
Shear response of 3D non-woven carbon fibre reinforced composites 
 

 

Lucas R. Meza1, Jim M.J. Schormans2, Joris J.C. Remmers2, Vikram S. Deshpande1* 

 
1Department of Engineering, University of Cambridge, 

Trumpington Street, Cambridge CB2 1PZ, UK. 

 
2Department of Mechanical Engineering, Eindhoven University of Technology, 

P.O. Box 513, 5600 MB Eindhoven, Netherlands. 

 

 

 

Abstract 

We experimentally and numerically investigate the shear response of a three-dimensional (3D) 

non-woven carbon fibre reinforced epoxy composite with three sets of orthogonal tows and 

approximately equal fibre volume fractions in the orthogonal directions. Shear tests on 

dogbone specimens with two orientations showed significant strain hardening and an 

increasing unloading stiffnesses with increasing applied strain. Unloading was also 

accompanied by considerable strain recovery, with X-ray tomographic scans revealing minimal 

damage accumulation in specimens until near final failure at shear strains in excess of 50%. To 

understand the origins of this unusual mechanical response of the 3D carbon fibre composites, 

we developed a micro-mechanical model wherein all tows and matrix pockets in the composite 

are explicitly considered. Two plasticity models for the tows were employed: the first an 

anisotropic Hill plasticity framework (absent plastic spin), and the second a pressure-dependent 

crystal plasticity approach to better capture texture evolution under large deformations. The 

model using the Hill framework failed to replicate the observed strain hardening response of 

the composite or capture the associated unloading behaviour largely because it incorrectly 

predicted the microstructural evolution of the fibres within the tows. Conversely, the crystal 

plasticity-based model replicated many of the experimental observations with a high degree of 

fidelity, highlighting the importance of accounting for evolution of the material substructure 

(due to plastic spin) within the tows. Importantly, the model illustrates the role of the 3D 

architecture in not only suppressing delamination but also enhancing the strain hardening 

response due to a 3D confinement effect of the tow architecture. The results of this work 

illustrate the unique mechanical behaviour of 3D non-woven fibre composites and provide 

insight into how 3D fibre architecture can be used to enhance the mechanical performance of 

fibre composites. 

 

 

Keywords: 3D CFRP composites, crystal plasticity, shear hardening, texture evolution, plastic 

incompatibility 

 

 

 

*Corresponding author. E-mail address: vsd@eng.cam.ac.uk. 

 



 2 

1. Introduction 

The remarkable strength-to-weight performance of fibre composites, in particular carbon fibre 

reinforced polymer composites (CFRPs), has led to their extensive application in the fields of 

aerospace, automotive, and maritime engineering (Jacob et al., 2002; Mouritz et al., 2001; Poe 

et al., 1999). A majority of these fibre composites have a two-dimensional (2D) architecture, 

and are fabricated as unidirectional or woven laminated sheets. Such laminated composites 

have many mechanical drawbacks, including poor interlaminar strength and a tendency for 

catastrophic failure under many loading states (Carolan et al., 2017; Daniel et al., 2009; Farley 

and Jones, 1992; Jelf and Fleck, 1992; Vogler and Kyriakides, 1999).  

 

Fibre composites can be designed with a 3D architecture in an attempt to overcome some of 

these limitations (Huang et al., 2017; Mouritz et al., 1999). Some of these designs include 

braided tubes and nozzles, multilayer woven sheets, stitched composites and beams with 

complex cross sections (Kamiya et al., 2000; Kazemahvazi et al., 2016; Schmidt et al., 2004; 

Umer et al., 2017; Yudhanto et al., 2015). These developments have successfully enabled 3D 

composites not only to overcome many of the vulnerabilities of laminated composites but also 

to exhibit many novel mechanical properties including enhanced damage tolerance, resistance 

to compressive microbuckling failure, and a capacity for large ductility and energy absorption 

(Cox et al., 1996, 1994, 1992; Das et al., 2018; Evans and Adler, 1978). The properties of 3D 

composites make them attractive for mechanical design purposes, but understanding the 

micromechanical origins of their behaviour and in particular developing numerical models that 

capture these responses has proved difficult. 

 

Numerical models for the plasticity and failure behaviour of 3D composites generally 

incorporate either a maximum stress criterion or a criterion based on the second invariant of 

the stress tensor (Ansar et al., 2011). These are often used in conjunction with continuum 

damage models that capture the degradation of the mechanical properties. For example, Tan et 

al. (2000) employed a maximum stress criterion to determine the tensile failure limit of a micro-

level 3D unit cell and then incorporated these results into a macro-level model that accurately 

reproduced the longitudinal failure strengths of a 3D composite. However, the model gave poor 

predictions of the transverse strengths. The “binary model” of McGlockton et al. (2003) 

illustrated the role of inter-fibre friction and interlocking in enhancing the toughness of 3D 

composites. The micro-buckling of 2D and 3D woven composites has also received 

considerable attention. Song et al. (2007) and Huang and Waas (2009) developed a transversely 

isotropic plasticity model to capture the buckling response of a braided and z-pinned composite 

respectively, while Das et al. (2017) modelled the progressive microbuckling in a 3D non-

woven composite using a transversely isotropic Hill plasticity criterion for the tows. A key 

feature of all these models is that while they typically are able to capture responses in specific 

directions, they lose accuracy under multi-axial loading (Ansar et al., 2011). 

 

Techniques for modelling of unidirectional (UD) and laminated composites are relatively well 

established. They typically involve three interconnected features: (i) a constitutive model for 

predicting the deformation and associated stress-states, (ii) a damage initiation criterion and 

(iii) a damage evolution law that degrades the constitutive properties and sets the final material 

failure. In their most common form, the constitutive models are either anisotropic elastic or 

elasto-plastic and employ an anisotropic quadratic yield criteria like the Hill model (Hill, 

1948); see for example Beissel (2014), Choi et al. (2018) and Hasanyan and Waas (2018). The 

stress predictions from these constitutive models are then used to estimate the onset of damage. 

The most commonly used failure criterion was pioneered by Hashin (1980), and since then 

there have been numerous modifications and extensions. For example, Puck and Schürmann 
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(1998) developed micro-mechanically motivated failure envelopes for UD composites that 

capture the tension-compression asymmetry and shear-dominated failure of fibre composites. 

The accuracy and applicability of their method has been validated through a detailed series of 

micromechanical fibre-level simulations (Naya et al., 2017). The LaRC04 criterion proposed 

by Pinho et al. (2005) extends such models by accounting for non-linear kinematics within 

failure zones such as kink bands and been validated for both laminate failure and microbuckling 

(Llorca et al., 2011; Naya et al., 2017). In the simplest models, the initiation of damage is used 

to identify failure, although the more advanced implementations use damage evolution models 

such as the combined plastic and smeared crack model (Camanho et al., 2013; Vogler et al., 

2013) or the continuum shear damage model by Tan and Falzon (2016). An additional 

complication in composite modelling is the pressure dependency of the plastic deformation of 

the tows and matrix. This can have a pronounced effect on the properties of a composite 

(Wisnom, 1995; Shin and Pae, 1992), and generally results in an approximately linear increase 

in shear strength with hydrostatic pressure (Hine et al., 2005; Vyas et al., 2011). While many 

advanced plasticity and failure models incorporate this effect (Pinho et al., 2005; Puck and 

Schürmann, 1998; Vogler et al., 2013), simpler models often ignore this dependency. 

 

One of the most commonly neglected phenomena in the fibre composite constitutive models is 

the spin of the material substructure (fibres) with respect to the overall material rotation. Most 

traditional laminated and UD composites fail at relatively low strains (on the order of a few 

percent). Consequently, the constitutive models discussed above typically ignore the evolution 

of the internal substructure within tows and use plasticity models that do not accounting for 

plastic spin (Hasanyan and Waas, 2018). Some attempts to include fibre rotation within tow 

constitutive models have been reported (Sun and Zhu, 2000; Mandel et al., 2015), but it is 

generally considered acceptable to ignore these effects in traditional 2D laminated composites 

especially when predicting the overall stress-states. However, recent work by Das et al. (2018) 

has shown that 3D composites display a large ductility, sometimes on the order of 20 %, 

bringing into question the validity of ignoring such effects for 3D composites. 

 

In this work, we investigate the shear response of a non-woven, orthogonally oriented (noobed) 

carbon fibre reinforced polymer (CFRP) composite (Khokar, 2002, 2001). We show that this 

composite has a large ductility and an associated strain hardening response that is unlike 

traditional UD and 2D laminated composites. The origins of the unusual behaviour are 

experimentally probed via strain mapping using digital image correlation (DIC) and X-ray 

computed tomography (XCT). Numerical models are presented to help elucidate the underlying 

deformation and failure mechanisms that govern the behaviour of the noobed composite. 

Through these calculations, we demonstrate that accurately modelling the evolution of the 

material substructure within the tows (i.e. the texture of the tows) as well as accounting for the 

pressure dependent yield of the matrix and tows are critical to capturing the large strain 

behaviour of these 3D composites.  
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Figure 1: (A) Sketch of the orthogonal non-woven yarns in the 3D noobed fabric. This fabric is infused 

with epoxy to create the 3D noobed composite, wherein the yarns are then referred to as tows. (B) 

Sketch of the unit cell of the composite employed in this study with dimensions indicated in mm. The 

co-ordinate system (𝑋, 𝑌, 𝑍) is indicated and the colour scheme used for the 𝑋, 𝑌, 𝑍-tows and matrix is 

replicated throughout the manuscript. 

 

 

2. Experimental protocol  

The aim of the experimental study is to measure the shear response of the 3D noobed 

composites and investigate the dominant deformation and failure mechanisms. We first briefly 

describe the manufacture of these composites, followed by the measurement protocols and then 

proceed to discuss observations of the shear behaviour. 

 

 
Figure 2: Sketch of the dogbone specimens in the (A) 𝑋𝑍 and (B) 𝑍𝑋 orientation with leading 

dimensions marked in mm. The global co-ordinate system 𝑋𝑖 used to define the loading is also indicated. 

(C) Sketch of the Arcan setup used for imposing shear loading. 

 

2.1 Materials and manufacture 

In the noobing process, which is fundamentally different from traditional weaving, knitting or 

braiding, linear sets of yarns in three orthogonal directions are bound together to produce a 3D 

layerless and crimpless fabric with pure matrix filling the interstitial gaps between tows 
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(Fig. 1). Since the yarns do not interlace, interloop or intertwine, the fabrics are referred to as 

noobed (the acronym NOOB standing for Non-interlacing, Orientating Orthogonally and 

Binding) (Khokar, 1997). There are a variety of noobing processes, and readers are referred to 

(Khokar, 2002) for a detailed discussion. 

