	of	ma5er,	such	as	superconductors,	
superfluids	or	thin	magne)c	films.	Thanks	to	their	
pioneering	work,	the	hunt	is	now	on	for	new	and	exo)c	
phases	of	ma5er.	Many	people	are	hopeful	of	future	
applica)ons	in	both	materials	science	and	electronics.	

The	Nobel	Prize	in	Physics	2016	was	divided,	one	half	awarded	to	
David	J.	Thouless,	the	other	half	jointly	to	F.	Duncan	M.	Haldane	and	
J.	Michael	Kosterlitz	"for	theore)cal	discoveries	of	topological	phase	
transi)ons	and	topological	phases	of	ma5er".	
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Topology	and	genus	of		
smooth	objects.	
(from	Wikipedia)		

The	energy	of	a	cell	lipid	layered	cell	membrane	depends	
on	curvature,	not	on	surface	tension.	Its	total	energy	
varies	(almost)	only	with	the	genus.	So	our	cells	could	
rather	easily	shape	shif	from	“bagels”	into	“coffee	
mugs”	(by	controlling	their	volume).	
	
Red	blood	cells	are	an	example	of	genus-0		shape	shifers.	



Topology	and	homotopy	of	a	
torus	(from	Wikipedia)	

Closed	loops	that	go	“around”	the	torus	can	not	be	
removed	by	deforming	them.	They	are	topologically	
trapped.		Such	loops	have	specific	(2-component)	
topological	winding	numbers.	
	
Local	variables	can	not	measure	the	winding	number.	
(Unless	you	do	something	fancy	-	like	coloring-in	the	
areas	on	both	sides	of	the	loops).		



Our	type	of	condensed	maGer	physics	and	
sta)s)cal	physics/field	theory	concerns	
the	novel	phenomena	and	laws	of	nature	
that	emerge	at	the	coarse	grained	scale	
(smoothened	level).				

The	pretzel	has	3	holes	and	in	topology	is	
classified	as	an	object	of	genus-3.	
	
But	when	you	look	closer	you	see	many	more	
)ny	worm	holes.	
	
While	at	the	atomic	scale	the	pretzel	consists	
of	ordinary	atoms		for	which	the	rules	of	
Physics	(quantum	mechanics	mostly)	are	well	
understood.		
	
Ques)on:	So	what	is	the	big	deal?	
	
Answer:	Most	of	the	microscopic	proper)es	
and	details	play	no	role	whatsoever	in	the	
processes	at	the	coarse	grained	macroscopic	
scale.		They	are	not	expressed		and	become	
invisible.	

Those	new	phenomena	and	laws	play	a	crucial	role	in	
emergent	technologies		involving,	e.g.,	topological	insulators,	
graphene,	nanotubes	and	quantum	computa)on.	



This	year’s	Physics	Nobel	Prize	honors	the	shif	in		paradigm	from	atomic	type		
meso-scopic	thinking	(like	in	terms	of	local	order	parameters)	into	topological	
	based	concepts	(vor)ces,	disloca)ons,	topological	invariants...)	
	
In	par)cular,	it	honors	the	founda)ons	for	this	paradigm	shif	laid	30+	years	ago.		
	
The	prize	was	probably	awarded	this	year	because	this	type	of	topological	driven	
thinking	is	evolving	rapidly	right	now,	both	theore)cally	and	experimentally,	driven	by	
the	nano-technology	and	informa)on	revolu)ons	whirling	around	us.		
	
Two	example	of	this	are	the	current	research	efforts	on	topological	insulators	and	
quantum	compu)ng.	
	
Here	at	the	UW,	we	are	close	to	being	well	posi)oned	to	play	once	more	a	major	role.	
We	are	in	the	middle	of	rejuvena)ng	the	condensed	ma5er	efforts	on	the	
experimental	side;	with	the	recent	hires	of		Xiaodong	Xu,	Paul	Wiggins,	Kai-Mei	Fu,	
Arka	Majundar,	Jiun-Haw-Chu,	...	All	hold	joint	appointments	with	other	department	
across	campus.	It	is	essen)al		to	rebuild	the	condensed	ma5er	theory	side	as	well.			



