VECTOR DERIVATIVES

Cartesian. dl=dxX+dyy+dz% dr=dxdvd:

Jr . ot . adr .

Gradient : Vi=—x+ — — 1z
1en Y. 3y Y+ -

dv, dv, v,
%

Divergence: V -v =

dv. dv,\ . du,  ov.\ . dv, Bv,) o
. v = R | i - e . = —_— i ——
Curl XV (ay az)’H(az 3.“_)}'+(3Jr 3y z
a? 1 2
Laplacian: V°t = L =P H

ax?  9y? 8z

Spherical. dl=dri+rdff +rsinfdéé: dr=risinbdrdddsd

ar . A 1 ot -
- lar' !

Gradient: qu5r+ = m%
Divergence: V -v = ,._35('2"?) + ;:il"_lg%(sing ve) + #ﬁ %}
Curl: Vxv= =% [%(sin&v,}—i—l:]i‘
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Laplacian: V%t = —— (r*— s i [ SR == i
Res r? ar (r Br) i rsiné a6 ( 86) 4 r2sin® 8 dg¢’

Cylindrical. dl=ds8+sdp+dz%: dr =sdsdpd:

] . Vi = — - P
Gradient t 3s’+sa¢‘+a;z
1a a
Divergence: V .v = ——s(w,) + --8% _z_:;_
ldv, v |, [Ovs dv. |~ 13 du,
Curl: v =|=-— e e it L) B s
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FUNDAMENTAL CONSTANTS

€ =8.85 x 10712C?/Nm? (permittivity of free space)
to =41 x 1077 N/A? (permeability of free space)
¢ =3.00x 10°m/s (speed of light)

e =160x1017C (charge of the electron)

m =911 x 107 kg (mass of the electron)

SPHERICAL AND CYLINDRICAL COORDINATES

Spherical
x = rsinflcos¢ X = ~.1n9ms¢r+cosﬁ'cos¢9—mn ¢¢
{ y=rsinfsing ¥ = sinf sin ¢ T + cos# sin &0 +cosd
z =rcost Z=cosfF—sinBé
r=Jxl+yli? f =sinfcos¢X+sinOsingy +coshi
f =tan! (V’.u- +_\-,x‘:) 0 =costcospX +cosfsingy —sinFz
é = tan ' (v/x) ¢=—singXx+cosgy
Cylindrical
xX=5cos¢ i:ms::;s—smqbq}
y = ssing j'r:sncf:s+|.u's¢¢
2=z =12
s = /X2 + 32 § =cos@pX+singy
¢ =1tan"'(y/x) ¢=—sinpX+coso§
z =7 =3

F=

1 n
" Coulomb’s Law F = QE + Qv xB Lorentz force
dme, r

P '
4m3 f f f 7 dT' ¢lectric field from continuous charge distribution



1
ﬁE *da= . Qenet Gauss® Law (integral) 95 E *dl =0 (statics)
0
V(r) = _f E ¢ dl glectrostatic potential, and E =-VV (statics)
2

2
V'V = T Poisson’s equation, and V¥V =0 Laplace’s equation (regions of no charge)
0

1 g 1 p(r) .
V(r)= = Vi(r)= dt - i infini
Ame, 1 and ( ) A, f f f . (setting reference point at infinity)
O - above WV clow
Eove = Epeow =—M and e — bt = — 0 boundary conditions
g, on on £,
D:i)ove - Dtt,low = Of

V(b)—V(a)=g W=%§qu(r,.) and W=%fffdeT

1 1
Q=CV W=§CV2 W=EQ2/C capacitors

1

2

V7V = _g_p Poisson’s equation V3V =0 Laplace’s equation
0

Vix,y)= E(Ane”“ +B,e™)(C, sinky+D, cosky) solution to Laplace’s equation in
n=0

Cartesian coordinates in two dimensions

0 n=n
a ., Y. . Yy _
fo sin(nsr Z) sin(n ”;) dy = a n=n' orthogonality of sines
2
0O neven
a y
fo sm(n:t;)dy= 2_a 1 odd e™ +e™ =2coshkx

niw



foﬂcoszﬁsin9d0=2/3

Py(x) = |

Pi(x) = x

Ps(x) = (3x=—1)/2
Pi(x) = (5x° — 3x)/2

Pix) = I-{_‘-\:‘—}i__l_';;-f 1) /%
Pi(x) = (63x° — 70x" + 15x)/8
TABLE 3.1 Legendre Polynomials

V(r,0)= E(Ar +- )P(cose)

solution to Laplace s equation in spherical coordinates with azimuthal symmetry
0 (=/
foﬂﬂ(cosﬁ)ﬂ,(cosﬁ)dcose =4 2