 

The composites used in this study were manufactured1 employing the method developed by 

(Khokar, 2012) using T700S carbon fibre tow bundles (Toray composite Materials America 

Inc., USA) and infused with NM FW 3070 epoxy (Nils Malmgren AB, Sweden). With (𝑋, 𝑌, 𝑍) 
forming a Cartesian co-ordinate system, the composite comprises an array of 𝑍-tows bound 

together by 𝑋 and 𝑌-tows. The 𝑍-tows contain ~24k fibres while the 𝑋- and 𝑌-tows have ~12k 

fibres. The overall volume fraction of fibres in the infused 3D composite was 𝑉𝑓 ≈ 42 %, with 

𝑉𝑓
𝑍 = 40 % by volume fibres present in the 𝑍-tows and 𝑉𝑓

𝑋 = 𝑉𝑓
𝑌 = 62 % by volume fibres in 

the 𝑋- and 𝑌-tows. The composites were manufactured in blocks of size ~200 mm ×
125 mm × 50 mm and test specimens were cut from these blocks. 

 

Shear tests were conducted using the dogbone specimen as sketched in Fig. 2. Slices of 

thickness 10 mm were first cut using a diamond saw from the as-manufactured noobed blocks, 

and then dogbone specimens of dimension labelled in Fig. 2 were waterjet cut from these slices. 

Some post-cut polishing was performed using 120-grit SiC sandpaper to ensure high quality 

finished edges. The gauge section of the dogbone specimens was approximately 

10 × 10 × 10 mm. A global co-ordinate system 𝑋𝑖 is defined as shown in Fig. 2 with the 𝑋1-
direction along the dogbone length and 𝑋3 in the through-thickness direction of the specimen. 

Specimens were cut in two orientations from the noobed blocks and subjected to a shear strain 

Γ21. In both specimen orientations, the 𝑌-tows are along 𝑋3-direction with the two orientations 

defined as: 

(i) 𝑋𝑍 Orientation: Shear displacement is applied parallel to the 𝑋-tows with the 𝑍-

tows aligned in 𝑋1-direction in the undeformed configuration (Fig. 2A). 

(ii) 𝑍𝑋 Orientation: Shear displacement is applied parallel to the 𝑍-tows with the 𝑋-

tows aligned in the 𝑋1-direction in the undeformed configuration (Fig 2B). 

 

                                                      
1 The noobed fabrics were supplied by Biteam AB, Danderydsgatan 23, SE-114 26 Stockholm, Sweden 

but are now available from Fureho AB, Segloravägen 6, SE-504 64 Borås, Sweden. 
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Figure 3: X-ray tomographic scans of a specimen in the 𝑍𝑋 orientation. The insets show the gauge 

section along with various cross-sections. 

 

2.2 Microstructure of noobed composite 

A series of XCT images illustrating the microstructure of the as-infused noobed composite 

specimen are shown in Fig. 3. The XCT images were taken using a X-Tek XTH 225ST system 

(Nikon Metrology UK Ltd.). Based on images taken at different locations within specimens, 

we inferred that the 𝑋 and 𝑌-tows have rectangular cross-sections of dimension 

0.38 × 1.73 mm. By contrast, the 𝑍-tows have approximately a square cross-section of size 

1.54 mm. A unit cell (absent defects) based on these measurements is sketched in Fig. 1B. 

From these dimensions, it is apparent that the specimens used in this study comprised at-least 

three unit cells in every direction. More detailed micrographs and characterisation of the 

microstructural defects are given in Appendix A. In brief, there are two main types of defects: 

(a) Tow and fibre waviness: The 𝑋- and 𝑌-tows had a global tow-level waviness with 

amplitudes ~0.11 mm and ~0.06 mm in the two orthogonal directions perpendicular and 

parallel to the length, respectively of the rectangular tow cross-section. This waviness 

resulted in the fibre volume fraction in the 𝑋 and 𝑌-tows varying between 58% and 68% 

along the tow length, with an average 𝑉𝑓
𝑋 = 𝑉𝑓

𝑌 = 62 %. The 𝑍-tows had a negligible 

tow-level waviness but had significant fibre-level waviness within the tows (see 

Appendix A). 

(b) Matrix cracks: Cracks in the form of debonded regions between tows can be observed in 

the images of the as-infused but untested composites (Fig. 3). They appear to initiate 

between tows and extend into the matrix pockets. We hypothesize that these cracks arise 

during cooling after matrix infusion due to the mismatch in thermal expansion 

coefficients between tows in the different directions and between the tows and the matrix. 

 

2.3 Test protocol 

Experiments were conducted in screw-driven mechanical test machine with an Arcan type 

fixture (Arcan et al., 1978) used to apply shear loading (Fig. 2C). This type of a setup is 

commonly used to measure the shear response of composites (Cognard et al., 2011). The setup 

applied primarily a simple shear loading by imposing a displacement 𝛿 in the 𝑋2-direction. 

However, unlike typical single or double-lap shear tests, the Arcan setup also permitted axial 
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displacement of the specimen in the 𝑋1-direction such that the axial load 𝑃1 ≈ 0 throughout 

the loading. In the Arcan setup the load 𝑃2, conjugated to 𝛿, was measured directly via the load 

cell of the test machine and used to define the applied shear stress. At-least 8 tests were 

conducted in each case to confirm the repeatability of the measurements. In all cases, 

differences of less than 5% were observed between repeated measurements. This high 

reproducibly, unlike that in traditional 2D composites, is associated with the strongly strain 

hardening response of these 3D composites as we shall discuss in detail subsequently. 

 

Strain distributions over the specimen surface were inferred via Digital Image Correlation 

(DIC) using an ARAMIS 12M 3D-DIC setup (GOM GmbH). In addition to providing 

distributions of the strains within the specimen, the DIC data was used to determine the 

imposed shear displacement 𝛿 by measuring the average relative displacements of five material 

points located at the outer edge of the gauge section of the specimens. This method of 

measuring 𝛿 eliminated the influence of compliance within the Arcan fixture. The specimens 

were loaded by imposing a displacement rate |𝛿|̇ = 0.3 mm min−1, which corresponds to an 

applied shear strain rate Γ̇21 = |𝛿|̇/ℓ = 5 × 10
−4 s−1 based on a specimen gauge length of ℓ =

10 mm. The corresponding nominal shear stress 𝒯21 was then defined as 𝒯21 ≡ 𝑃2/𝐴𝑐 where 

𝐴𝑐 = 100 mm
2 is the cross-sectional area of the gauge section of the specimen. Three types 

of tests were performed: 

(i) Specimens were taken to moderate (30 − 45%) shear strains and then fully unloaded to 

enable inspection of deformation and damage evolution via X-ray tomography. The 

loading stiffness was estimated from the slope of the stress versus strain curve and the 

shear strength 𝒯𝑌 was defined as the shear stress at a 0.2% offset shear strain.  

(ii) Specimens were loaded monotonically until the onset of complete failure. These tests 

were used to measure the entire shear stress versus strain curves up to the point of 

specimen failure. 

(iii) Specimens were cyclically loaded and unloaded to investigate the evolution of damage 

via changes in the specimen stiffness. In each cycle, a strain increment of ΔΓ21 ≈ 3.5% 

was imposed and the specimen was then unloaded to a shear stress 𝒯21 = 1 MPa. These 

cycles were repeated until the total accumulated shear strain reached Γ21 ≈ 35%. The 

unloading stiffness during each cycle was estimated by fitting a 5th order polynomial to 

the unloading stress versus strain data and then calculating the slope of the curve at the 

initiation of unloading. 

 

 

3. Summary of experimental measurements 

We now summarize the key measurements and observations of the shear response of the 

noobed composites with an emphasis on their hardening response and ability to retain structural 

integrity up to large applied shear strains. The measurements will be discussed in the context 

of the evolution of damage within the composites as observed via X-ray tomography (videos 

of selected DIC measurements and X-ray tomographs are in the online supplementary). 
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Figure 4: The shear response in the 𝑋𝑍 orientation. (A) The measured 𝒯21 versus Γ21 responses from 

two separate measurements including one for a specimen taken to complete fracture. Measurements of 

the distribution of the effective strain 휀𝑒 on (B) the 𝑋-section and (C) the 𝑍-section of the specimens 

loaded to Γ21 ≈ 30%. The specimen sketches in the inset use the colour scheme from Fig. 1. 

 

3.1 Shear response in the 𝑋𝑍 orientation 

The measured 𝒯21 versus Γ21 responses from two representative 𝑋𝑍 orientation experiments 

are plotted in Fig. 4A, showing (i) a specimen loaded to Γ21 ≈ 32% then unloaded and (ii) a 

specimen loaded to complete failure. After an initial elastic phase with a shear modulus 𝐺21 ≈
265 MPa, the specimens yielded at 𝒯21

𝑌 ≈ 8 MPa and subsequently displayed a linear hardening 

response with a hardening modulus ℎ21 ≈ 130 MPa. This hardening continued until the onset 

of catastrophic failure due to the tensile fracture of the 𝑍-tows at Γ21
ult ≈ 42% and 𝒯21

ult ≈
55 MPa, i.e. the ultimate shear strength is approximately 7 times higher than the initial yield 

strength. By contrast, unloading from Γ21 ≈ 32% resulted in significant recovery, with the 

shear stress reducing to zero at Γ21 ≈ 15%, constituting an approximate 50% strain recovery.  

 

We shall discuss the deformation and recovery mechanisms in the context of both the X-ray 

observations and the numerical models in Section 5. Here it suffices to say that large shear 

deformations in the 𝑋𝑍 specimen orientation lead to: (i) plastic straining of the tows and matrix 

pockets, and (ii) elastic straining of the tows primarily in the fibre direction. This elastic 

straining is one of the central causes of both the observed hardening and the recovery upon 

unloading. Continued elastic tensile straining of the tows results in catastrophic tensile rupture 

of the 𝑍-tows and consequently the specimens as well. 