David	Thouless’	1/2	part	of	the	2016		Physics	Nobel	Prize	is	based	on	
two	seminal	contribu)ons:	
	
1.   	Kosterlitz-Thouless	Phase	Transi)ons	(1973)		
							explaining	(only	one	of	many	more	applica)ons)	the	superfluid		
							phase	transi)on	in	Helium-4	films	on	two	dimensional	surfaces.	
	
2.				The	TKNN	topological	invariant	(1982)	
							(Thouless	-	Kohmoto	-	Nigh)ngale	-	den	Nijs)			
							explaining	the	integer	quantum	Hall	effect.	
	

The	KT-transi)on	contribu)on	belongs	to	his	Birmingham	days.	
We	discovered	the	TKNN	invariant	here	at	the	UW	
	(in	the	old	Physics	building	–	now	Mary	Gates	Hall).	



David	is	known	also	for	many	other	
important	contribu)ons	to	Physics,	e.g.,	to	
the	theory	of	localiza)on	of	many	body	
quantum	systems	in	the	presence	of	
disorder;	the	“Thouless	Energy”.	

Early	in	his	career	he	wrote	a	famous	
book	on	Many	Body	Quantum	
Mechanics,	first	published	in	1966,	
second	edi)on	in	2014.		It	is	even	
translated	in	Russian.	



Undergraduate,	Cambridge,	1955	
PhD,	Cornell,	1958	(Hans	Bethe)	

David	Thouless	



David	Thouless	



The	topological	set-up	most	relevant	
	for	today	is	that	of	a	spiral.	
	
Imagine	a	very	wide	spiral	parking	garage.	
	
The	topological	defect	sits	in	the	center,	but	is	invisible	locally	unless	you	are	close	to	it.	
	
If	you	are	too	far	from	the	center	you	do	not	even		“know/see”	you	live	on	a	spiral.	
That	is	also	why	I	can	not	find	be5er	pictures.	
	
Every	closed	contour	type	walk	that	does	not	go	around	the	center	leads	you	back	to	
where	you	started.	Paths	that	go	around	the	defect	make	you	end-up	one	floor	higher	
or	lower.	This	height		difference	is	the	“winding	number.”	



2.	Classic	local	order-parameter	cri)cal	phenomena	and	topology.	
	

At	boiling,	water	is	
equally	“happy”	in	the	
vapor	as	liquid	phase	
(phase	coexistence,	
Gibbs	free	energies	
are	equal).	
	
local	order	parameter:		
	
a	local	measurement	
of	density	tells	you	in	
which	phase	you	are.	
		
Understood	since	
1900	(van	der	Waals)	
	
	
	
	
	
	
	
	
	



2.	Classic	local	order-parameter	cri)cal	phenomena	and	topology.	
	

Spontaneous	broken	
ergodicity.	
	
The	vapor	does	not	
turn	into	a	liquid		by	
random	thermal	
fluctua)ons.	
	
The	Free	energy	
barrier	scales	with	
system	size	L	as	
		ΔF~L(D-1)	
with	D	the	spa)al	
dimension.	
	
Peierls,	van	Hove,	
Bloch	(1930-)es):	
no	equilibrium	phase	
transi)ons	in	1D	



In	an	easy	axis	Ferro	magnet	(Ising	model)	
the	same	type	of	phase	transi)on	occurs,	
but	the	two	phases	can	then		be	easily	
transformed	into	each	other	by	a	global	
spin	flip:		the	spin–up	versus	spin-down	
coexis)ng	phases.		
	
Here	the	spontaneous	magne)za)on	acts	
as	the	local	order	parameter.	