20+1

¢ = ¢ orthogonality of Legendre polynomials

3
V(r,0)=-E, (’" - r—z)cos 0 potential outside a neutral conducting sphere in uniform

field

Law of cosines c’=a’+b*-2ab cos y, with y the angle opposite to side c.

r n
5o ;2(7) P (cosa) expansion in Legendre polynomials
0

1 - 1 ~n N
V(r)= RE el fff (r')"P,(cosa)p(r)dt multipole expansion
0 0

= [[[7o@)ar P= a7 V()= Ame pr—;r dipole moment
1

dip = (20059r+sm06)
47‘[80

- [1d1xB
K=dl/dl, J=dl/da, surface and volume currents

dp
VelJ+ E =0 conserved current, continuity equation

dl'x 7 ty ¢ Kxi | Ho Ixr
Ly d B =97 d
ey PO B0

§ﬁB°dl=Mo




B = V x A magnetic vector potential.

VeA =0 “Coulomb gauge” convention VA = —uyJ (for Coulomb gauge)

J(r) u, K(r) o 1
A = & dt' A =40 da' A — 10 dl'
(r) 4J[f|l‘—l"| v Alr) 4ﬂf|r—r‘| @’ A(r) 4J'L'f|l‘—l"|
fAcdl-,
B:;)ove - Bli_elow = 0 Bz!llbove - Blllelow = MOK Babove - Bbelow = MOK X ﬁ
a‘43 ove aA clow
Aabove _Abelow = O a’: - al;’l] = _‘LLOK

m=1ffﬁda=1a

m=%4§rxld€ m=%fferda m=%fffrde17
Adip(r)=f_;m;z(r

N=mxB F=V(m°B) U=-m*B
J,=VxM K,=Mxn
1

H=-—B-M vyxH-=] Hedl=1
,uo f § f.encl
H:i)ove_H;elow=_(M:E>ove_M}j_elow) lellbove_Hlllyelow_KfXﬁ
M=y H u=y(l+y,) B=uH
J=0E V=IR P=VI=I'R
do
8=gﬁE-dz E=-"—M
dt
dl dl 1
O =M1 _ E =-M—L E=-L— W=—-LI"
2 v @=LE S dt dt 2
1 olé& 2 1 2
V'(M_OEXB)"'E —E +2M0B )=_E'J Poynting’s theorem (differential)

Wty

£ 1 1 A
LE+ Bz)d‘c - fﬂs(_E X B) *nda Poynting’s thm (integral)
2 2u, Uy



—5——5—>5=0 A=2x/k T=27/kV v=1/T w=2av=kV
e’ =cosO+isinf
°E 9’B
vacuum V E- & — pye =0 V’B- uoso 7=0 c=1/ue,
= T i(kz-ar) nd 1 ike-wr) _
E(Z,t) =E.e B(Z,f) =Be E, =cB; (vacuum)
1 2 1 27 1 27
<u> = EEOEO <S> = ECEOEOk (vacuum) [ = <S> <p> = Z%Eok

o’E 9°B
lossless VZE—M387=O VZB—M587=O v=1/Jue=cln n=\JUe/ Uy,

u=l(8E2+lB2) S-LExB J
2 u u 2

tan0, =n,/n, sin6.=n,/n

EO = 1-p EO , EOT = L ~0 , B= W normal incidence
1+p 1+p wyv,
oE °E 0B 0°B
VE-uo—-ue——=0 VB-uo—-ue——=0
lossy RO % RO %

k* = uew® +iuow d=1/Imk

172 172
, 2 2
2 10 \ 2 cw
~ o
poor conductor Rek =\/ue w Imk = !: 5

7 ~ WO}
good conductor Rek =Imk = \/?



elm

Jrry+oy="E®)  E(t)=Ee” oYy =
oY " (t)=E,e y()=y,e 0 (a)g—a)z)—i)/a)

Nfe’ .
E=¢,+ ——y —iY®
m (a)o—a))
2 2
c, = 1 Nfe’ (wo—a))
dilute n=—Rek=1+2 N 2 S
w & m (a)o—a))+ya)
2
a=21mk =142 V¢ Yo

2
cg, m (a)g—a)z) +y’w’

Nfe® 1 Nfe* 1 Nfe’
plasma O = ; dilute plasma O = — ¥,=
m y-io m —iw g,m

~ 1
dilute plasma X = c_2{a)2 - wi}

] E
E - 2 9 Z_waBZ)
(w/c) -k*\ ox dy
] E B
E = 12 ka L —a)a <
(w/c) -k*\ 9y ax
waveguide transverse fields
i 0B, w JE,
B, = L AR
(w/c) -k*\ dx ¢ dy
B - 12 kaBZ _ﬂzaEZ
’ (a)/c) -k*\ 9y ¢ ox
2 2
a—2+a—2+(a)/c2)—k2]Ez =0
ady '
waveguide longitudinal fields ) ,
[aa—z+aa—2+(w/cz)—k2 B =0
X y
“waveguide equation” 1 + 1_1
FERFERVE