 

3.1.1 Deformation modes and X-ray tomography observations 

To visualize the deformation and failure modes, we performed both X-ray CT scans and DIC 

measurements. X-ray CT sections of the specimen in the 𝑋𝑍 orientation are included in Fig. 5 

both prior to mechanical testing and after unloading from Γ21 ≈ 32%. Two sections are shown 
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in the 𝑋1 − 𝑋2 plane: (i) the 𝑋-section, which exposes the 𝑋- and 𝑌-tows, and (ii) the 𝑍-section, 

which exposes the 𝑍- and 𝑌-tows. In both views, cracks are clearly seen prior to testing, with 

cracks along the 𝑋2-direction running between the 𝑋- and 𝑌-tows (seen in the 𝑋-section) and 

cracks along the 𝑋1-direction running along the 𝑍-tows (seen in the 𝑍-section). Despite the 

direction of the applied shear loading, most of the 𝑋2-direction cracks remained dormant during 

loading. Cracks along the 𝑋1-direction tended to coalesce leading to greater debonding along 

the Z-tows after testing. Intriguingly, there was little to no visible accumulation of damage in 

areas of the specimen that were not pre-cracked. 

 

To further quantify these observations, we conducted DIC measurements on specimens cut 

such that the 𝑋1 − 𝑋2  surface of the specimen had either an 𝑋- or 𝑍-section exposed. To 

parameterise the surface deformations, we define a scalar effective strain measure 휀𝑒 ≡

√(2/3)∑ 𝜑𝑖
22

𝑖=1   where 𝜑𝑖 is given in terms of the principal stretches 𝛬𝑖 as 𝜑𝑖 ≡ ln(𝛬𝑖). Spatial 

distributions of  휀𝑒 are shown for the 𝑋- and 𝑍-sections in Figs. 4B and 4C, respectively at an 

applied specimen strain Γ21 ≈ 30%. In these DIC snapshots, large localised vertical and 

horizontal bands of deformation with 휀𝑒 > 60% are seen on the 𝑋 and 𝑍-sections respectively, 

mirroring the pre-existing crack patterns in the XCT sections (Fig. 5). Moderate strains of 휀𝑒 ≈
20% are also observed at the tow-tow interfaces. Strain away from the pre-cracked regions and 

the tow interfaces remained small, suggesting that that majority of the deformation occurs at 

the interfaces between the tows and between the tows and the matrix pockets. We note here 

that DIC is a surface measurement technique that is heavily influenced by the numerical 

interpolation schemes employed: these strain measurements should therefore be used to 

estimate the locations of concentrated deformations rather than to provide measures of the true 

strains within each constituent phase of the composite.  

 

X-Ray CT images of the 𝑋- and 𝑍-sections of failed 𝑋𝑍 orientation specimens are included in 

Figs. 6A and 6B, respectively. Failure is clearly seen to occur due to the tensile rupture of the 

𝑍-tows, accompanied with a debonding of the 𝑋 and 𝑌-tows along the 𝑋2 − 𝑋3 plane. Tow 

level pull-out accompanies the fracture of 𝑍-tows, resulting in a zig-zag failure surface 

reminiscent of fracture surfaces that arise during fibre pull-out in unidirectional fibre 

composites (Hull and Clyne, 1996). Away from the fracture surfaces, there is no clear evidence 

of additional damage except additional bending of the 𝑍-tows due to the large imposed shear 

strains. 
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Figure 5: X-ray tomographic images of the (A) 𝑋-sections and (B) 𝑍-sections of the specimen in the 

𝑋𝑍 orientation. Images are shown of both the undeformed specimens and the specimen unloaded after 

application of a shear strain Γ21 ≈ 30%. The sketches indicate the section of the specimen using the 

colour scheme from Fig. 1.  

 

 
Figure 6: X-ray tomographic images of the failed sections of the specimens. (A) 𝑋-section, (B) 𝑍-

section of the specimen in the 𝑋𝑍 orientation, and (C) 𝑋-section, (D) 𝑍-section of the specimen in the 

𝑍𝑋 orientation. The sketches indicate the section of the specimen using the colour scheme from Fig. 1.  
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3.2 Shear response in the 𝑍𝑋 orientation 

The measured 𝒯21 versus Γ21 responses from two representative 𝑍𝑋 orientation experiments 

are plotted in Fig. 7A, showing (i) a specimen loaded to Γ21 ≈ 32% then unloaded and (ii) a 

specimen loaded to complete failure. The responses are qualitatively similar to those of the 𝑋𝑍 

orientation and comprise an initial elastic regime with a shear modulus 𝐺21 ≈ 380 MPa 
followed by yielding with a strength 𝒯21

𝑌 ≈ 12 MPa and subsequent hardening. The hardening 

response is not strictly linear but rather there is a gradual increase in the hardening modulus up 

to Γ21 ≈ 48%. Straining beyond this point results in a reduced hardening rate presumably due 

to development of damage within the specimens. Ultimate failure occurs at a strain of Γ12
ult ≈

70% and an associated strength of 𝒯21
ult ≅ 125 MPa, which is more than 10 times than the 

initial yield strength. Thus, specimens in the 𝑍𝑋 orientation have a higher ultimate failure strain 

and strength compared to the 𝑋𝑍 orientation.  

 

 
Figure 7: The shear response in the 𝑍𝑋 orientation. (A) The measured 𝒯21 versus Γ21 responses from 

two separate measurements including one for a specimen taken to complete fracture. Measurements of 

the distribution of the effective strain 휀𝑒 on (B) the 𝑋-section and (C) the 𝑍-section of the specimens 

loaded to Γ21 ≈ 30%. The sketches in the insets use the colour scheme from Fig. 1.  

 

Similar to the 𝑋𝑍 orientation, there was considerable strain recovery for specimens loaded to 

strains below ultimate failure strain. For example, a specimen loaded to Γ21 ≈ 32% recovered 

~50% of the applied strain upon unloading; see Fig. 7A. Moreover, the deformation and 

recovery mechanisms are similar for the two orientations, i.e. shear deformation in the 𝑍𝑋 

orientation is accompanied by elastic tensile straining of the 𝑋-tows which is a major cause of 

the hardening and recovery after unloading. Ultimate failure results from fracture of the 𝑋-

tows. These tows have a higher volume fraction of fibres compared to the 𝑍-tows resulting in 

the 𝑍𝑋 orientation specimens having a higher ultimate strength. 
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Figure 8: X-ray tomographic images of the (A) 𝑋-sections and (B) 𝑍-sections of the specimen in the 

𝑍𝑋 orientation. Images are shown of both the undeformed specimens and the specimen unloaded after 

application of a shear strain Γ21 ≈ 35%. The sketches indicate the section of the specimen using the 

colour scheme from Fig. 1. 

 

3.2.1 Deformation modes and X-ray tomography observations 

X-ray CT images of the 𝑋 and 𝑍-sections of the specimen in the 𝑍𝑋 orientation prior to testing 

and after unloading from an applied shear strain Γ21 ≈ 35% are included in Fig. 8. Prior to 

testing, the specimens have a similar defect landscape to that of the 𝑋𝑍 orientation specimens, 

albeit rotated by 90°. After loading, cracks in the 𝑋1-direction between the 𝑋- and 𝑌-tows 

tended to close (Fig. 8A). In the 𝑍-section of the specimen, there were some observable shear 

cracks that pass through the 𝑌-tows and the matrix pockets (Fig. 8B). To quantify this 

deformation, we include spatial distributions of 휀𝑒 (as measured via DIC) for the 𝑋 and 𝑍-

sections in Figs. 7B and 7C, respectively. These distributions are shown at an applied Γ21 ≈
30%. The DIC measurements are consistent with the XCT images and show deformations in 

areas of the specimen where microcracking occurs. Large strain concentrations are also seen 

along the 𝑍-tows in the 𝑍-section. This heterogeneous deformation is primarily a result of the 

mismatch in properties between the tows and the intervening matrix pockets. 

 

X-ray CT images of the 𝑋 and 𝑍-sections of the failed specimens are shown in Figs. 6C and 

6D, respectively. The final rupture of the 𝑋-tows occurred near the edges of the gauge section 

and were again accompanied by considerable tow pull-out and the associated zig-zag fracture 

surfaces. The 𝑍-tows remained relatively undamaged throughout the deformation, and the 𝑌-

tows displayed some shear damage as visible in the 𝑍-section of the specimen (Fig. 6D). 

Notably, some of the 𝑋- and 𝑌-tows at the edge of the gauge section delaminated and 

completely detached from the intersecting 𝑍-tows, leading to fracture on disconnected planes 

as seen in Fig. 6C.  
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Figure 9: The measured loading/unloading responses of the specimens in the (A) 𝑋𝑍 and (B) 𝑍𝑋 

orientations. The unloading stiffness is shown for selected unloading cycles. The measurements and 

predictions of the evolutions of the unloading stiffnesses 𝐺21
𝑈  for the (C) 𝑋𝑍 and (D) 𝑍𝑋 orientation 

samples with shear strain Γ21. Predictions are shown for both the Hill and crystal plasticity models for 

the tows. The measured initial loading stiffnesses are also indicated as 𝐺21 for comparison purposes. 

 

3.3 Effect of damage accumulation and the loading/unloading response 

Damage accumulation in traditional CFRP composites is often characterised by the loss of 

stiffness of the composite (Lafarie-Frenot and Touchard, 1994; Tan and Falzon, 2016). Here 

we attempt a similar characterisation to highlight the differences between traditional 

composites and these 3D noobed composites. The measured loading/unloading responses of 

the specimens in the 𝑋𝑍 and 𝑍𝑋 orientations are included in Figs. 9A and 9B, respectively 

along with the unloading stiffnesses inferred from selected loading/unloading cycles. 

Unloading in both orientations results in significant strain recovery with an associated 

hysteresis akin to the Bauschinger effect in metals. This recovery and hysteresis are associated 

with reverse plasticity arising from elastic tensile straining of the tows as will be discussed in 

the context of the numerical simulations in Section 5. 

 

The evolution of the unloading stiffnesses 𝐺21
𝑈  with shear deformation Γ21 for the 𝑋𝑍 and 𝑍𝑋 

orientation specimens is plotted in Figs. 9C and 9D, respectively. The unloading stiffness for 

the 𝑋𝑍 specimens monotonically increases with increasing Γ21 over the entire range of shear 

strains investigated here, while unloading stiffness for the 𝑍𝑋 specimens remains relatively 

constant for Γ12 ≤ 20% but increases thereafter. This increase in stiffness with deformation is 

contrary to most reported measurements for traditional CFRP composites, which typically 

show a reduction in stiffness with increasing deformation due to a variety of cracking and 

delamination damage mechanisms. In fact, the stiffness reduction in CFRP composites is 

regularly used to quantify their damage level. These 3D noobed composites have a markedly 

different response due to two interconnected reasons:  

(i) The 3D architecture of these composites inhibits the traditional damage modes such as 

delamination (recall XCT images) and helps bind the tows together to retain structural 

integrity up to very large imposed shear strains. 
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(ii) The large shear strain results in significant tow rotation, notably of the 𝑋1-direction tows. 