For	periodic	boundary	condi)ons	in	one	direc)on:		
Every	closed	path	crosses	an	even	number	of	domain	walls	
	
For	an)-periodic	boundary	condi)ons,	the	Mobius	strip:	
Every	closed	path	that	winds	around	the	strip	an	odd	(even)	number	of	)mes,	crosses	an	
odd	(even)	number	of	domain	walls;	because	when	you	walk	around	once	you	end	up	at	
the	opposite	side	of	the	strip	and	interpret	spin-up	as	spin-down.	A	topological	defect	is	
imposed	by	the	boundary	condi)on.		

In	the	post	Kosterlitz-Thouless	era	we	tend	to	
reformulate	this	topologically.	This	started	
with	the	next	genera)on	–	including	myself.		
We	focus	on	the	domain	walls:	
	
Every	closed	walk	across	the	surface	crosses	
an	even	number	of	domain	walls.				



Iimpose	an	open	domain	wall	into	the	
system	at	a	distance	R	apart	(which	
requires	a	branch	cut).	The	free	energy	
of	this	topological	disloca)on	like	defect	
scales	as:	
	
-  below	Tc:	linear	with	distance	R	and	

propor)onal	to	the	surface	tension	
(confinement,	disloca)on	pairing).	

-  at	Tc:	logarithmically	
					(scale	free	fractal	fluctua)ons).	
-  above	Tc:	does	not	depend	on	R	
						(de-confinement,	free	disloca)ons).		

		
In	these	Ising	universality	class	phase	
transi)ons,	the	topological	charge	of	the	
domain	walls	remains	somewhat	
hidden.	(They	act	similar	to	being	their	
own	“an)-par)cles”.)	



Star)ng	in	the	mid	1970-)es	this	department	became	
famous	for	the	experiments	by	Greg	Dash,	Oscar	Vilches,	
and	Sam	Fain,		of	physisorbed	single	layers	of	noble	
elements	like	Helium	and	Krypton	on	graphite	surfaces.	

This	provides	a	nice	
example	of	an	applica)on	
where	the	domain	walls	
have	a	modulo	3	topological	
chiral	charge.	(Expressed	by	
direc)onal	arrows.)		
	
The	adsorbed	atoms	form	
three	coexis)ng	
commensurate	phases,	
where	they	sit	in	the	A,	or	
the	B,	or	the	C	posi)ons.		
(nearest	neighbor	sites	are	
blocked	by	size	and/or	zero	
point	mo)on).	



The	specific	heat	divergent	at	cri)cality;		
	
experiments:	Vilches&Dash	star)ng	in	the	mid	1970-)es.	
											theory:	C∼	|T-Tc|-1/3	(den	Nijs	1979).			



In	the	post	Kosterlitz–Thouless	(1970-)es)	era,	the	classifica)on	of	phase	
transi)on	in	term	of	the	local	order	parameter	is	ofen	replaced	by	lis)ng	the	
topological	charges	of	domain	wall	excita)ons,	their	merging/crea)on	rules,	
and	how	they	can	be	topologically	trapped	when	on	a	torus.	
	
This	point	of	view	has	proven	to	be	very	produc)ve.	We	ofen	make	progress	
in	Physics	by	reformula)ng	and	resta)ng	what	we	know	already	from	a	
different	perspec)ve.	
	
The	KT	transi)on	research		was	instrumental	for	developing	this	topological	
perspec)ve	of	phase	transi)ons.	
	



3.	Kosterlitz-Thouless	Phase	Transi)ons	
	



Comments	by	David	himself	
about	his	work	in	1991,	when		
this	paper		was	cited	1930	
)mes.		



For	con)nuous	type	
order	parameters	the	
free	energy	barrier	for	
coexis)ng	phases	scales	
as	
	
	ΔF		L(D-2)	
	
implying	no	phase	
transi)ons	for	those	
systems	in	D=1	and	D=2		

~	



in	3D	vor)ces	are		
like	smoke	rings	



The	whirlpools	appear	in	pairs	and	trap	superfluid	in	their	circular	mo)on	
such	that	at	the	macro	scale	the	superfluidity	vanishes	at	TKT.	