E,



2 2 2
TE & TM guided wavenumber k* = (2) - [(—) +(—) ]
C

2 2
TE & TM cutoff angular frequency w,, =cx (E) + (%)

phase velocity v=w/k group velocity

dk !/ dw

dynamical potentials E=-VV -0A/dt, B=VxA

2
potential equations V2V+1V'A=—p/e0 \% A—i% V(V'A+L2ﬂ)=—,uo.]
ot ¢ ot c” ot

gauge transformations A'=A+VA V'=V -9A/dt
Coulomb gauge V*A =0, Lorentz gauge V°*A+ izav /at=0
c

retarded time ¢ =t-r/c

p r t ' 2 f !
retarded potentials V (r 4”8 f f f f f 441

s p(r'.z,) . J(r',t,)

- 2

s 0" e
Br)= L4 fff[ £);

dt'

Jefimenko’s equations

1 qc
V(r,t)=
. _ . (x-1) 4me, (re-rev)

Liénard-Wiechert potentials |

Alrr) = @ _Vyn

(x-1) 4me, (re-rev) ¢ (x.1)

Point charges  E(r,7)= 4]61150 " .ru)3 [(cz _v2)u+r>< ux a] , u=cr-v
radiation fields E_,(r,7)= L%[r xuxal, S (r)= LErzadf'

47y (reu) UoC



2 .2 2.2
charge at rest at time t, E,_,(r,7)= e [(f‘a)f'—a] S (r.1) = Mg a” sin 0

4mr C16a%c
m2w4 2w4
magnetic dipole radiation <P> = MO—Og electric dipole radiation <P> = HoPo®
127c 127c
2a2
Larmor formula P =29
6rc

vxa

6sc

2,,6
generalization of Larmor formula P = M(aﬁ -
c

2 yz_ 1
’ 1-(v/c)?

2
Abraham-Lorentz radiation-reaction force F = Mé
67c
C . ) .. Voo +V
relativistic velocity addition v, = —2%& £
1+V, zVye/

1

NIy

velocity factor f=v/c boost factor y =

x'=y(x—-vr) x0'=)/(x0—/5x1)
y'=y W o0
Lorentz transformation 7'=7z or ¥ 7 y(x ~Bx )
; xZ ' x2
! =Y(t_?x) x3|=x3
0 0
o y -vB 0 0 |*
1 1
Lorentz transformation S P e AU or x" = A¥x"
n 0 0 1 0 [
3 0 0 0 1 ){,3
-1 0 0 O
u W 0 1 00 . .
scalar product a“a, =a"g,a" with g, = 0 0 1 0 (note summation notation)
0 0 0 1
spacelike a“a, >0 timelike a“a, <0  lightlike a"a,=0

invariant interval (Ax)u (Ax)u =—ct* +d’

10



) ) dx"
proper time dt =dt/y 4-velocity 7= =
T

4-momentum p“=mn" p"= (E/c,f?) p'p, = -m’c® E*-p’c®=m’c’

Compton wavelength A.=h/mc

relativistic force F = d_ with P the relativistic momentum
1

transformation of force for particle at rest in unprimed frame F '=F /y F'=F

u

Minkowski force K* = dp
dt

1 E dR
center of energy R, = M;miri P,== drE

9

E'.=E, E,=y(E,-vB.) E'.=y(E,+vB,)
transformation of fields

1 | 14 ' \%
BX=BX By:V(By"-C_zEz) B =)/(B __Ey)

0 E lc Elc Ec
-E /c O B, -B,

-E /¢ -B 0 B,
-E, /c By -B 0

field strength tensor F*' =

-B 0 -E_/c Ey/c

dual of field strength tensor F"* =
-B, E./c 0 -E, /c

uv ruv
Maxwell’s equations aFV = u,J" aaFV =
X
— v u
Potential formulation A* = (V / c,A) F* = 9A" 94
ox, ox,

11



Maxwell's Equations

In general : In matter:
PBEas V-D=py
b B
VxE= _B VXE=—-—
) it 1 ar
V-B=10 V-B=10
"E 3[)
V)(B:“n]ﬁn“"(.ntaf VXH=.'J+T'"_
Auxiliary Fields
Definitions : Linear media:
D=gE+P P=¢gxE. D=¢cE
1 1
H=—B-M M=y,H H=-B
Ha "
Potentials
E:—VV—E, B=VxA
at
Lorentz force law

F=g(E+vxB)

Energy, Momentum, and Power

1 » 1 _a
Energy: U= f (cDE‘ + _3-) dr
2 o
Momentum - P=¢ [(E x B)dr
: gom ik
Poynting vector: S = —(E x B)
Ho
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