This reorientation causes axial stretching of tows and contributes to the increase in the 

specimen shear stiffness.  

It is worth mentioning here that we anticipate stiffening due to tow reorientation to also occur 

in 2D composites. However, damage mechanisms often cause a knock-down the constituent 

material properties of such composites, negating any stiffening at large strains due to 

reorientation effects. Thus, we argue that it is the damage inhibition in these noobed 3D 

composites that leads to the observed anomalous evolution of the unloading stiffness.   

 

 
Figure 10: Sketch of the truncated dogbone specimen the used in the numerical model along with the 

applied boundary conditions. The hatched regions indicate the “grip” regions of the model, i.e. regions 

of the specimen that are within the grips and on which displacement boundary conditions are been 

applied in the FE calculations. The sketch shows the specimen in the 𝑋𝑍 orientation with leading 

specimen dimensions marked. 

 

 

4. Numerical modelling of 3D noobed composites 

The architecture of 3D fibre composites is intrinsically complex with multiple materials and 

length scales that govern their global behaviour. The aim here is not to explicitly model all the 

microstructural features and defects of these composites but to attempt to understand the 

deformation and failure mechanisms via the simplest homogenised models that capture the 

critical experimental observations. Das et al. (2018) employed a homogenised model wherein 

only the 𝑍-tows of the 3D noobed composites were explicitly modelled using a Hill anisotropic 

plasticity model (Hill, 1948), with the remainder of the composite also modelled using a Hill 

anisotropic plasticity model but with properties derived by homogenising the remaining tows 

and matrix pockets. However, numerical deficiencies were observed with this level of 

simplification, including an inability of the model to capture the responses under different 

stress states. Here we shall employ a more complex approach whereby all the tows and matrix 

pockets are explicitly modelled as homogenised continua. The emphasis will be on detailing 
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the model features required to capture the large strain composite response with sufficient 

fidelity. 

 
Figure 11: Sketches to illustrate the deformation of a tow as modelled via a crystal plasticity-based 

model. (A) The local co-ordinate system (𝛼, 𝛽, 𝛾) of a single tow and the six slip systems (𝑠𝑖
(𝜛)
,𝑚𝑖

(𝜛)
) 

via which the tows deform plastically. (B) Tow deformation subjected to a simple shear strain resulting 

in slip on slip system  𝜛 = 1. (C) Tow deformation due to slip on slip system 𝜛 = 6.   

 

4.1 Description of numerical model 

We modelled a truncated dogbone specimen as sketched in Fig. 10; the ends of the dogbone 

deep within the grips excluded from the model to reduce the computational cost. The finite 

strain finite element calculations were performed using the commercial package 

ABAQUS/Explicit (Dassault Systèmes, France). Shear loading was imposed by applying a 

constant displacement rate �̇�2 = Δ̇ (with 𝑢3 = 0) to all surface nodes on the right “grip” region 

of the specimen (labelled ‘R’ in Fig. 10 and indicated by the hatched area) while fully 

constraining the displacements 𝑢𝑖 of all surface nodes on the opposite grip region of the 

specimen. No constraint was specified on displacements 𝑢1 on grip region R, implying that the 

tractions 𝑇1(𝑥𝑖) = 0 on that surface. This is consistent with the experimental boundary 

conditions that ensure that the axial force 𝑃1 = 0. 

 

All tows and matrix pockets within the specimen were modelled explicitly. The microstructure 

was assumed to be perfectly regular, and imperfections such as the tow waviness and interfacial 

cracks were not considered. Thus, the sizes of the 𝑋, 𝑌 and 𝑍-tows and the matrix pockets were 

taken to be equal to those specified in Fig. 1B, i.e. equal to an average value inferred from the 

XCT images. The dogbone with this microstructure was discretised using rectangular 

hexahedral elements (C3D8 in the ABAQUS notation) such that at-least four finite elements 

were present across the smallest dimension of every tow and matrix pocket. This resulted in 

approximately 2 million C3D8 elements in the model with 8 million degrees of freedom.  

 

4.2 Material properties 

The 3D composite comprised NM FW 3070 epoxy matrix and T700S carbon fibres. To 

minimize the complexity of the model, both the matrix and fibres are assumed to be isotropic 

with Young’s moduli 𝐸𝑚 and 𝐸𝑓, respectively and Poisson’s ratios 𝜈𝑚 and 𝜈𝑓, respectively. 

The fibres are elastic/brittle with a tensile failure strength Σ𝑓, while the matrix is taken to be 

perfectly plastic with a tensile yield strength Σ𝑚. These properties, as specified by the 

manufacturer, are all listed in Table 1. We use these properties in our calculation of the 
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homogenized properties of the constituent materials, i.e. the individual tows and the matrix 

pockets as will be clarified subsequently. 
 

Table 1: Elastic and plastic properties of the fibre and matrix. 

 
T700S Carbon Fibre NM FW 3070 Epoxy 

𝑬𝒇 (GPa) 𝜈𝑓 Σ𝑓 (MPa) 𝐸𝑚 (GPa) 𝜈𝑚 Σ𝑚 (MPa) 

230  0.28 4,900  2.70  0.3 17 

 

4.2.1 Elastic properties 

The individual tows are unidirectional fibre composites and are modelled as transversely 

isotropic continua with the fibre direction normal to the plane of isotropy. To specify these 

material properties, we define a Cartesian co-ordinate system (𝛼, 𝛽, 𝛾) local to each tow such 

that 𝛼 is along the fibre direction with (𝛽, 𝛾) forming the isotropic plane perpendicular to the 

fibres (Fig. 11A). In describing the constitutive models for the tows, we use the local co-

ordinate system (𝛼, 𝛽, 𝛾) with all tensor quantities (e.g. 𝜎𝑖𝑗) defined with respect to this basis. 

The relation between the elastic strains 휀𝑖𝑗
∗  and the Cauchy stress 𝜎𝑖𝑗 is then written in terms of 

the compliance tensor 𝐶𝑖𝑗𝑘𝑙 as  휀𝑖𝑗
∗ = 𝐶𝑖𝑗𝑘𝑙𝜎𝑘𝑙, and succinctly using Voigt notation as 

(

 
 
 
 

휀𝛼𝛼
∗

휀𝛽𝛽
∗

휀𝛾𝛾
∗

휀𝛽𝛾
∗

휀𝛼𝛾
∗

휀𝛼𝛽
∗
)

 
 
 
 

=

(

 
 
 
 
 
 
 
 
 
 
 
 

1

𝐸𝛼
−
𝜐𝛼𝛽

𝐸𝛼
−
𝜐𝛼𝛽

𝐸𝛼
0 0 0

−
𝜐𝛼𝛽

𝐸𝛼

1

𝐸𝛽
−
𝜐𝛽𝛾

𝐸𝛽
0 0 0

−
𝜐𝛼𝛽

𝐸𝛼
−
𝜐𝛽𝛾

𝐸𝛽

1

𝐸𝛽
0 0 0

0 0 0
1 + 𝜐𝛽𝛾

𝐸𝛽
0 0

0 0 0 0
1

2𝐺𝛼𝛽
0

0 0 0 0 0
1

2𝐺𝛼𝛽)

 
 
 
 
 
 
 
 
 
 
 
 

(

 
 
 

𝜎𝛼𝛼
𝜎𝛽𝛽
𝜎𝛾𝛾
𝜎𝛽𝛾
𝜎𝛼𝛾
𝜎𝛼𝛽)

 
 
 
. (4.1) 

The transversely isotropic elastic constants of the 𝑋/𝑌 and 𝑍-tows are calculated from the 

matrix and fibre properties using the homogenisation analysis detailed Appendix B, and the 

resulting tow elastic constants are listed in Table 2. Further, we assume the matrix to be 

isotropic linear elastic with elastic constants given in Table 1. It now remains to specify in 

inelastic behaviour of the matrix pockets and tows. 

 
Table 2: Elastic properties of the 𝑋, 𝑌, and 𝑍-direction tows. 

 

Tow 𝐸𝛼 (GPa) 𝐸𝛽 (GPa) 𝐺𝛼𝛽 (GPa) 𝜈𝛼𝛽 𝜈𝛽𝛾 

𝑋/𝑌 144 16.2 4.79 0.288 0.451 

𝑍 93.6 14.9 4.27 0.292 0.460 

 

4.2.2 Choice of plasticity models for fibre tows 

The tows are anisotropic continua and their plastic response is most commonly modelled using 

quadratic yield criteria (Vogler et al., 2013). The Hill orthotropic plasticity model (Hill, 1948) 

is one such simple and convenient criterion that is regularly used for modelling composites 
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(Ansar et al., 2011). However, as discussed in Section 1, the most commonly used variant of 

the Hill plasticity model rotates the material substructure with the total deformation gradient 

(Beissel, 2014; Choi et al., 2018; Hasanyan and Waas, 2018). This variant thus neglects plastic 

spin and thereby will be unable to accurately capture the evolution of the tow substructure at 

finite strains. This texture evolution within the tows is expected to be important in these high 

ductility 3D composites and constitutive models that do not include plastic spin are therefore 

expected to have poor predictive capability for the response of 3D composites. We show this 

explicitly in Appendix C, where we provide the formulation of the Hill model absent plastic 

spin (for the sake of brevity we shall subsequently refer to it simply as the Hill model) and 

include comparisons with experimental measurements.  

 

The two key assumptions of our Hill plasticity model that result in its poor predictive capability 

for 3D composites are: (i) the material symmetries remain unchanged with plastic deformation 

and (ii) the kinematics of the material substructure (i.e. the fibres in this case) are identical to 

that of the continuum. While (i) implies that a quadratic plastic potential of the form (C.3) can 

describe the continuing yielding of the tow, the implication of (ii) is that the rotation of the 

local tow level co-ordinate system (𝛼, 𝛽, 𝛾) with respect to the global co-ordinate system 𝑋𝑖 is 

equal to the spin component of the total material deformation gradient 𝐹𝑖𝑗. To illustrate this, 

consider the simple shear Γ𝛼𝛾 of a tow with a rigid-plastic matrix (Fig. 11B). While the material 

rotation in this case is Γ𝛼𝛾/2, the fibre rotation is zero. However, the finite strain Hill plasticity 

model will rotate the tow coordinates (𝛼, 𝛽, 𝛾) by Γ𝛼𝛾/2 even though in this case the fibres 

would not have rotated. This results in errors in the prediction of the large strain response of 

3D composites as seen in Appendix C and further discussed in Section 5.  