Those	“electric	charges”	are	the	cores	of	the	vor)ces	and	
also	the	disloca)ons	in	the	topological	reinterpreta)on	of	
the	above	men)oned	conven)onal	phase	transi)ons.	

The	core	difference	between	con)nuous	and	discrete	degrees	of	freedom	is	that	the	
linear	bound	(confined)		disloca)on	phase	can	not	appear	for	the	con)nuous	degrees	of	
freedom,	because	of	ΔF~L(D-2).	The	low	temperature	phase	is	a	cri)cal	phase.	



If	we	impose	an	open	domain		
wall	into	the	system	into	the	system	at		
a	distance	R	apart	(which	requires	a	
branch	cut),	then		the	free	energy	of	this	
topological	defect	scales:	
	
-  linear	with	R	below	Tc		and	

propor)onal	to	the	surface	tension	
(confinement).	

-  logarithmically	at	Tc.	
						(scale	free	fractal	fluctua)ons)	
-  does	not	depend	on	R	above	Tc		
						(de-confinement).		

		
In	Ising	universality	class	phase	
transi)ons,	the	topological	charge	of	the	
domain	walls	remains	somewhat	
hidden.	(They	act	like	being	their	own	
“an)-par)cles”.)	

Recall	the	previous	viewgraph	for	Ising	type	order:			
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Kosterlitz’ and Thouless’ thermodynamical argument !
for a phase transition driven by “vortex liberation”

single vortex
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Free energy for a single vortex
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The direction of the!
arrows  shows  ✓



Teaching	graduate	courses	is	good!!!	



This	is	why	this	is	also	ofen	called	the	“BKT	transi)on”		





The	whirl	pools	trap	superfluid	in	their	circular	mo)on	such	that	
at	the	macro	scale	the	superfluidity	vanishes	at	TKT.	
The	macroscopic	superfluid	density	jumps	to	zero	with	a	
universal	jump.	
	
The	torsion	oscillator	experiment	of	Bishop	and	Reppy	
confirmed	these	predic)ons	in	detail,	in	par)cular	the	actual	
value	of	the	jump	predicted	by	Nelson	and	Kosterlitz.							

	
In	classical	hydrodynamics	(think	about	
hurricanes)		the	density	and	velocity	
fields	are	independent.	In	superfluids	
they	are	linked	by	the	amplitude	and	
gradient	of	the	phase	of	a	single	
complex	scalar	field	order	parameter.	
	
The	whirlpool	vor)city		(its	strength;	
	its	winding	number)	is	therefore	
quan)zed.	







The	rounding	of		crystaline	
equilibrium	crystal	surfaces	
with	temperature	is	a	second	
example	of	a	direct	applica)on	
of	KT	transi)ons.	
	
At	the	KT	transi)on	(in	its	so-
called	dual	representa)on)	a	
flat	facet	shrinks	to	zero	and	its	
curvature	jumps	to	a	universal	
value.	
	
The	picture	shows	the	
evolu)on	of	a	helium-4	
crystal	(from	the	Balibar	group	
in	Paris).		
	







4.	The	Integer	Quantum	Hall	Effect”	

Consider	an	ideal	electron	gas	confined	into	a	plane.	
	
Add	a	very	strong	perpendicular		magne)c	field.		
In	classical	mechanics,	the	electrons	start			
moving	in	circles.	
	
Add	an	electric	field	in	the	x-direc)on.		
In	classical	mechanics,	the	electrons	start		
spiraling		sideways	in	the	perpendicular	direc)on,		
crea)ng	the	Hall	current	JH.	
	
In	quantum	mechanics	the	circular	orbit	are	quan)zed.	
giving	rise	to	so-called		Landau	energy	levels.	It	is	only	
possible	to	pack	N=	L2/(lB)2		electrons	on	the	surface	in	
the	lowest	Landau	level,	with	lB	the	magne)c	length.	