 

A more accurate description of the anisotropic plastic deformation can be developed by 

introducing the notion of  plastic spin within the Hill plasticity model; see for example Dafalias 

(1984) and Aravas, (1994). This typically involves specification of additional tensorial 

constitutive rules for plastic spin, although the assumption that the material symmetries are 

invariant to plastic deformation typically remains. Rather than following this route, here we 

take the view that given the texture/substructure of the tows, it is natural to describe the plastic 

deformation of tows via a crystal plasticity-based approach. Such an approach was followed 

recently by Liu et al. (2018) for describing the large strain deformation of ultra-high molecular 

weight polyethylene fibre composites. We now proceed to summarise such a crystal plasticity 

model that includes pressure dependent yield. Here, pressure dependency is introduced both 

because the polymer matrix is pressure dependent (Rabinowitz et al., 1970; Ward, 1971) and 

because tows with a high volume fraction of fibres are reminiscent of a granular medium and 

hence are expected to have a pressure dependent yield response akin to granular materials. 

 

4.2.3 Crystal plasticity-based model for tows 

In order to overcome the shortcomings of the Hill model absent plastic spin, here we propose 

a crystal plasticity model for the individual tows that inherently captures their internal texture 

evolution. The plastic deformation of a tow is similar to a crystal that deforms by shearing 

along slip planes due to the motion of dislocations (see for example Figs. 11B and 11C). In 

fact, such localised shear deformation is common in unidirectional composites as reported by 

González and LLorca (2007). Thus, we proceed to develop a constitutive model for tows 

motivated by crystal plasticity descriptions for metal single crystals (Asaro, 1983; Hill and 

Rice, 1972). Following the usual notions in crystal plasticity, we define a lattice labelled by the 

fibre direction. The material is presumed to flow through the lattice due to shearing of the 

matrix and then the lattice with the embedded material undergoes elastic deformations and rigid 
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body rotations. Using Cartesian tensor notation, the material deformation gradient 𝐹𝑖𝑗 is written 

as a multiplicative decomposition of the elastic and plastic deformations characterised by 𝐹𝑖𝑗
∗  

and 𝐹𝑖𝑗
𝑝
, respectively such that  

𝐹𝑖𝑗 = 𝐹𝑖𝑘
∗ 𝐹𝑘𝑗

𝑝 . (4.2) 

Thus, there exists an intermediate configuration arising from the pure plastic deformation 𝐹𝑖𝑗
𝑝
 

of the material. The deformations embodied in 𝐹𝑖𝑗
𝑝
 are described in terms of shearing along 

crystallographic slip systems set by the fibre direction. A given slip system (𝜛) is specified by 

vectors 𝑠𝑖
(𝜛)

 and 𝑚𝑖
(𝜛)

, where 𝑠𝑖
(𝜛)

 specifies the slip direction and 𝑚𝑖
(𝜛)

 is the slip plane normal 

in the undeformed configuration. These vectors convect with the lattice so that in the deformed 

state they become 

𝑠𝑖
∗(𝜛) = 𝐹𝑖𝑗

∗ 𝑠𝑗
(𝜛)        and      𝑚𝑖

∗(𝜛) = 𝑚𝑗
(𝜛)(𝐹𝑗𝑖

∗)
−1
. (4.3) 

For a tow whose (𝛼, 𝛽, 𝛾) coordinate system is aligned with the global (𝑋1, 𝑋2, 𝑋3) coordinates, 

we consider 𝑁 = 6 slip systems as listed in Table 3 and illustrated in Fig. 11A. The slip systems 

𝜛 = 1 − 3 involve longitudinal shearing in the 𝛼 (fibre) direction, while the 𝜛 = 4 − 6 

systems involve transverse shearing in the (𝛽, 𝛾) plane with no shear component along the 𝛼 

direction. These slip systems represent the minimum set of slip systems to accommodate all 

possible modes of deformation that do not involve fibre deformation, with systems 𝜛 = 4 − 6 

resulting in an approximately isotropic plastic response in the (𝛽, 𝛾) plane consistent with the 

assumed transversely isotropic behaviour. Longitudinal and transverse shear along with their 

corresponding slip systems are illustrated in Figs. 11B and 11C, respectively. We emphasize 

that the precise orientations of these slip systems will have only a minor effect on the overall 

numerical results as perpendicular to the fibre directions there are sufficient slip systems to 

accommodate any imposed strain state via purely plastic deformations. 

 

The plastic component of the deformation gradient and the corresponding velocity gradient 𝐿𝑖𝑗
𝑝

 

associated with plastic shearing on the slip systems then follow as 

𝐿𝑖𝑗
𝑝 = 𝐹𝑖𝑘

∗ �̇�𝑘𝑙
𝑝 (𝐹𝑙𝑚

𝑝 )
−1
(𝐹𝑚𝑗

∗ )
−1
= ∑ Υ̇(𝜛)

𝑁

𝜛=1

𝑠𝑖
∗(𝜛)𝑚𝑗

∗(𝜛), (4.4) 

where Υ̇(𝜛) is the slip rate on slip system (𝜛) while the total velocity gradient is 

𝐿𝑖𝑗 = �̇�𝑖𝑘 (𝐹𝑘𝑗)
−1

 with 𝐿𝑖𝑗
∗ ≡ 𝐿𝑖𝑗 − 𝐿𝑖𝑗

𝑝
 being the elastic component of the velocity gradient. 

The corresponding symmetric parts of the elastic and plastic velocity gradients representing 

the stretching (straining) then follow as 

휀�̇�𝑗
∗ = (𝐿𝑖𝑗

∗ + 𝐿𝑗𝑖
∗ )/2    and  휀�̇�𝑗

𝑝 = (𝐿𝑖𝑗
𝑝 + 𝐿𝑗𝑖

𝑝 )/2, (4.5) 

respectively while elastic and plastic spin rates are 

�̇�𝑖𝑗
∗ = (𝐿𝑖𝑗

∗ − 𝐿𝑗𝑖
∗ )/2    and  �̇�𝑖𝑗

𝑝 = (𝐿𝑖𝑗
𝑝 − 𝐿𝑗𝑖

𝑝 )/2, (4.6) 

respectively. The hypoelastic relation between the elastic strain rate and stress rates is then 

given by a rate form of (4.1) such that 휀�̇�𝑗
∗ = 𝐶𝑖𝑗𝑘𝑙

′ 𝜏
∇

𝑘𝑙, where  

𝜏
∇

𝑖𝑗 ≡ �̇�𝑖𝑗 − �̇�𝑖𝑘
∗ 𝜏𝑘𝑗 + 𝜏𝑖𝑘�̇�𝑘𝑗

∗ , (4.7) 
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is the Jaumann rate of the Kirchhoff stress 𝜏𝑖𝑗 = 𝐽𝜎𝑖𝑗 with respect to axes that rotate with the 

lattice. Here with 𝐽 = det(𝐹𝑖𝑗
∗ ) and 𝐶𝑖𝑗𝑘𝑙

′ = 𝐹𝑖𝑛
∗ 𝐹𝑗𝑚

∗ 𝐹𝑘𝑝
∗ 𝐹𝑙𝑞

∗ 𝐶𝑛𝑚𝑝𝑞 are components of the elastic 

compliance tensor in the deformed configuration. 

It now remains to specify the constitutive relations for the plastic slip rate Υ̇(𝜛). Significant 

numerical difficulties are associated with determining the active slip systems and the amount 

of slip on each of these systems if a rate independent model is employed for Υ̇(𝜛). Thus, Asaro 

and Needleman (1985) proposed a simple rate dependent crystal plasticity formulation that 

provides a good approximation to the rate independent limit and circumvents these numerical 

issues. We employ their methodology here. Plastic deformation due to shearing on each slip 

system (𝜛) depends on the resolved shear stress  

𝜏(𝜛) = 𝐽𝑚𝑖
∗(𝜛)

𝜎𝑖𝑗𝑠𝑗
∗(𝜛)

. (4.8) 

However, unlike metallic crystals, plastic flow in the matrix infused carbon fibre tows is 

pressure dependent as discussed above. Here we characterise this pressure dependency via a 

friction coefficient 𝜇 and define a slip system shear strength 

𝑔(𝜛) = {  
𝜏𝑦 + 𝜇𝓅                    𝓅 ≥ 0

𝜏𝑦                              𝓅 < 0,
 (4.9) 

where pressure 𝓅 is a measure of the pressure absent the fibre stresses. This pressure is thus 

defined in terms of the material stresses in the intermediate configuration as 

𝓅 ≡ −
1

2
(Σ𝛽𝛽 + Σ𝛾𝛾), (4.10) 

with Σ𝑖𝑗 = det(𝐹𝑖𝑗
∗ ) (𝐹𝑖𝑘

∗ )−1𝜎𝑘𝑙(𝐹𝑗𝑙
∗)
−1

. Then following Asaro and Needleman (1985), the shear 

rate Υ̇(𝜛) is specified by a rate dependent law as 

Υ̇(𝜛) = Υ̇0 (
|𝜏(𝜛)|

𝑔(𝜛)
)

1/𝑚

sgn[𝜏(𝜛)], (4.11) 

where Υ̇0 is a reference strain rate and 𝑚 is a rate sensitivity exponent such that the rate 

independent limit is retrieved as 𝑚 → 0. In the calculations presented here, we set 𝜏𝑦 = 𝜏𝑚 =

10 MPa, i.e. equal to the shear strength of the matrix. The rate sensitivity exponent is chosen 

to be 𝑚 = 0.2, which is sufficient to avoid numerical instabilities but yet give a reasonable 

approximation to the rate independent limit. Finally, Υ̇0 is set equal to the imposed loading rate 

for the model. Unless otherwise specified, results are presented for a pressure sensitivity of 

𝜇 = 0.2, which is equal to that of polymers that are similar to the matrix used here (Rabinowitz 

et al., 1970). We also present some predictions with no pressure dependent yield (i.e. 𝜇 = 0) 

to quantify the effect of the pressure sensitivity of the tow response.  

 

4.2.4 Inelastic model for the matrix in the matrix pockets 

In keeping with the understanding that the yield behaviour of the polymer matrix is pressure 

dependent (Rabinowitz et al., 1970; Sauer, 1977), we model the matrix pockets via an isotropic 

elastic-plastic non-associative Drucker-Prager material model (Drucker and Prager, 1952). The 

total strain rate is given by additive decomposition, i.e. 휀�̇�𝑗 = 휀�̇�𝑗
∗ + 휀�̇�𝑗

𝑝
. Consistent with a wide 

body of experimental polymer yield data (Ward, 1971), we assume that plastic straining is 

incompressible so that the plastic strain rate 휀�̇�𝑗
𝑝

 under active yield conditions given in terms of 

the plastic multiplier �̇� via 

 휀�̇�𝑗
𝑝 = �̇�

𝜕𝜎𝑒
𝜕𝜎𝑖𝑗

, (4.12) 



 20 

where 𝜎𝑒 ≡ √(3/2)𝑠𝑖𝑗𝑠𝑖𝑗   is the von-Mises stress in terms of the deviatoric stress 𝑠𝑖𝑗. The yield 

criterion is specified via the surface  

 Φ ≡ 𝜎𝑒 − 𝜇𝑚𝑝 − Σ𝑚 (1 −
𝜇𝑚
3
), (4.13) 

where 𝑝 ≡ −𝜎𝑘𝑘/3 is the hydrostatic pressure and continued plastic straining occurring when 

Φ = 0. The matrix strength Σ𝑚 is listed in Table 1.  In all the numerical results presented here, 

we set 𝜇𝑚 = 0.2, irrespective of the material model and pressure sensitivity used for the tows.  

 

Table 3: The six slip systems in the tows as specified by (𝑠𝑖
(𝜛)
,𝑚𝑖

(𝜛)
). The unit vectors are denoted as 

(𝑎, 𝑏, 𝑐) where 𝑎, 𝑏, 𝑐 are components in the 𝛼, 𝛽 and 𝛾 −directions, respectively. These slip systems 

are sketched in Fig. 11. 

 

Slip Direction Slip Plane Normal 

𝒔(𝟏) (1,0,0) 𝑚(1) (0,0,1) 

𝒔(𝟐) (1,0,0) 𝑚(2) (0, √3/2,−1/2) 

𝒔(𝟑) (1,0,0) 𝑚(3) (0, √3/2,1/2) 

𝒔(𝟒) (0,1,0) 𝑚(4) (0,0,1) 

𝒔(𝟓) (0,1/2, √3/2) 𝑚(5) (0, √3/2,−1/2) 

𝒔(𝟔) (0, −1/2, √3/2) 𝑚(6) (0, √3/2,1/2) 
 

 

5. Comparison between measurements and numerical predictions 

We now proceed to discuss comparisons between the experimental measurements and 

numerical predictions for the shear response of the 3D composites. The discussion primarily 

focuses on the large strain predictions of the crystal plasticity model, and includes some 

references to differences with the Hill model predictions given in Appendix C. Moreover, in 

order to interpret some of the key predictions of the crystal plasticity model and highlight the 

role of plastic spin, we also include here the Hill predictions for the spatial distributions of 

stresses and strains within the specimen alongside those from the crystal plasticity model. 

 

Prior to describing the results of the model, it is important to comment on the material 

orientations within the tows. The fibre direction (𝛼) of the tows is defined unambiguously 

within the specimens, i.e. it is aligned parallel to the longitudinal direction of the tow such that 

𝛼 is parallel to 𝑋3 for the 𝑌-tows while 𝛼 is parallel to 𝑋1 for the 𝑍-tows in the 𝑋𝑍-orientation 

specimens and so on. However, the (𝛽, 𝛾) directions in the tows are uncertain and in fact could 

vary within the specimen due to twist of the tow. While the elastic tow model is transversely 

isotropic with the 𝛼-direction perpendicular to the plane of isotropy, the plastic properties are 

in general not isotropic in that plane. Numerical studies demonstrated that a 30° rotation of the 

tow about the 𝛼-direction led to less than a 4% change in the shear stress at a given applied 

Γ21. This suggests that the orientation of the tow about the 𝛼-direction has a negligible effect 

on the composite properties investigated here. This result might have been expected as there 

are at-least three independent slip systems to accommodate plastic strain in the plane 

orthogonal to the 𝛼-direction, meaning the plastic response of the tows in that plane is 

approximately isotropic. Therefore, all computations presented subsequently use the following 

mappings of the initial tow directions with the global coordinate system: (𝛼, 𝛽, 𝛾) → (𝑋1, 𝑋2, 𝑋3) 
for tows in the 𝑋1 direction, (𝛼, 𝛽, 𝛾) → (𝑋2, −𝑋1, 𝑋3) for tows in the 𝑋2 direction, and (𝛼, 𝛽, 𝛾) 

→ (𝑋3, 𝑋2, −𝑋1) for tows in the 𝑋3 direction. In the following, all tensor quantities (e.g. 
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deformation gradients 𝐹𝑖𝑗
𝑝
, stresses 𝜎𝑖𝑗, plastic strains 휀𝑖𝑗

𝑝
 etc.) are shown using global co-

ordinate system 𝑋𝑖 as the basis rather than the local system (𝛼, 𝛽, 𝛾) used in describing the 

constitutive models in Section 4. 

 

5.1 Comparisons with model predictions 

The crystal plasticity model predictions, both with and without pressure dependent yield, are 

shown against the experimental measurements in Figs. 12A and 12B for the 𝑋𝑍 and 𝑍𝑋 

orientations, respectively. The model overpredicts the initial shear modulus in both 

orientations, but it predicts the initial yield for both orientations with reasonable accuracy. The 

shear modulus overprediction is expected given that the elastic properties used in the model 

neglect imperfections (Section 4.2). Imperfections like microcracking (Tao and Sun, 1996) and 

fibre and tow level waviness (Petriccione et al., 2012) are known to have a detrimental effect 

on the stiffness, sometimes reducing it by nearly an order of magnitude. Knockdown factors to 

account for these imperfections could be included to bring the predicted stiffnesses in better 

alignment with the measurements. However, given that the focus of the numerical investigation 

was to gain an understanding of the large-strain deformation mechanisms, such a fitting 

exercise was not carried out.  

 

The post-yield behaviour of the crystal plasticity model for both composite orientations is in 

good agreement with the measurements, particularly for the model with pressure dependence 

(𝜇 = 0.2). Switching-off pressure dependent yield (𝜇 = 0) leads to a reduced but non-

negligible hardening response, demonstrating that the hardening shear behaviour is not solely 

the result of pressure dependent yield. 
 

 
Figure 12: Comparisons between measurements and predictions using the crystal plasticity model for 

the tows of the shear responses in the (A) 𝑋𝑍 and (B) 𝑍𝑋 orientations. The crystal plasticity predictions 

are shown for the reference tow pressure sensitivity 𝜇 = 0.2 and no pressure sensitivity with 𝜇 = 0. 

Predictions are also shown with the 𝑌-tows replaced by matrix material (w/o 𝑌-tows). In addition, 

predictions are shown for unloading from selected values of the applied shear strains Γ21 for the 

reference case with 𝜇 = 0.2. The specimen sketches use the colour scheme from Fig. 1. 

 

The ability of the crystal plasticity model to capture the hardening is also reflected in the 

unloading stiffnesses predictions, where the model correctly predicts a monotonic increase in 

𝐺21
𝑈  with increasing Γ21 (Figs. 9C and 9D). In addition, the crystal plasticity model predicts 

some reverse plasticity during unloading at large applied Γ21 (Fig. 12), although the degree of 

reverse plasticity is less than that in the experiments. This is as contrary to the Hill plasticity 

model, which predicts no reverse plasticity (Fig. C1). Overall, the hardening response, increase 

in 𝐺21
𝑈  with increasing shear strain and the reverse plasticity are all connected to the elastic 

straining of the tows that occurs due to the inhomogeneous plastic strains in the composite. To 
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illustrate this, we include in Fig. 13A predictions of the distribution of plastic strain 휀12
𝑝

 in the 

𝑋- and 𝑍-sections of the 𝑋𝑍 orientation specimen at an applied Γ21 = 40%. The plastic strain 

distributions are highly spatially inhomogeneous, with large plastic strain concentrations 

arising at the interfaces of the tows. However, compatibility requires the total strains in the 

gauge section to be approximately spatially uniform, so the inhomogeneous plastic strains 

imply plastic incompatibility and large elastic strains arise to enforce strain compatibility. This 

plastic incompatibility manifests predominantly at large applied strains and is due to plastic 

spin and texture evolution within the tows as will be discussed in Section 5.2. By comparison, 

results from the Hill plasticity model in Fig. 13B show a relatively homogeneous plastic strain 

distribution, and correspondingly very little build-up of elastic strain or hydrostatic pressure. 

This is discussed in greater detail in Appendix C.2. 

 

 
Figure 13: Predictions of the distributions of deformations on the 𝑋1 − 𝑋2 mid-plane of the specimen 

in the 𝑋𝑍 orientation at an applied shear strain Γ21 = 40%. Distributions of the plastic strain 휀12
𝑝

 via the 

(A) crystal plasticity and (B) Hill plasticity models. Crystal plasticity predictions of the distributions of 

the deformation gradients (C) 𝐹12
𝑝

 and (D) 𝐹21
𝑝

 in the tows (matrix pockets shown blank). The specimen 

sketches use the colour scheme from Fig. 1 and indicate the section (𝑋 or 𝑍-section) on which the 

distributions are shown. 

 

The elastic straining leads to the development of large stresses in the tows as seen in Figs. 14A 

and 14B, which show spatial distributions of 𝜎𝑒 in specimens subjected to Γ21 = 40% on 𝑍- 

and 𝑋-sections of the 𝑋𝑍 and 𝑍𝑋 orientation specimens, respectively. These stresses (resulting 

from elastic straining) are the source of the predicted hardening response. Moreover, the 

reverse plasticity is also due to the elastic straining and can be rationalised as follows. 

Unloading results in elastic recovery of the tows, which in turn reverses plastic deformation 

within the remainder of the composite (including the matrix pockets) and manifests itself via 

the observed hysteresis. The underprediction of the level of reverse plasticity in the model 

compared to measurements could be related to multiple factors, including that the model 

neglects viscoelastic effects in the matrix and does not account for residual stresses within the 

composite that are typically generated during manufacturing. 
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Figure 14: The distributions of the von-Mises effective stress 𝜎𝑒 on the 𝑋1 − 𝑋2 mid-plane of the 

specimen at an applied shear strain Γ21 = 40%. The distributions are shown on the 𝑍- and 𝑋-sections 

of the specimen for the 𝑋𝑍 and 𝑍𝑋 orientations, respectively for the crystal plasticity model ((A) and 

(B) respectively) and the Hill model ((C) and (D) respectively. The specimen sketches at the top use 

the colour scheme from Fig. 1. 