Un)l	1980	nobody	expected	this	fine-structure	like	quantum	number	in	the	ideal	
electron	gas	calcula)on	to	be	stable	against	reality,	such	as	adding	random	poten)als.	
Localized	electrons	are	trapped	and	that	should	reduce	the	Hall	current.	
	
Worse:	In	2D	localiza)on	theory,	disorder	localizes	all	electrons	in	the	absence	of	a	
magne)c	field.	(The	Landau	level	broadens	into	a	band.)	Later	it	was	proven	in	field	
theory	that	one	delocalized	state	remains	in	the	presence	of	the	magne)c	field.	
	
Then	in	1980	experimentalists	upset	the	theorists.		



The	integer	quantum	Hall	nowadays	defines	the	unit	for	electric	resistance,		
the	Ohm;	related	to	the	fine-structure	constant	as	
	

von	Klitzing	Nobel	prize	1985		



Thouless,	D.	J.	(1998).	Topological	Quantum	Numbers	in	Nonrela>vis>c	Physics.		
World	Scien>fic.	ISBN	981-02-2900-3.	
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The Quantum Hall effect

• 2d elektron gas!

• Clean samples, low temperature, high magnetic fields!

• Quantized Hall conductance on the plateaux!

• Longitudinal conductance = 0 on the plateaux

Similar to a band!
insulator, but

Why is the quantization !
so exact??

•  Gauge invariance (Laughlin -81)!
•  Topology (Thouless et.al. -82)

(von Klitzing, 80, NP 85)
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The Brillouinzone is a closed surface, so the integral over 
a magnetic field must, according to Dirac, be quantized! 

Using linear response theory, the Hall conductance can be 
related to the single particle wave functions in the filled 
bands:

Thouless: The topology explains !

1
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B(~k, n) = C1(n)

is the first Chern number, which !
is a topological invariant

! ! DJ Thouless, M. Kohmoto, M.P        
Nightingale, and M. Den Nijs. !

          PRL, 49, 405, 1982. !



















TKNN	story	teaches	us	that:		
	
1.  Dig-in	when	your	”Kubo	formula”	does	not	seem	to	do	what	it	should	do.	
2.  Hope	there	is	an	elephant	in	the	room	to	explain	it.	
3.  Be	not	afraid	to	study	esoteric	looking	model	generaliza)ons	in	fundamental	research.	
4.  The	art	of	it	is	to	have	the	insight,	or	luck,	to	find	a	view	point	where	the	elephant	

looks	familiar	and	natural.		
5.  Spowng	the	elephant	is	then	easy	and	just	“a	small	step”.	
6.  Have	fun.	

The	genius	of	David	Thouless	to	choose	the	periodic	poten)al	generaliza)on,	not	the	
random	poten)al	one,	was	the	essen)al	step.		



When	I	was	young,	
studying	phase	transi)on	in	
low	dimensions	was	ofen	
s)ll	frowned	upon.	

Ignore	those	people!	
		
Be	yourself!	



David	and	Margaret	are	both	
re)red	faculty	at	the	UW	
(Physics	and	Virology/Pathology)		

They	moved	back	to	Cambridge	
now,	but	did	so	only	last	month.		

on	the	phone	last	week:	
	
me:	“David	how	does	it	feel	
to	be	a	Nobel	laureate	
(finally)?	
	
David:	“It	feels	odd”	

"My	father	was	moved	and	honored	to	learn	of	the	Nobel	Prize,	and	he	was	delighted	to	
	hear	that	he	would	share	it	with	Mike	Kosterlitz	and	Duncan	Haldane.	He	is	grateful	to	
	all	his	friends	and	colleagues	around	the	world	who	have	sent	congratula>ons	and	made		
such	lovely	comments	about	his	contribu>ons	to	physics.”	
(Prof.	Michael	Thouless,	University	of	Michigan).	