 

5.2 Plastic incompatibility and the origin of the hardening response 

We have shown above that the source of the hardening is primarily related to the development 

of plastic incompatibility between the phases of the 3D composite. This incompatibility, while 

predicted by the crystal plasticity models for the tows, is not captured at all by the Hill model. 

This is particularly surprising given that elastic and plastic anisotropy in tow properties are 

accounted for in a reasonably similar manner in both the Hill and crystal plasticity models, i.e. 

they have large strengths in the axial tow directions and low tensile and shear strengths in the 

other directions.  

 

The key to understanding the difference lies in how they incorporate plastic spin 𝑤𝑖𝑗
𝑝

. In the 

Hill model we assume that the plastic spin vanishes with the objective stress rate defined based 

on the total (material) spin. Conversely, texture evolution is explicitly accounted for in the 

crystal plasticity model with plastic spin given by Eq. (4.21). Therefore, the elastic spin rate 

differs from the total (material) spin, which results in differing objective stress rates in the Hill 

and crystal plasticity models. We shall first discuss the effect of this plastic spin on the crystal 

plasticity predictions to help clarify the differences between the Hill and crystal plasticity 

models.  

 

The spatial distributions of 𝐹12
𝑝

 and 𝐹21
𝑝

 in the tows in the 𝑋 and 𝑍-sections of a 𝑋𝑍-orientation 

specimen at an applied Γ21 = 40% are included in Figs. 13C and 13D, respectively (the matrix 

pockets are left blank because the matrix is isotropic and not modelled via the crystal plasticity 

model). The plastic components of the deformation gradient are set by the orientation of the 

slip systems as given by Eq. (4.19): with these slip system orientations differing in the 𝑋-, 𝑌- 

and 𝑍-tows, this results in a spatially non-uniform 𝐹𝑖𝑗
𝑝
 as well as 𝐹𝑖𝑗

𝑝 ≠ 𝐹𝑗𝑖
𝑝
 for 𝑖 ≠ 𝑗 within each 

phase (tow), i.e. a non-zero plastic spin. Recalling that compatibility requires the total 

deformation gradient within the gauge section to be approximately spatially uniform, this then 

implies that 𝐹𝑖𝑗
∗  is spatially heterogenous and, correspondingly, so is the spin rate �̇�𝑖𝑗

∗ . This 
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heterogeneity in �̇�𝑖𝑗
∗  implies a spatially non-uniform objective stress rate, which in turn leads 

to an evolution of a spatially heterogenous plastic strain field and the plastic incompatibility 

discussed above. Thus, the plastic incompatibility is a direct consequence of the fact that in the 

crystal plasticity model the fibre orientations are rotating with respect to the tow material, i.e. 

there is a non-zero plastic spin, and that this rotation is different in the differently oriented 

tows. By contrast, in the Hill model we have neglected plastic spin and thus have assumed that 

the fibres rotate with the material. This results in the prediction of spatially uniform fields with 

no plastic incompatibility and no strain hardening. These rotation effects (and the ensuing 

plastic incompatibility) only become significant at large shear strains, which is why the Hill 

model accurately captures initial yield but not the large strain behaviour. Thus, given the low 

failure strains of most conventional 2D composites, the Hill model suffices to describe their 

plastic behaviour. 

 

 
Figure 15: Crystal plasticity predictions of the stress distributions in the 𝑋𝑍 orientation specimen at an 

applied shear strain Γ21 = 40%. Distribution of 𝜎11 on the (A) 𝑋1 − 𝑋2 mid-plane (𝑍-section) and (D) 

𝑋2 − 𝑋3 mid-plane (𝑌-section), 𝜎22 on the (B) 𝑋1 − 𝑋2 mid-plane (𝑋-section) and (E) 𝑋2 − 𝑋3 mid-

plane (𝑋-section), and 𝜎33 on the (C) 𝑋1 − 𝑋2 mid-plane (𝑍-section) and (F) 𝑋2 − 𝑋3 mid-plane (𝑌-

section). Here the 𝑎-section refers to the tow through which the section was taken, i.e. a 𝑌-section means 

a section through the mid-plane of a 𝑌-tow. (A), (B) and (C) show distributions on the deformed 

configuration while (D), (E) and (F) show distributions on the undeformed configuration. The sketches 

of the specimen sections use the colour scheme from Fig. 1 and indicate the section on which the 

distributions are plotted. 

 

The above discussion clarifies that that primary cause of the Hill model not capturing critical 

features of the large strain shear response of the 3D composites is the assumption of zero plastic 

spin that is employed here. Additional constitutive rules to specify a non-zero plastic spin can 

be included in the Hill model (see for example Aravas (1994)), but such rules typically require 

an understanding of the internal texture of the tows much like what is assumed within the 

crystal plasticity framework used here.  

 

5.3 Effect of the 3D tow architecture 

It may be natural to assume that most of the effects discussed above would also be present in 

traditional 2D laminated composites if delamination failure was somehow prevented (e.g. via 

Z-pinning; see for example Mouritz (2007)). Here we aim to demonstrate that the 3D tow 

topology not only plays a role in inhibiting delamination but also strongly influences the 

hardening response of the composite.  
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To quantify the role of 𝑌-tows, we include in Fig. 12 predictions of the shear responses of the 

specimens in the 𝑋𝑍 and 𝑍𝑋 orientations with the 𝑌-tows replaced by the matrix material (all 

other tow and matrix properties are kept fixed at their reference values with the tow and matrix 

pressure dependency 𝜇 = 𝜇𝑚 = 0.2). The strain hardening response of the composites is 

dramatically reduced in the absence of the 𝑌-tows even though the shear responses of the 

matrix pockets and 𝑌-tows in the 𝑋1 − 𝑋2 planes are expected to be largely similar. To 

understand this rather counterintuitive effect, let us consider the loading in the 𝑋𝑍 orientation 

specimen with the 𝑌-tows present. To better illustrate the stress field, we include in Fig. 16 the 

distributions of the Cauchy stresses 𝜎11, 𝜎22 and 𝜎33 on the 𝑋1 − 𝑋2 mid-plane (on the 𝑋- and 

𝑍-sections as indicated in the figure) and the 𝑋2 − 𝑋3 mid-plane (on the 𝑋- and 𝑌-sections 

again as indicated in the figure) of the specimen at an applied shear strain Γ21 = 40%. These 

plots show that stresses of approximately equal magnitude develop in all tows. The stresses are 

primarily tensile in the axial tow direction but the transverse stresses are typically compressive. 

The large stresses within the 𝑌-tows suggest that the tows play two roles: 

(i) The tensile axial stresses confirm the role the tows play in preventing the delamination 

failure that typically occurs during shear loading of a 2D laminated composite. 

(ii) The transverse compressive transverse stresses in the tows illustrates their role in 

generating confining stresses within the composite. This confining stress enables the 

build-up of pressure in the composite and, combined with the pressure sensitivity of 

the yield strength, leads to additional hardening. 

This 3D confinement effect is also expected to be present in Z-pinned composites. However, 

the volume fraction of the Z-pins is usually rather small and this limits their effect (Mouritz, 

2007). Increasing the volume fraction of Z-pins is usually not done as it induces significant 

imperfections in the form of fibre waviness. This is because unlike in 3D noobed composites, 

the 𝑍-pins are not integral to the composite lay-up but rather inserted a posteriori.  

 

 

6. Concluding remarks 

We have demonstrated that 3D non-woven carbon fibre composites with an orthogonal tow 

architecture display a shear response unlike most traditional laminated 2D composites. In 

particular, they have a high shear ductility in excess of 50%, a strongly strain hardening 

response, an unloading modulus that increases with increasing deformation and significant 

recovery of plastic strain upon unloading. In fact, X-ray tomographic imaging of the specimens 

suggest there is minimal damage evolution within the specimens even at applied shear strains 

of 40%. Final fracture of the specimens occurs by tensile fracture of the tows and is 

accompanied by significant tow pull-out with fracture surfaces similar to those observed in the 

tensile fracture of unidirectional composites. 

 

Micro-mechanical models were developed wherein all tows were explicitly modelled as 

anisotropic continua in an attempt to gain a mechanistic understanding of the unusual 

observations. The Hill anisotropic plasticity model, which is commonly used to model tows in 

2D composites, is shown to be unable to capture many critical features of the shear response 

including the strain hardening and the recovery of plastic strain upon unloading. By contrast, 

modelling the tows using a crystal plasticity-based framework with pressure dependent yield 

captured most of the critical observations with excellent fidelity. The underlying reason for this 

was shown to be related to the fact that the variant of the Hill model considered here neglects 

texture evolution within the tows, i.e. it assumes zero plastic spin such that the fibres rotate 

with the material and this assumption leads to significant errors at finite strains. The crystal 

plasticity-based model was also used to elucidate the effect of the 3D tow architecture, 
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including the role of the orthogonal tows in enhancing the confining stresses and the prevention 

of delamination failure modes. 

 

The model presented here is intended to be the simplest homogenized model that is capable of 

capturing the salient physics governing the shear response. Further refinements to include the 

effects of micro-cracking within the tows, matrix and especially at the interfaces within the 

different phases as well as accounting for residual stresses induced during manufacture, 

imperfections such as fibre and tow waviness and the initial cracks along with viscoelastic 

effects within the matrix are all expected to improve the fidelity of the predictions. 

Nevertheless, the crystal plasticity-based model has helped give mechanistic insight into the 

key mechanisms that lead to the novel behaviour of the 3D non-woven composites investigated 

here. Moreover, given that the all the parameters of the crystal-plasticity model (elastic 

constants, slip system strength and pressure sensitivity co-efficient) have a direct physical 

interpretation and can be independently measured, the framework has the capability of serving 

as a numerical tool to help optimise the topology of such 3D composites. 
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Appendix A: Microstructural analysis of the composite 

Specimens were sectioned with a diamond cutting saw and polished to an RMS roughness of 

< 50 nm to visualise both the fibre and crack distributions in the tows via optical microscopy. 

These optical micrographs are shown in Figs. A1A and A1C, which focus on the 𝑋-tows and 

𝑍-tows, respectively. The tow level waviness (as seen in the XCT scans in Fig. 3) is 

reconfirmed in these images, but these higher resolution images also reveal fibre-level 

waviness within the tows. Fibre directionality analysis was performed with the image 

processing software ImageJ (developed by the NIH), and the resulting histograms from the 

analysis of ten 𝑋 and 𝑍-tows are included in Fig. A1B and A1D, respectively with the tow 

direction defined as the fibre angle 𝜙 = 0o. The 𝑋-tows have a dispersion of fibre angles with 

a standard deviation σ = 2.95o, while the lower fibre volume fraction in the 𝑍-tows results in 

σ = 7.84o in those tows. This suggests that the stiffness knockdown from the ideal stiffness 

due to fibre waviness is higher for the 𝑍-tows. Other imperfections in the as-manufactured 3D 

composites such as cracks and delaminated areas are seen clearly in the micrographs in Figs. 

A1A and A1C. The cracking exists largely in the matrix pockets and along the interfaces 

between the phases of the composite. 

 

 

 
Figure A1: Optical micrograph of sections of the as-manufactured 3D composites focussing on the (A) 

𝑋-tows and (C) 𝑍-tows. Corresponding histograms of the dispersion of the fibre orientations are shown 

for the (B) 𝑋-tows and (D) 𝑍-tows. These histograms were estimated from measurements over ten tows 

with the tow direction defined as the fibre angle 𝜙 = 0o.  

 

 

Appendix B: Homogenised elastic constants for the tows 

With 𝑣𝑓 denoting the fibre volume fraction within the tow (i.e. 𝑣𝑓 = 𝑉𝑓
𝑋 for the 𝑋-tow, 𝑣𝑓 =

𝑉𝑓
𝑍 for the 𝑍-tow etc.) we infer the 5 independent elastic constants as follows. The Young’s 

modulus in the fibre direction is given by a rule of mixtures (Voigt bound) as 

𝐸𝛼 = 𝐸𝑓𝑣𝑓 + (1 − 𝑣𝑓)𝐸𝑚  , (B.1) 

while the transverse Young’s modulus is inferred from the Halpin-Tsai (Halpin and Kardos, 

1976) model as 
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𝐸𝛽 = 𝐸𝛾 = 𝐸𝑚
1 + 𝜂𝐸𝜉𝑣𝑓 

1 − 𝜂𝐸𝑣𝑓
  , (B.2) 

where the parameters 𝜉 = 2 + 40(𝑣𝑓)
10

 and  

𝜂𝐸 =
𝐸𝑓/𝐸𝑚 − 1

𝐸𝑓/𝐸𝑚 + 𝜉
  . (B.3) 

The shear stiffness 𝐺𝛼𝛽 is again calculated from the Halpin-Tsai model via 

𝐺𝛼𝛽 = 𝐺𝑚
1 + 𝜂𝐺𝜉𝑣𝑓 

1 − 𝜂𝐺𝑣𝑓
  , (B.4) 

with 

𝜂𝐺 =
𝐺𝑓/𝐺𝑚 − 1

𝐺𝑓/𝐺𝑚 + 𝜉
  . (B.5) 

Here 𝐺𝑓 ≡ 0.5𝐸𝑓/(1 + 𝜈𝑓) and 𝐺𝑚 ≡ 0.5𝐸𝑚/(1 + 𝜈𝑚) are the shear moduli of the fibres and 

the matrix, respectively. The longitudinal Poisson’s ratio was determined using a rule of 

mixtures (Voigt bound) as 

𝜈𝛼𝛽 = 𝜈𝑓𝑣𝑓 + (1 − 𝑣𝑓)𝜈𝑚, (B.6) 

while the corresponding Poisson’s ratio 𝜈𝛽𝛼 is determined from the symmetry of the elastic 

compliance as 𝜈𝛽𝛼 = 𝜈𝛼𝛽(𝐸𝛽/𝐸𝛼). The transverse Poisson’s ratio is determined from the 

model proposed by (Clyne, 1990) as 

𝜈𝛽𝛾 = 1 − 𝜈𝛽𝛼 −
𝐸𝛽

3𝜅
 , (B.7) 

where 𝜅 is the bulk modulus, which we take to be given by the Reuss bound as 

𝜅 = [
𝑣𝑓

𝜅𝑓
+
(1 − 𝑣𝑓)

𝜅𝑚
]

−1

 . (B.8) 

Here the bulk moduli of the fibres and matrix are given by the usual isotropic relations as 𝜅𝑓 ≡

𝐸𝑓/[3(1 − 2𝜈𝑓)] and 𝜅𝑚 ≡ 𝐸𝑚/[3(1 − 2𝜈𝑚)], respectively. 

 

 

Appendix C: Hill model for tows 

C.1  Formulation of Hill plasticity absent plastic spin 

In the Hill plasticity model, the total strain rate is written as the sum of the elastic and plastic 

strain rates such that  

 휀�̇�𝑗 = 휀�̇�𝑗
∗ + 휀�̇�𝑗

𝑝 . (C.1) 

The elastic strain rate is given by a hypoelastic relation, i.e. the rate form of (4.1) using a 

Jaumann stress rate with respect to the material spin (which, in keeping with usual 

implementations of the Hill model, equals the elastic spin as the plastic spin is set identically 

to zero). The plastic strain rate is assumed to follow an associated flow rule  

 휀�̇�𝑗
𝑝 = �̇�

𝜕𝛷𝐻
𝜕𝜎𝑖𝑗

, (C.2) 

in terms of the plastic multiplier �̇� and the Hill yield potential 𝛷𝐻. This potential is specified 

in terms of the constants 𝐹, 𝐺, 𝐻, 𝐿,𝑀 and 𝑁 as 

 
2𝛷𝐻 ≡ 𝐹(𝜎𝛽𝛽 − 𝜎𝛾𝛾)

2
+ 𝐺(𝜎𝛾𝛾 − 𝜎𝛼𝛼)

2
+ 𝐻(𝜎𝛼𝛼 − 𝜎𝛽𝛽)

2

+ 2𝐿𝜎𝛽𝛾
2 + 2𝑀𝜎𝛾𝛼

2 + 2𝑁𝜎𝛼𝛽
2 , 

(C.3) 
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such that continued plastic flow occurs with 𝛷𝐻 = 1/2. The six constants 𝐹, 𝐺, 𝐻, 𝐿,𝑀 and 𝑁 

then follow from six strengths with respect to the principal axes of anisotropy, i.e. 

 𝐺 + 𝐻 =
1

(𝑌𝛼)2
,    𝐹 + 𝐻 =

1

(𝑌𝛽)
2    and   𝐺 + 𝐹 =

1

(𝑌𝛾)
2,    (C.4) 

where 𝑌𝛼, 𝑌𝛽 and 𝑌𝛾 are the tensile strengths of the tow in the 𝛼, 𝛽 and 𝛾-directions, respectively 

(note that the Hill model assumes equal compressive and tensile strengths). Here we take these 

strengths to be given by the Voigt and Reuss bounds, respectively, such that 

 𝑌𝛼 = 𝑣𝑓Σ𝑓 + (1 − 𝑣𝑓)Σ𝑚, (C.5) 

and 

 𝑌𝛽 = 𝑌𝛾 = [
𝑣𝑓

Σ𝑓
+
(1 − 𝑣𝑓)

Σ𝑚
]

−1

. (C.6) 

Similarly, the shear strengths 𝑌𝛽𝛾, 𝑌𝛾𝛼 and 𝑌𝛼𝛽 give the remaining constants via 

 𝐿 =
1

2(𝑌𝛽𝛾)
2 ,    𝑀 =

1

2(𝑌𝛾𝛼)
2    and   𝑁 =

1

2(𝑌𝛼𝛽)
2,   (C.7) 

and in all the calculations reported subsequently we set 𝑌𝛽𝛾 = 𝑌𝛾𝛼 = 𝑌𝛼𝛽 = 𝜏𝑚, where 𝜏𝑚 =

Σ𝑚/√3 = 10 MPa is the shear strength of the matrix 

 

C.2 Results 

The predictions using the Hill plasticity model for the tows are compared with experimental 

measurements for the 𝑋𝑍 and 𝑍𝑋 orientations in Figs. C1A and C1B, respectively. While the 

Hill model captures the initial yield limit with reasonable accuracy, it predicts a nearly perfectly 

plastic post-yield response, meaning it does not capture the observed strain hardening 

behaviour. It also overpredicts the initial shear modulus in both orientations, although this is 

expected for the same reasons discussed in Section 5.1. 

 

 
Figure C1: Comparisons between measurements and predictions using the Hill plasticity model for the 

tows of the shear responses in the (A) 𝑋𝑍 and (B) 𝑍𝑋 orientations. Predictions include unloading from 

selected values of the applied shear strains Γ21. The inset specimen sketches use the colour scheme from 

Fig. 1. 

 

The inability of the Hill model to capture the hardening, as discussed in Section 5.3, is primarily 

due to the fact that it does not appropriately account for the evolution of the fibre orientations 

at large imposed Γ21. This limitation of the model also manifests in its inability to predict the 

increase in the unloading stiffness with increasing Γ21; see Figs. 9C and 9D where it is evident 
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that the Hill model predicts a constant unloading stiffness over the range of Γ21 investigated 

here.  

 

To understand this discrepancy, we include in Fig. 13B predictions of the distribution of plastic 

strain 휀12
𝑝 (= 휀21

𝑝 ) on the 𝑋- and 𝑍-sections of an 𝑋𝑍 orientation specimen at an applied Γ21 =

40%. In the central gauge section, the plastic strain distributions are nearly uniform despite the 

considerable heterogeneity and anisotropy in the plastic properties of the individual 

components of the composite. Given that the total strains within this central gauge section are 

also spatially uniform (as required by compatibility), no significant elastic strains therefore 

generated. This absence of elastic straining is illustrated in Fig. 14 where we include 

predictions of the spatial distributions of von-Mises stress 𝜎𝑒 in specimens subjected to Γ21 =
40%. The distributions are shown on the 𝑍- and 𝑋-sections of the 𝑋𝑍 and 𝑍𝑋 orientation 

specimens in Figs. 14C and 14D, respectively. In the gauge section of the sample there is no 

significant build-up of axial stresses within the tows, which is consistent with the overall stress-

strain response in Fig. C1, implying that continued straining occurs primarily via plastic shear 

deformation of the tows and the matrix. We thus conclude that the inability of the Hill plasticity 

model to predict the observed hardening is primarily because it predicts no development of 

plastic incompatibility between the various phases of the composite. 
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